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1 Hidden Markov Models

A process is said to be Markovian if the next state only depanmdthe current state. In
bioinformatics a lot of phenomena are perceived to be, diatery least modelled as,
Markovian in nature. A few examples include

¢ nucleotide substitution models, where the rate of changeparticular nucleotide
may depend on the current nucleotide but does not depend adeotides previ-
ously occupying the position

¢ the insertion/deletion model of statistical alignment,enenthe birth at a link or
death of a nucleotide does not depend on the history of theolimucleotide

¢ the network growth by gene duplication described in [1]

The Markovian nature follows readily from a mechanistionyigvhere complete knowl-
edge of a system and sufficient computational resourcesaliollv us to determine the
state of the system — or distribution over possible statestfichastic systems — at any
given point in the future. Markovian need not progress irgtitin fact, for many bioin-
formatics applications the progression will be in one or eneequences. For example,
whether a position in a chromosome is maternally or patlyrivadherited is quite accu-
rately modelled with a dependency only on whether the ptevjpsition was maternally
or paternally inherited. In alignments we also commonlyeass that the homology of
a pair of nucleotides only depends on the homology of thequessor nucleotides, and
not the full alignment.

Before continuing it may be informative to remember that albjprocesses we en-
counter are Markovian, at least not unless further infoiomais included in the state
space. A few examples of this include

¢ RNA secondary structure formation, where the possible pasig of a nucleotide
depend on the full set of preceding bases that have not beerpbired



e a pathogen will often attempt to evade an immune system bgtingt if we only
consider the genome of the pathogen, a mutation revertiagptevious state will
usually be selected against, as the host organism is alreayant to this variant

In some cases the Markovian property may be restored bydimgumore state informa-
tion, e.g. the genome of the host organism in the pathogem aasve. However, this
may not always be desirable — as it can drastically incrédesenbdel universe — or even
possible.

Markov models can be continuous, both in terms of transitamcture and in terms of
state space. An obvious example of continuous time Markogaisoare nucleotide sub-
stitution models, where the time at which the next sub&itubccurs is drawn from an
exponential distribution. The Wiener process, also oftgied Brownian motion, com-
bines a continuous time transition structure with a comtiraustate space: if we know the
position W, at timet, the position at time’ > ¢ will be normally distributed with mean
W, and variance’ — ¢, independent of the position at any tirtfe< ¢. In bioinformatics
we will usually only be interested in Markov processes wittligcrete, or even finite,
state space, like the nucleotides in a substitution modkdo,Aeven when using contin-
uous time models, the focus will most often be on a discret®fséme points where
change occurs, and time will be integrated out to essentiatider the process a discrete
transition process on a discrete state space.

1.1 Hidden Markov Model Structure

An old saying is that if you have nothing else to base yourdasé on, your best guess
for the weather tomorrow is that it will be the same as todagthBr than random, inde-
pendent realisations, weather patterns exhibit a gredtofi@zertia causing a good deal
of dependency between consecutive time points (given tteegat too far apart). We can
model this with aMarkov modehbs illustrated in Fig. 1, where for simplicity we assume
that weather patterns can be divided intmshineandrain®.

Any meteorologist will tell you that the model in Fig. 1 is teample to accurately
describe weather pattern formation, even if we ignore tihédid number of weather pat-
terns included in the model. The weather we observe is cdnsadderlying parameters,
like atmospheric pressure, that we cannot directly obsefmospheric pressure again
depends on the amount of air sitting above a specific plackaarit takes time to shift
large volumes of air around, it is really more these undegyparameters that are gov-
erned by a Markovian process. So a slightly more realistiatier model would be the
one illustrated in Fig. 2, where we switch betwdsdgh andlow pressurestates which
have different distributions over the observed weatheepat

1The probabilities may appear unrealistic, as the model weameterised when the author was living in
California.



Figure 1: A Markov model for weather forecasting. It is basedthe observation that
with no further information, predicting that the weathemtmrrow will be the same as it
is today is the best option.
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Figure 2: A hidden Markov model for weather forecasting. &lsuthe observable
weather pattern depends on underlying hidden featuresfdikexample the atmospheric
pressure, and it is the underlying feature rather than tiserobble weather pattern that
has an inherent inertia.

In this example, unless we have a barometer, we cannot @berwnderlying state
path of the underlying parameter. All we can observe are @wther patterns that could
be emitted from either state. Hence, the state path is ungseor hidden, providing
the first word of the ternhidden Markov mode(HMM) used for this type of model.
One might think that the model in Fig. 2 is of little use in weat prediction, when we
don't know the state we are in — high pressure or low pressimat -enly a sequence of
observed weather patterns for the past few days. Howevere akall see later on, having
observed the sequengg ¢, &, &2, * over the last five days would give us a probability
of sunshine tomorrow of about 63%.

The weather models above describe infinite processes, wiegrebservations are
emitted indefinitely. In many situations we will be more igisted in finite sequences of
observations, and expect the model to include a distribudicer finite lengths. A perfect
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Figure 3: A profile HMM for a DNA sequence family with two pdsits. Only transitions
with non-zero probability are shown, and for simplicity @it transition probabilities
have been omitted.

example is the modelling of a family of homologous sequeni#és will have a specific
start state marking the start of a sequence, and a specifistat@dmarking that we have
reached the end of the sequence and no further observatitinsevgenerated. In be-
tween we will have states corresponding to a match with atipasin the ancestral or
consensus sequence of the family, and states allowingtimsebetween any two con-
secutive positions and deletions of one or more positiohg. deletion states corresponds
to no character being observed for an ancestral positionpsdharacter should be emit-
ted from these states. States with no emissions are ggndeaibtedsilent states, and
all other states armon-silentstates. An example of the type of model just described is
shown in Fig. 3.

Formally, we describe an HMM/ with a tuple(Q, %, a, e, start end) where

e Qs the set of states in the model, e{&, ¥} in Fig. 2
e Y is the set of possible observations, or emission alphalget{¢, %>} in Fig. 2

e a,, describes the transition probability between statesdq in Q, e.g.ay 4, = *
in Fig. 2; The transitions of\/ are usually taken to mean the pairs— ¢ with
ap, > 0 and a state can have a self-transition, d,g, > 0

e ¢,, forp € Qando € ¥ describes the emission probability of symlsoivhen
entering state, e.g.e, » = % in Fig. 2; we will usually assume that states can
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be classified as either silent, whetg, = 0 for all o € X, or non-silent, where
ZJEE ePJ =1

e start ende Q are designated start and end states of the model

The transition probabilities are required to specify a phulity distribution over outgoing
transitions for each stagi.e.>_ ., ep,q = 1, except for the end state for whielq, =
0 for all ¢ € Q. We will also usually assume thaj start = 0 for all ¢ € Q, i.e. that there
are no transitions to the start state, and that both startaaére silent states. Finally, we
will assume that from any statec Q the probability of reaching the end state in a finite
number of steps i$, such thatV generates a finite sequence with probability

The best way to view an HMM is probably as a generative mode:start in the
start state, continue choosing the next state accordingettréansition probability of the
current state, emit a character to an expanding sequenagewdreve enter a non-silent
state. We continue this process until we enter the end statehich point we stop and
output the constructed sequence. Denote a realisationiopthcess aun. We can
decompose a run into the state path followed= (m,71,...,7), and the sequence
emitted,s = sys2... 5. If {i1,...,4;} denotes the sequence of non-silent states, ithe
probability of the runP(r) can be written as

The probability of a sequence under a model is the sum of thlegilities of all runs
generating that sequence.

1.2 HMM Algorithms

The two main uses of hidden Markov models is for annotatiah@dassification of data.
In the annotation scenario, it will usually be the case thatheindividual state has its
own semantic connotation. By identifying an optimal rungeiing a sequence, we can
annotate the sequence according to the states emittingsgadiol. In the classification
scenario, we will consider the model a generator for a seeqfisnces. A sequence is
considered a member of the set iff the probability of gerregat by the model is above
some set threshold. Finally, in most cases we will not havarameterisation of an
HMM, but will have to learn this from the observed data. Ugutidis will take the form
of a maximum likelihood estimate, i.e. finding parametechghat the probability of the
data is maximised. One reason for the wide spread populairiyMMs, making them
almost ubiquitous in bioinformatics, is the existence fitefnt methods for solving these
central problems.



1.2.1 Viterbi Algorithm

An HMM M will usually only be interesting for annotation purposed iéllows a se-

guence to be generated in numerous different ways, eadtingffiés own interpretation.

In this case we will commonly be interested in the most prébakay in which the se-
guence can be generated. Hence, given a sequeweewill want to compute the most
probable run inV/ that generates.

#CT@

s[1..4] s[l.i—1] sli]

(a) Last state is non-silent

(b) Last state is silent
Figure 4: Unravelling the last step of a (partial) run.

A run r generating the sequeneecan be decomposed into the last transition- of
from some state to the end state and a precedioartial run, starting in the start state
and ending iy and emittings along the way. We can further recursively decompose the
preceding partial run in the same way, considering the fassition and the partial run
preceding it. Whenever the last state of the partial runidensd is silent, the preceding
partial run must have generated the prefix @urrently considered. When the last state
of the partial run considered is non-silent, it must havettmithe last symbol of the
prefix of s currently considered, with the remaining prefix having bearitted by the
preceding partial run. This is illustrated in Fig. 4. Of ceaiwe do not know which state
p precedeg in the most probably run generatirgbut maximising over all possibilities
allows us to determine this. I (¢, ¢) denotes the maximum probability of any partial run
ending in state; and generating the sequengjé..i], we obtain the following recursions
for computingV'(¢, i) based on the above considerations:

apqV(p,i) if ¢ is silent
p,q€q,sli)V (p,i — 1) if g is non-silent

V(g,i) = max Q)

piap,q>0
The boundary conditions for this recursion are thidstart 0) = 1 andV'(q,7) = 0 for
i < 0 and allg. The maximum probability of a run generatingqualsV’ (end |s|).
The recursion in (1) will usually allow an efficient dynamimogramming algorithm,
known as thé/iterbi algorithm, for computing the probability of the maximum patility
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run in time O (m|s|) and spaceD (n) wheren is the number of states and is the
number of transitions i/ (for every symbol ins and statey in A/ we need to consider
all incoming transitions t@). This probability can be traced back to obtain the most
probable run. For example, for the sequefeg’, &, &2, # the most probable path
through the model in Fig. 2 will always end in stdteregardless of the distribution over
initial state. Taking this to be the actual state of the lagt df observations, this yields

a probability of 42%. This does however completely ignoeeftct that, thoughy is the
end state of the most probable path, there is still a sigmnifipeobability that the state of
the last observation wdglj. In Sec. 1.2.2 we will see how to include information from all
paths, rather than just the most probable path.

The progression in the sequence in (1) usually preventsccgependencies. How-
ever, if there is a cycle of silent states, i.e. silent stétgs. . ., g5 } with a4, 4, > 0 and
ag;,qi4, > 0for1 < i <k, (or more generally a strongly connected component oftsilen
states) then there will be a cyclic dependency among theesati’ (¢;, j) for anyj. In
the rare circumstances where it is convenient, or even sagego include such a cycle
in the model, we can still find the maximum probability run geatings by borrowing
the relaxation technique [7, Ch. 25.1] of shortest pathsratyns in graphs. Each step
added to a partial run decreases its probability. This mésatsf we computéd’”(q;, )
according to (1), but ignorind’(¢;, j) terms, themmax;{V'(¢;,7)} = max;{V(g;,j)}-
Hence, they; with maximalV’(g;, 7) hasV(qi,7) = V'(¢, j), so we can fix this value,
update the remaining”(q;, j) values by including th& (¢;, j) term, and repeat until all
values have been fixed. This can be done without increagimg réquirements by more
than a factor oD (log k).

The annotation found by the Viterbi algorithm is the anriotabf s most likely to be
correct, ifs was indeed generated By. For just medium length sequences, even the most
likely annotation will still have negligible probabilityfdeing correct. Hence, this score
might not be our best choice of optimality for obtaining a d@mnotation. There is an
increasing realisation that in many cases we will be beffdiraling an annotation with
the maximum expected number of symbols that are annotateeictly. In Sec. 1.2.2 we
shall see how we for each symbdi] in s can compute the probabilit} (¢, ) that it was
emitted by a statg. However, just annotating each symbol with the state mhstylito
emit it could lead to an annotation inconsistent with the Higtklicture. For example, for
the profile HMM in Fig. 3 we may have more than one symbol artedtvith the same
match state, which would be inconsistent with each posiitioan ancestral sequence
having at most one homologue in extant sequences. To findrantadion consistent with
the transition structure af/ but maximising the expected number of symbols correctly
annotated we can apply a modified version of the Viterbi digor based on the recursion

Vmap (p, 1) if ¢ is silent

W ;1) = max if i i i
map (¢, ) it g0 {P(qu‘) + Vmar(p,i — 1) if g is non-silent @)
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with boundary condition$yap(start 0) = 0 andVuap(q,7) = —oc for i < 0 and allg.

1.2.2 Forward & Backward Algorithms

When using an HMMV/ for classification, we need to be able to compute the totddpro
ability that a sequence is generated by/, rather than just the maximum probability
of any run generating/. We can, however, proceed in exactly the same way, using the
recursive decomposition of partial runs illustrated in.Figout summing over possible
predecessors to ¢ rather than maximising. This leads to the recursion forftimevard
algorithm,

ap.oF(p,1) if ¢ is silent

F(q,i) = { , o , 3)
pag a0 apq€q,sli) F'(pyi — 1) if g is non-silent

again with boundary conditiong'(start0) = 1 and F'(¢,7) = 0 for i« < 0 and allg.
Here F'(¢, i) denotes the total probability of generating the prefix.i| of s on a partial
run ending in state, and the total probability of generatingfrom M is F'(end |s|).
Whereas the Viterbi recursions relied on the fact thak,c 4{a - b} = max,ca{a} - b,
the forward recursions rely on the fact thal,. 4 (a - b) = (> ,c4a) - b.

Again we can use the recursion of (3) to define an efficient ahjogprogramming
algorithm for computing the probability d¥/ generatings, and again the presence of a
strongly connected component of silent states will be a dioatpng factor as it intro-
duces cyclic dependencies. In this case we cannot appkat@a techniques to address
the cyclic dependency problem. However, one can identfyag3a system of linear equa-
tions over variable$’'(q, ¢) and solve it accordingly. This may increase time requirésien
to O (n3|s|) in the worst case.

If we return to our example sequence&ef #, &2, &2, # and analyse it under the
model in Fig. 2, we get a probability of the next observati@ing * of 62.4% if we
start in statde and of 63.9% if we start in stalfy. For any distribution on initial state the
probability will fall between these two extreme values, fooning our previous claim that
the probability of the next observation beitigis around 63%. This is in marked contrast
to the 42% computed using a Viterbi algorithm approach, dgtlights the difference
between only considering the most probable path and cairsidall paths.

So far we have only described how to compute the total préibald(s) of gener-
ating the entire sequenceby M. In the previous section we also promised a method
for computing the probabilityP(q, i) of the i'th symbol of s being emitted by state.
Evidently we could add boundary conditiohgp, i) = 0 for p # ¢ to (3) to compute the
probability of generating under the restriction thafi] is emitted byg; dividing by P(s)
we getP(q, ).

If we are only interested iP(q, i) for one choice ofy, i, this may be acceptable.
However, to computdijuap we will need P(q,4) for all ¢, pairs, in which case the
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s[i..|s|] s[i] s[i + 1..]s]]

(a) Next state is non-silent

#@*

s[i..|s|] s[i..|s]]

(b) Next state is silent

Figure 5: Unravelling the first step of a partial run.

approach becomes unnecessarily cumbersome. For thei\arattforward algorithms
we chose to decompose runs into the last step and a preceatitigf pun. However, an
equally valid decomposition would be into the first step amtleceeding partial run, as
illustrated in Fig. 4. This decomposition leads to recursio

Bai- 3 {aqu(p,i) if pis silent @

prag a0 agpepsii+1B(p,i + 1) if pis non-silent

with boundary conditiond/(end |s|) = 1 andV'(q,i) = 0 for i > |s| and allg. Com-
bining a partial run ending with emission efi] from ¢ with a partial run beginning
immediately after emission af/i] from ¢ we get a full run generatingand emittings|]
from ¢. Hence,P(q,i) = F(q,7)B(q,)/P(s).

1.2.3 Baum-Welch Algorithm

So far we have assumed that we are working with fully pararset® models. In most
cases, we will have sufficient knowledge about the appticadirea to reasonably unam-
biguously decide on the hidden Markov model structure,vilgich transitions that can
have non-zero probability, symbol emission restrictiotmrelations between parame-
ters, etc. For example, in the HMM in Fig. 3 it is natural that meed to go through
an intermediate state representing an ancestral positigattfrom one insert state to the
next. However, the exact values of the emission and transfiarameters usually have
to be inferred from data. This inference will normally take form of attempting to ob-
tain a maximum likelihood estimate for the parameters,sie¢ parameters such that the
probability of the data is maximised.

If we have data with known annotation, e.g. we borrowed arbater to obtain the

L Loy oW . D
&2, %, 62, &2, %, the MLE parameters are simply the observed frequencigseimata.
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This follows from the fact that

arg max {Hp;”} = (p1/P;---,Pn/P) (%)

i=1

wherez = Y  x; andp = >, p;. In our continuing example, we would e.g. set
ey = 1/2 anday g = 1/3.

Most often the annotation will not be known and all we haveeigugnces of unan-
notated observations. We can still define the parametrisatroblem as finding MLE
parameters. However, with unannotated data there is ngtar@lsolution to this prob-
lem. With annotated data we had observed frequencies wiithvevents happened. This
is absent in the case of unannotated data, but using theribveeckward algorithms of
Sec. 1.2.2 we can still findxpectedrequencies with which events happen, given a par-
ticular parameterisation of the HMM. For example, givenusggess and a non-silent
stateq we can find new emission parametersdaccording to

o Zz’;sm:o P(q; i) ' ©6)
e > Pla,1)
The update for transition probabilities looks slightly maromplex, as we have not yet
had the need to define the probability of utilising a speciinsition. We can, however,
still use the forward and backward values ending and stpdirthe source and target of
a transition, respectively, to obtain

i F(p,t)ap.qeq siiv11B(q,0+1)/P(s . . .
e Z(p)>0 Fse et i s non-silent @
P ) 2 F(pi)ap.aB(a,i)/P(s) i s ai :
Zr:ap,rio PO B 7P if ¢ is silent

Applying these update rules are guaranteed to not decrbaggdbability ofs [2], and
the general method of iterating the updates until a stopgiitgria is met is known as the
Baum-Welch algorithm for training an HMM on data with unknoannotation.

In both these update rules the denominator simply nornsaiise expected counts by
the total expected number of expected emissions and i@rsitrespectively, from the
stateq. With more than one sequence, this normalisation shoulazdur once we have
summed expectations over all sequences. That is, we shaulager sequences in both
the enumerator and the denominator, which is also the reR¢snhas been explicitly
included in both the enumerator and denominator of (7) despe fact that they cancel
out for a single sequence. Just averaging updated valuesathwsequences wouldn't
account for the fact that some sequences contain more iafammabout the behaviour
of a specific state and that long sequences contain moreriaf@an in general than short
seguences.
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Returning to our example with annotated data at the beginwiithis section, we can
observe that we would obtain the estimajgy, = 1 and correspondinglyy,, = 0. One
would probably be rather suspicious about this parametésis which means that once
we reach the high pressure state we stay in the high pregstedaever. The dubiousity
of this parameterisation is further reinforced by the faett tit is based on just a single
observed transition out of the high pressure state. WitHlstata sets we usually run the
risk of over fitting the model, as we do not have sufficient databtain reliable statistics
for all variables. The standard, and simplest, way to addteés problem is to add a small
number of observations of each type of event, also callegdmmunts, before computing
observation frequencies. Similarly, in (6) and (7) we woatttl these pseudocounts to
the expected number of observations of each type. With ray priowledge we would
normally add 1 to observed or expected value for each paesumnet

The pseudocounts do however not have to be identical, ndreydiave to be integral.
We can adjust pseudocounts to reflect prior knowledge, e [Eigi. 2 we would probably
use a higher pseudocount for sunshine in than for rain inigie pressure state. We can
even go step one further and let the pseudocounts dependc @bserved or expected
emission pattern from a state. Assume that we expect theemigrobability of a state to
be from one of a set of distributioq$., . . ., px }, with distribution p; being chosen with
probability ¢;. If n denotes the observed or expected number of emission ofseach,
we can compute the posterior probability of having emittecoading to distributiorp;
by Bayes rule:

aPr(n | pi)
Y1 g;Pr(n | pj)
If each distribution comes with pseudocount priors, we cdd #hese to observed or
expected counts according to the posterior probabilithefdistribution for each state.

An example of this principle applied to HMMs for families ofgtein sequences is
presented in [4]. For DNA sequences it may be difficult to findraeresting set of ‘typ-
ical’ distributions, though sets representing purines pyrimidines, respectively, could
be a candidate. For the more general stochastic modelscablgito RNA secondary
structure modelling that we will discuss in Sec. 2, it wouls fatural to investigate a
similar approach with distributions either based on or carag to the isostericity classes
described in [12].

Pripi |n) = (8)

1.3 HMM Uses
2 Stochastic Grammars

Transformational grammars are generally used to refer sefsavhere we are repeatedly
allowed to replace a subcomponent of a structure by anotitapenent according to a

11



given set of rules. In sequence terms the rules would ussp#gify that the occurrence
of a specific sequence as subsequence in our current sequemioe replaced by another
sequence. Sequence generating grammars are categowisedirag to the generality of
the replacement rules. We will pay special attention to weedimplest types of the four
types of grammars constituting the so-called Chomsky rgaga[5], and briefly discuss
other grammar types at the end.

2.1 Regular Grammars

When emitting sequences according to the hidden Markov hafdeig. 2, we would
usually think of this as writing down the sequence emittedfasoand remembering

L H
the current state. For example, to emit the (annotated)m‘mgg, 2, C% C% 4 we

as two seperate entities of a pair, we might as well think efittas one sequence with a
symbol representing the current state at the end. In eaptwstehen replace the current
state symbol with a new observation and a new current stamddaly If we letS be a
special current state symbol indicating that we need to hdlee initial state, we would

Formally, we describe a sequence generating grammar byea(ip, P, S) where
e Vis a (finite) set of variables, e.g. in the grammar sketcheyalwve would have

V ={S, I, It}

o Yisa (finite) set of terminal symbols, e.g. in the grammarced above we would
haveX = {&,#}

e Pis a(finite) set of productions of the type— y wherex € (VU X)*V(V U X)*
(i.e. a sequence of variables and terminal symbols contaiai least one variable)
is the left hand side ang € (V U X)* (i.e. any, possibly empty, sequence of vari-
ables and terminal symbols) is the right hand side — applgipgoduction consists
of replacing an occurrence of the left hand side with thetrlggnd side; in the
grammar sketched above we would have the following prodogtiles inP:

S — LM
Lo~ RS S
U NN T TR
Here we have used the standard abbreviated notation winstead of listing all

production rules explicitly, for each left hand side we kdit possible right hand
sides it can be replaced with, e.§.— I | Ifj rather than the more cumbersome

{S—1LS—
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e S € Visthe special starting variable, e.g. in the grammar sketetthove we would
haveS as this special starting variable

When deriving a sequence according to a grammar we starttfrersequence consisting
of only the special starting variablkeand repeatedly transform the sequence according to
the production rules. We continue doing this until the cotriecarnation of our sequence
contains no variables, and this sequence is the result alaheation. One example of

given above.

If we compare the format of production rules in the formalniéfin to the production
rules in our example grammar, we can see that the latter @eesjoplistic compared to
the allowed range of possibilities:

e The left hand side of all the productions consists of jushglsi variable

e The right hand side of all productions consists of zero or mminal symbols
followed by zero or one variables

Grammars where all productions fall in one of the three caieg

e U — c¢whereU € V is a variable and is the empty sequence (note that in some
texts \ is used to denote the empty sequence)

e U — o whereU € V is a variable and € X is a terminal symbol
e U — oV whereU,V €V are variables and € ¥ is a terminal symbol

are called right regular grammars. In some definitions ttst fiygpe of productions, re-
placing a variable with the empty sequence, are not alloWik difference is of limited
conseguence, though.

In our example, the only production rules not falling in arfyteese three categories
areS — ILandS — . These two productions do however just replace the variéble
with another variable. By simply replacing these productioles with production rules
allowing S to be replaced with whatever eithlgror If§ can be replaced with, we would
obtain an equivalent right regular grammar (where productiles forS in the new
grammar essentially correspond to two production ruleiegibns in the old grammar).
Similarly, if we had a production rule of the forth — o105 ... 0,V we could transform
it to rules on the correct form by introducing new varialllgsUs, . .., U, _1 and replace
the production with production§ — o1Uy, Uy — o9Us, ..., Uis_1 — o0 V. Here a
single production in the old grammar would corresponé fwoduction rule applications
in the new grammar. Grammars where productions are restriot

e U — xwhereU € V is avariable and € ¥* is a finite, possibly empty, sequence
of terminal symbols
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e U — xzV whereU,V € V are variables and € X* is a finite, possibly empty,
sequence of terminal symbols

are called extended right regular grammars and have exhetlgame expressive power
as right regular grammars. Our example grammar is an extietiglet regular grammar,
and it should be clear that any HMM can be reformulated as &ndrd right regular
grammar.

So far we have considered a forward pass through the modei wdwverting the
HMM in Fig. 2 to a grammar. As illustrated in Fig. 5 we can take alternative view of
generating sequences back-to-front rather than frobatik. With this view our deriva-
tion of the sequenc& &% would proceed asy = Il = B¢ = Lo =

E — L|M
L — L W e |
W ILF LS W e |

This looks very similar to the grammar we have already seag that the variable on
the right hand side occurs to the left of the terminal syng)aigther than the right. Con-
sequently grammars of this type are called (extended) dgfllar grammars, and again
these have exactly the same expressive power as right regralamars. Collectively
the types of grammars we have just discussed, whether lefitur extended or not, are
referred to as regular grammars, and the sets of finite seqeenalso called languages
— that can be defined by regular grammars are called reguignéaes.

So far we have claimed an equivalence between regular gresremd HMMs, but
clearly the grammars described so far do not describe a ppitipalistribution over se-
guences. In fact, in the grammars presented so far thereehbyg mot been any need for
having variables representing both a low and a high pressate, as the production rules
for these variables were identical. If we extend the tupleX, P, S) with a function
w : P — R that assigns a weight to each production, we get a weightedmgar. Gram-
mars used in bioinformatics are usually weighted, with tkeégivt function reflecting the
fitness’ of a particular production rule. The most commopeayf weighted grammars
arestochastic grammarsvhere the weight function for each left hand side in the poad
tion rules describes a probability distribution over thegible right hand sides it can be
replaced with.

Stochastic regular grammars are equivalent to hidden Markadels. For example,

=
|CD
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the HMM in Fig. 2 is equivalent to the grammar

Sk
Lo R RO

6/25 14/25  3/50 7/50

W R | S| e | Ol
9/100 * 1/100 * 81/100 ' 9,/100

with a uniform initial distribution on the statdfy and L. This is assuming that the
HMM/grammar is already parameterised. If unparameteritieel HMM has only five
free parameters — one transition and one emission protyataitieach state, and a prob-
ability describing the initial distribution — while the gramar has six free parameteres —
one for the start variable production rules and three fohediche other variables’ pro-
duction rules. This is due to emissions and transitionsgoeoupled in the production
rules of the grammar. These can easily be decoupled, e.gilas grammar

S = ke |
e — Fly | Pl
e — iy | iy
L — ||-.e“|‘|e
W — e |H,

which has five left hand sides, each with two production rales hence one free param-
eter.

It is straight forward to convert a grammar in (extended) defright regular form to
an HMM, and subsequently apply the algorithms describecemn $.2 for parameterisa-
tion and data analysis. When choosing an HMM or regular gramas modelling tool,
one should however be aware of the limitations of the forsmaliBy its Markov property,
it does not allow arbitrary long range dependencies. Oneuaéa easily model a depen-
dency on a fixed amount of information, for example whetheA&6 start codon has
been encountered in a DNA sequence. However, keeping tfable mumber of times a
pattern has been repeated is beyond the capabilities of HMN§ldar grammars, as seen
in the following example.

Example 1 Assume we want to construct a (finite) HMM that emits the sempes'c",
i.e.i *s followed by the same numbercof with probability2~¢ for i > 0, and all other
sequence with probabilit). Let A/ be such an HMM and let denote the number of
states inM. Letr be a run inM that emits the sequenee= #"&>" with non-zero
probability. As2n symbols are emitted there must be a non-silent gtébat is visited at
least twice by. Now divides into
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Figure 6: When generating a sufficiently long sequence thérbe at least one state that
is revisited. We can replicate the part between any twosvisisuch a state any number
of times and still obtain a run with non-zero probability.

o the prefixaz emitted before the first visit o

e the infixy emitted from the first visit tg until just before the last visit tg; v is not
the empty sequence, as a symbol is emitted on the first visit to

e the suffixz: emitted from the point of the last visit gauntil we reach the end state

i.e.s = xyz. The run obtained by repeating the partradmittingy twice, as illustrated in
Fig. 6, will generate the sequenegyz with non-zero probability. Howevetyyz cannot
be of the formi'c>" as eithery contains a different number ¢fs and&s ory = /&
for somej > 0. In the latter casezyyz will have a%> preceding & at the junction
between the two occurrencesyofHence, M cannot exist.

2.2 Context-Free Grammars

If we relax the restriction on the right hand side of prodmetiules, a grammar generating
sequences according to the specification at the beginnifgx.af can easily be defined.
For example,

S — | S

1/2 1/2

will do the trick. As long as the second production rule islaggpwe build sequences on
the form#' S5 of increasing length (compiling an extra factorig® for each#/- pair
added). As soon as the first production rule is applied theatean terminates, replacing
the S with a final#4> pair (and adding a final factor df/2). For example, the sequence

16



Evidently the above grammar cannot be regular. It is an el@wipa more general
type of grammars, called context-free grammars (CFGs, d¢*rG&Cfor their stochastic
versions). Context free grammars are grammars where piods@re only restricted on
the left hand side, i.e. all productions have

e a left hand side that consists of just a single variable
e aright hand side that can be any sequence of variables anth&isymbols

The context-free part of the name for this type of grammaectdithe fact that production
rules are not allowed to depend on the context of the variadileg replaced, but only the
variable itself.

S
S/\S
/N /1N
(T) (T)

Figure 7: Derivation tree corresponding to the derivatibnthe sequencé)() by one
application of the production rulé — S.S, and two applications each of the production
rulesS — (S) andS — .

The grammar above actually does not utilise the full powecaftext-free gram-
mars, as at any time we will have at most one variable in theessze being derived.
An example epitomising context-free grammars is the sefldfadanced sequences of
parentheses. A sequence of parentheses is balanced ifleftdpr opening) parenthesis
has a matching right (or closing) parenthesis later in tiggisece. In formal terms, a se-
quences € {(,)}*, i.e. of left and right parentheses, we can recursively ddfalanced
sequences of parentheses as

¢ the empty sequence
¢ a(, followed by a balanced sequence of parentheses, followed b
¢ two balanced sequences of parentheses concatenated.

This immediately suggests the context-free grammar

S — €|(S)|SS
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To generate e.g. the sequer{g€) we will need to proceed through a sequence containing
at least two variables at some point, e.g. as in the derivétie> SS = (5)S = ()S =
0(S) = (). The descendant sequences to each of the two occurrencesdf S
each has to be a balanced sequence of parentheses. Howevéo ithe context-free
limitation, once the initialS has been split int®'S there is no possibility of coordinating
the descendant sequences of edchWhere HMMs allow the modelling ofequential
dependencies — the next state only depends on its predeeeSBE&s allow the modelling
of hierarchicaldependencies, i.e. dependencies that have a tree-lilkdustu

This dependency structure is clearly seen in Fig. 7, whered#rivation of the se-
quence() () listed above is given by a so called derivation tree. A déiovetree is a tree
with internal nodes labelled by variables, leaves labdbgderminal symbols (o¢), and
where the children of an internal node are the symbols —aseand terminal symbols
— of the right hand side of the production rule used to reptheevariable in the deriva-
tion. The final sequence of the derivation is read off thededvom left to right. Any
derivation in a CFG can be represented by a derivation trekasthere is an equivalence
between trees and sequences with balanced parenthesetlises @.g. in the Newick’s
8:45 format for describing phylogenies — the parenthesasngte captures exactly the ca-
pabilities and limitations of CFGs. We have already memtbthe capabilities in terms
of capturing hierarchical dependencies. Conversely,dhadlism is limited in not being
able to capture generally crossing dependencies, as fonm&ahe ones present in the
following example.

Example 2 Assume we want to construct a CFG that allow us to derive Bxtmt set of
sequences '+ over the three letter alphabéti, #5, &}, LetG be such a grammar
with n variables and letd denote the maximum number of symbols on the right hand
side of any production rule it7. Consider a derivation tred” for the sequence =
MMM wherem = d™. There must be a leaf at depth at least- 1in 7', i.e. a leaf
where we go through at least+ 1 internal nodes on the path connecting the leaf to the
root of T'. Hence there must be a variabléoccurring at least twice on this path. We can
now, similarly to what we did in Ex. 1, spktinto five parts as = vwzyz where

e v andz are the terminal symbols descendant from the inifiabut not descendant
from any occurrences df

e w andy are the terminal symbols descendant from the first occugrafi®” on the
path, but not descendant from the last occurrenc¥ @i the path

e 1 are the terminal symbols descendant from the last occuer@h®&” on the path

as illustrated in Fig. 8. As we shall see in Sec. 2.2.1, we canime that at least one of
andy are not the empty sequence. By replicating the part of thvaléon tree between
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Figure 8: When deriving a sulfficiently long sequence thelelwi at least one variable
that is revisited on a path from the root of the derivatior i@ a leaf. We can replicate
the part of the derivation tree between two occurrenceseoéme variable.

the two occurrences df,, again illustrated in Fig. 8, we can construct a derivatioad
for the sequencewwzyyz using the production rules @f. But this sequence cannot be
of the form#'#5'2" . If either w or y consists of at least two different symbols it will not
have the ordering of alt<s before all¥>s before all->s. If not, as at least one af and

y is not the empty sequence there will be at least one of the gymbols with more than
m repetitions and at least one of the three symbols with exactiepetitions.

Example 3 A curious fact of CFGs is that we can easily define a grammaegging
all palindromic sequences, but it is not possible to defirergnars that generate all
sequences consisting of two identical copies of the sameeseg. For palindromic se-
guences, i.e. sequences that read the same front-to-babkcksto-front, we just need
production rulesS — o¢So andS — o for all o € X, as well as a null production fof.

Assume there was a gramma@rgenerating exactly the sequencesheres = uu for
someu € {#,%2}". Thenitcan generate the sequer€8:""#"¢™ wherem = d"+!
with n the number of variables i’ and d the maximum right hand side length. We can
again identify a situation as illustrated in Fig. 8, but withe further restriction that the
length of the sequenaexy is at mostm: start from a subtree rooted at an internal node
having longest paths to a descendant leaf going throughtlexadurther internal nodes.

It follows thatwaxy, and consequently both andy, consist of at most two blocks of
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identical symbols. If eithew or y contains both< and%> the other cannot, antw?zy?~
will contain three blocks each ofs and%>s. If bothw andy consist of just one block
of identical symbols, themuw?zy?z = #"4>4 where eithera # ¢ or b # d as one
block of eithers or&>s is extended but the other is not. If eitheor y consists of both
a* block and & block

In either casepw?zy?z # wu for all u € {&,Q}* Hence, CFGs can capture
reverse-order dependencies of any length, but not linederodependencies.

As previously mentioned, we obtain a stochastic conted-fyrammar (SCFG) if
we for each variable assign a probability distribution othex production rules having
the variable as left hand side. The probability of a deroratis just the product of the
probabilities of the production rules applied. It would iseebvious that the probability
of deriving a particular sequence is just the sum over thbeabilities of all derivations
generating it. However, we need to be a little bit careful wikefining the set of such
derivations.

S S S
S/ \S S/ \S S/ \S
N\ /N /\ /N
DA N A A AT
l (s) s 8 (8) (9) (S) (S) S S (S) e

TN ST N

e (S) (9) € € € € () (8) e

€ € € €

Figure 9: Three different derivation trees for the sequefidg()() in the parenthe-
sis grammar, corresponding to the leftmost derivatiSns> SS 2 0SS = ()sSs 2
008 = 0055 2 0005 = 0000, S = S5 = 555 2 ()55 2 )05 =
0055 2 0005 2 0000, andS = 55 = 955 = 5595 2 ()559 2

00OSss £ 000S 2 0000, where= is used to denote that we have contracted the
two step replacing a variablg with the terminal symbolg). Observe that though the
trees are similar and utilises each of the three productites the same number of times,
they are still distinctly different.
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Consider the simple stochastic context-free grammar

S—»TlT

T—»all

This grammar can only generate the sequexgeAt first hand it may appear that there
are two derivations generating this sequence, naiiely TT = aT = aa andS =
TT = Ta = aa. But each of these derivations have probabilifyresulting in the
sequencaa being derived with probability 2! Clearly this is not right.

The new problem, compared to regular grammars, is that we &i@apparent choice
of which variable first to replace. However, the combinatiofactors originating from
these choices should be ignored. When determining the pilapaf deriving a sequence
we should only sum over the set distinctly differentderivations. Two derivations are
distinctly different if they have different derivation &g, a property illustrated in Fig. 9.
We could equivalently have defined distinctly differentémhs of being differeneftmost
derivations i.e. derivations where it is always the leftmost variabléhe current sequence
that is replaced by applying one of its production rules. ha simple grammar above,
only the first derivation of the sequenaa is leftmost, and consequently this should be
the only one summed over to obtain the correct probabilityaifthe grammar generating
aa.

If there is a sequence with more than one distinctly diffedmsivation in a grammar,
the grammar is said to be ambiguous. This is for example tee &@ the parenthe-
sis grammar as evidenced by the three distinctly differ@mivdtions of the sequence
OO0 shown in Fig. 9. In bioinformatics it is usually desirablettave ambiguous
grammars, as different derivations of a sequence wouldllyst@respond to different
interpretations of it, for example in terms of different Rd&condary structures or align-
ments as discussed in Sec. 2.2.2. However, if the ambiguignds to interpretations,
such that there is a sequence with an interpretation thabeabtained by two or more
distinctly different derivations, it introduces the prebi discussed for class HMMs in
Sec. To find the most probable interpretation we need to miagithe sum over all
derivations with the same interpretation — or class aniootan the case of class HMMs
— a problem that waNP hard even for HMMSs, i.e. stochastic regular grammars. An
investigation into the drawbacks of using grammars with iguoity in interpretation in
the context of RNA secondary structure was presented irgf@n determining whether
a CFG is ambiguous is a hard problem, actually undecidabtesam in many cases — like
the RNA grammars investigated in [8] — be successfully aateh[3].
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221 SCFG Algorithms

Just as regular grammars are equivalent to HMMs, contegt-irammars have do have
an automaton equivalent, called push-down automatons ekdewe only mention these
in passing as the algorithms for analysing languages witingegt-free structure a more
easily formulated using a grammar specification. Thoughynite as efficient as the cor-
responding algorithms for HMMs, they still allow computatiof the most probable parse
tree for a sequence and the total probability of derivingcusace in time polynomial in
the sequence length.

Chomsky Normal Form  The definition of context-free grammars allow arbitraryhtig
hand sides. Just as there were several possible ways werestididt regular grammars
without changing expressibility (left or right, extendednot), there are several ways the
right hand side of the productions of a grammar can be réstriwithout loosing ex-
pressibility. These are known as normal forms, and reqyigiiammars to be on normal
form simplifies algorithms as only the restricted set of picighn types need to be con-
sidered. We will use the Chomsky normal form (CNF) restictwhere all productions
are restricted to be one of the following three types:

e The start variable is replaced with the empty sequefice; e
e Avariable is replaced with a single terminal symbdl,— o wherec € X

e Avariable is replaced with two variables where neither &sgpecial starting vari-
able,U — VW whereV, W € V \ {S}

Any context-free grammar can be converted to a CNF gramnoaridght hand sides
with a sequence of more than two symbols we can break the segu®o the constituent
symbols by introducing auxiliary variables, just as we sadoi converting extended
regular grammars to regular grammars. If a symbol in a rigine side of length two is
a terminal symbol we can replace it with an auxiliary varathiat can only be replaced
with this terminal symbol, and if it is the special start @dnlie.S we can replace it with an
auxiliary variable with exactly the same production rulesSa However, when the right
hand side is shorter than two symbols but the productionisul®t in concordance with
the CNF restrictions, we need to proceed with a bit more oauti

An empty sequence right hand side hoitl production is only allowed for the special
start variableS. To eliminate all other null productions we first identifyl alullable
variables, i.e. variables that can in one or more steps beaeghwith the empty sequence.
A variableU is nullable iff

e U —eccP

e U —Vi...VpandVy,...,V, are all nullable
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Based on this recursive rule we can formulate Algorithm Iffigiently determine the set
of nullable variables. Once these have been identified,doh @ullable variable with the
exception ofS we

e remove the null production for this variable

o for every production where it occurs on the right hand sidenvede two copies
of this production: one where the variable still occurs and where it has been
removed from the right hand side sequence

When the right hand side consists of just a single variableraember that right hand
sides with just a single symbol are required to be a termipalb®l for grammars in
CNF — the transformation is even less complicated. All wednieedo is copy all the
productions of the right hand side variable to the left hadd sariable

Algorithm 1 Nullable variables
N=0
repeat
for U -z ePdo
if 2 does not contain terminal symbols or variables natl ithen
Add U toN
until no further variables are addedRbin this iteration

Algorithm 2 Eliminating replacement productions
repeat
forU —V € Pdo
forV -z ePdo
AddU — ztoP
until no updates where required in this iteration
Eliminate allU — V productions fronP

This all appear simple enough, so why the warning to procea#daaution? As long
as only the language of a grammatr, i.e. the set of finite semsgeit can generate, is of
concern, the last two types of transformations do not reggpecial attention. However,
in bioinformatics mostly parameterised, in particularcht@stic, context-free grammars
are used.

Manipulation of probabilities can easily be included in tinst set of transformations
mentioned: breaking a long right hand side sequence intG,paplacing a terminal
symbol in a pair with a variable, and adding a copysdbr right hand side use. The only
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part not strictly trivial would be tying of the probabilisebetween the productions 5f
and the copy of when inferring probabilities from data.

The manipulations eliminating null productions and reptaent productions, on the
other hand, requires more complicated manipulation of gipdities. For an already pa-
rameterised SCFG the new probabilities, after eliminatbbmeplacement productions,
can be described by equations linear in (algebraic) vasatdescribing the probability
of eventually replacing variablE with variableV by a finite series of replacement pro-
duction steps. This, in turn, can be solved to find the prdibiaisi of the transformed
grammar. Inferring probabilities from data, however, cacdme a difficult if not im-
possible task, if parameters are required to reflect thetsiiel of the original grammar
(as will usually be the case). Under maximum likelihoodreation we would need to
maximise an equation system similar to the one for paraiseteigrammars, but with
the parameters of the original grammar occurring polyndynieather than linearly, as
variables.

Elimination of null productions is potentially even morewglicated when the gram-
mar is stochastic. Even when the grammar is already parageste determining prob-
abilities of the transformed grammar may not be straightéod. If the grammar has
a productionU — VW where bothV and W are nullable, the probability thdf is
eventually replaced by the empty sequence depends on tHaqgprof the probabilities
thatV and W are eventually replaced by the empty sequence. If thereaoyaies in
these dependencies, the nullability probability can gds#l determined for every vari-
able. However, with cyclic dependencies the nullabilitph@bilities may have to be
specified by a quadratic equation system, which in generabeéhard to solve [9].

Because of these complications, when designing a SCFG 8teabeise is, if at all
possible, to avoid introducing replacement productiorth wyclic structure and in gen-
eral null productions. When presenting the algorithms f6F&s we will assume CNF
grammars but briefly discuss the complications arising whergrammar also contains
replacement and null productions.

Cocke-Younger-Kasami Algorithm  As for HMMs, the two main problems for SCFGs
is to determine the most likely derivation of a sequence,tarabmpute the total proba-
bility of deriving a particular sequence. We first consider problem of determining the
most likely derivation of a sequence. The SCFG equivalenheiViterbi algorithm for
HMMs is theCocke-Younger-KasaniCYK) algorithm [6,11, 13].

Assume that we are given a SCIEGn CNF and a sequence and want to determine
the most probable derivation afin G. Once again, derivation trees turns out to be
very helpful for understanding the behaviour of SCFGs. Depeg on its length, any
derivation tree fors must have one of the three forms shown in Fig. 10. Moreover, th
two subtrees rooted & andWW in this figure will again be of the form of one of the two
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Figure 10: The three possible forms of derivation trees wiheniving the subsequence
from positioni to positiony in s from variableU in a CNF grammar. Either it is directly
generated by af — e or U — o production, or the first step is &h — VW production
followed by an initial part of the subsequence being geredrtbomV and the remaining
part of the subsequence being generated f¥Bm

right hand trees (a8 cannot occur on the right hand side of productions and Shtgan
have null productions in CNF grammars).

This immediately suggests a recursion for determining ttodgility of the most
probable derivation fos. If s is of length zero or one, we can just look up the probability
of the corresponding null or terminal symbol production $orOtherwise, we maximise
over deriving a prefix, respectively the corresponding suffom the two variables of a
production forS. If we let C(U, ¢, j) denote the maximum probability of derivirgy..;]
from U, then

(Pr(S — ¢ if U=Sandj=i—1
Pr(U — s[i]) ifi=jy
CU,j) =9 max Pr(U—VW)C(V,i,k)C(W,k+1,j) ifi<j €)
U—-VWeP
1<k<j
0 otherwise

wherePr describes the probability distributions over productionB and Pr(p) = 0 for
p ¢ P. The desired probability is the value 6(S, 1, |s|), and this value can be traced
back to find the maximum probability derivations ©f

If G is in CNF, we can find>(S, 1, |s|) in time O (|P||s|*) and space® (|V||s|?),
e.g. as outlined in Algorithm 3 where we compute &g/, i, j) values in order of sub-
sequences of of increasing length. As only non-empty sequences can beedefrom
V andW for any productionV — VI, to compute a value for a subsequence of length
[ we only need values relating to subsequences of lengthilgsiorter thari.
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Algorithm 3 CYK algorithm

if s = ethen
C(S,1,]s]) = Pr(S —¢)
else
for i = 1to|s| do
for U € V.do
C(U,i,i) = Pr(U — sli])
foril=1tol|s|—1do
fori=1to|s| —ldo
for U € V.do

C(U,i,i+l)= max Pr(U—VW)C(V,i,i+j)C(W,i+j+1,i+1)

U—-VWeP
0<j<i-1

Algorithm 4 Probability of most likely null derivations

for U € Vdo
Set initial probabilityN (U) = Pr(U — ¢)
Initialise set of variables with known probabilify = ()
whileF # V do
U = argmaxyev\r{N(U)}
AddU toF
for V.- UW € P whereWW € F do
N(V)=max{N((V), Pr(V - UW)N{U)N(W)}
for V.— WU € P whereWW € F do
N(V)=max{N((V), Pr(V — WU)N(W)N(U)}
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If replacement and null productions were not eliminatedngogrammar is not quite
in CNF, for example due to the considerations mentionederdibcussion of converting
a grammar to CNF, this is where complications ariseG I€ontains replacement rules
allowing the two derivationd/ = V andV = U, thenC(U, i, ;) andC(V,i,5) will
be mutually dependent for all < i < j < |s|. Also null productions can introduce
cyclic dependencies, aslif — ¢ then any ruleJ — VW or U — WV allows the two

step derivation replacement 2w, Applying the relaxation technique discussed for
cycles of silent states in Sec. 1.2.1 we can still deterntiegtobability of the most likely
derivation, although the time complexity may increase bysna factor ofO (log |V]).
The most complicated part is computing the probability efrost likely way to replace a
variable with the empty sequence, when null productiong Ina¢ been eliminated. Using
a similar application of the relaxation technique as désctiin [10], these probabilities
can still be computed efficiently by Algorithm 4.

Inside and Outside Algorithms  As for HMMs, the difference between computing the
most likely derivation ofs in G and the total probability of deriving in G simply con-
sists of replacing maximisation with summation in (9) — eatthan taking the maximum
probability choice we sum over all choices. The resultingursion,

Pr(S —e) ifU=Sandj=i—1
Pr(U — s[i]) ifi=j
I(U,i,j) = > Pr(U = VIWI(V,i, k)I(W,k+1,5) ifi<j (10)
U—-VWeP
1<k<j
0 otherwise

forms the basis of thimside algorithm for computing the total probability of derivirg
The algorithm is identical to Algorithm 3, except that maisation is replaced with sum-
mation. Correspondingly, the time and space complexitezain the same) (|P||s|?)
andO (|V||s|?) respectively.

However, for the inside algorithm we cannot use the sameattm techniques as
for the CYK algorithm when replacement and null productibase not been eliminated.
If G contains replacement productions but no null producticite@ possibly foiS, the
recursions for the relevant entities for anwill be amenable to solution by linear equa-
tion system techniques. This is also mostly the caseébntains other null productions
than Se, except for the fundamental part of computing the total plolity of deriving
the empty string from each variable. As can be observed fhenptesence of products of
N(U) andN (W) in Algorithm 4, the recursions in this case lead to a systequafiratic
equations of interdependent entities.
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Figure 11: The intuition behind the outside algorithm is togressively fill out the sub-
sequence not yet derived.

The probabilities of null derivations are of course indegent ofs. So for a fixed
grammar they could be computed once and for all, even if cdatipmally very expen-
sive. The values can then be looked up whenever a particalpuesice is analysed.
However, just as the forward algorithm is frequently usedtfaining HMMs by the
Baum-Welch expectation-maximisation procedure, thelmsigorithm forms part of the
expectation-maximisation procedure used for training S&Hn this case the parameters
will be changing for each expectation-maximisation itierat Hence, the probability of
null derivations will have to be recomputed for each itenatiOnce again the best advise
is to designG such that this complication is avoided.

We have already mentioned that the inside algorithm formsqfahe expectation-
maximisation procedure for SCFG training from unannotatat, corresponding to the
role the forward algorithm takes for HMMs. The part corrasgiog to the backward
algorithm for SCFGs is called the outside algorithm. Thimpates the probability of
deriving s, excepffor the subsequence between positibasd;j which is left to be derived
from variableU — i.e. the total probability of = s[1..i — 1]Us[j + 1..|s|] — according
to the following recursions:

(

1 if U=5,i=1,andj = |s]
Y Pr(V—UW)O(V,i, k) I(W,j + 1,k)

V_}S:]WEP

OU,i,j) = > ifi<j (11)
+ > Pr(V - WU)OV,k, H)I(W,k,i — 1)
V-WUeP
k<i
0 otherwise
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The intuition behind this recursion is illustrated in Fid.. IThe recursion can be solved
by an algorithm similar to the inside algorithm, this timergpfrom longer to shorter
subsequences that are still to be filled in, with the same ¢éintkspace complexities.
Once we have computed inside and outside valiigs, i, j)O(U, i, j) gives the ex-
pectation ofs[i..j] being derived from an occurrence @fandO(U, i, j) Zi;} Pr(U —
VW)I(V,i, k)I(W, k+1, ) the expectation of this happening by an initial applicatibn
theU — VW production. Summing over all subsequences wk can find the expected
number of uses o/ — VIW. Similarly we can find the expected number of uses of
terminal production rule8” — o from O(U, 4,4) Pr(U — o) for i with s[i] = 0. Based
on these expectations the parameters can then be updabednrakimisation step.

222 SCFG Uses
RNA Secondary Structure Prediction

Alignment with Reversals

2.3 Other Grammar Types

Context-sensitive, unrestricted, linear, tree adjoining

References

[1] A.-L. Barabasi and Z. N. Oltvai. Network biology: Und&ading the cell’s func-
tional organisationNature Reviews Genetics:101-113, 2004.

[2] L. E. Baum. An equality and associated maximization teghe in statistical esti-
mation for probabilistic functions of Markov processésequalities 3:1-8, 1972.

[3] C. Brabrand, R. Giegerich, and A. Mgller. Analyzing agndty of context-free
grammars. IrProc. 12th International Conference on Implementation &qgbli-
cation of Automata, CIAA 'QAolume 4783 oLLNCS Springer-Verlag, July 2007.
Extended version submitted for journal publication.

[4] M. P. Brown, R. Hughey, A. Krogh, I. S. Mian, K. Sjolandeand D. Haussler.
Using Dirichlet mixture priors to derive hidden Markov mdgléor protein fami-
lies. In L. Hunter, D. Searls, and J. Shavlik, editdPspceedings of the 1st Inter-
national Conference on Intelligent Systems for Moleculaidgly (ISMB) pages
47-55, Menlo Park, California, U.S.A., July 1993. AAAI/MHtress.

29



[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

N. Chomsky. Three models for the description of languallRE Transactions on
Information Theory2(3):113-124, 1956.

J. Cocke and J. T. Schwartz. Programming languages aiddbmpilers: Prelimi-
nary notes. Technical report, Courant Institute of MathtizabSciences, New York
University, 1970.

T. H. Cormen, C. E. Leiserson, and R. L. Rivektiroduction to Algorithms The
MIT Press, 1990.

R. Dowell and S. R. Eddy. Evaluation of several lightweigtochastic context-
free grammars for RNA secondary structure predictBMC Bioinformatics5:71,
2004.

J. Hastad, S. Phillips, and S. Safra. A well characteriapproximation problem.
Information processing letterg7(6):301-305, 1993.

A. Jagota, R. B. Lyngsg, and C. N. S. Pedersen. ComparitgMM and an SCFG.
In Proceedings of the 1st Workshop on Algorithms in Bioinfdicsg WABI) pages
69-84, 2001.

T. Kasami. An efficient recognition and syntax-anadyalgorithm for context-free
languages. Technical Report AFCRL-65-758, Air Force Caaigier Research Lab,
1965.

N. B. Leontis and E. Westhof. The non-Watson—Crick baaies and their associ-
ated isostericity matriceNucleic Acids ResearcB80(16):3497-3531, 2002.

D. H. Younger. Recognition and parsing of context-flaeguages in time n3ln-
formation and Contrqgl10(2):189-208, 1967.

30



