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1 Introduction

In the fields of biology and medicine, gene evolution has been of great interest for
researchers the past 50 years. Ever since it has been possible to isolate and examine
gene populations, knowledge of their evolution has been more and more significant.

DNA sequences from a population have an unobservable genealogical history.
In analyzing such data, a crucial stepping-stone is to be able to integrate over
evolutionary histories according their probability according to a model and given
the data. Doing this has been the focus of research for more than 2 decades

This report is on optimizing the estimate of the probability of observing a given
gene population. The report will be in two parts. First part will be an introductory
to the terminology and mathematical models. Second part will introduce previous
optimizing proposals, which will lead us to our new proposal. Our proposal is based
on the idea that analysing sub-sets of a data-set will improve the calculation of the

probability.

1.1 Genes and alleles

The way a person looks or appears is determined by their genes. Genes are segments
of DNA, containing the information about a specific characteristic, for example eye
or hair colour. There exists different types of each gene, and each type may result
in different traits, i.e. what is the colour of the eyes or the hair.

Different types of a gene are called alleles of that gene. A type of gene for eye
colour resulting in blue eyes is one allele of the gene, while a type of gene resulting
in brown eyes is another.

What kind of information the allele carries depends on the nucleotide sequence
of the DNA. Mutations are random events changing the sequence of the gene (e.g.
replacement of an adenine by a guanine), resulting in a new allele. Mutations can
for example be caused by copying errors in the genetic material during cell division

or exposure to ultraviolet light.

2 Infinites Sites Model (ISM)

ISM is a model to describe the evolution of a very long DNA sequence with low
mutation rate at each nucleotide. Due to this, we can neglect the possibility of two
or more mutations happening on the same site. For that reason we can represent
the sequences by 0’s and 1’s, where 0 is an unchanged site and 1 is where mutation

has occurred. The model is reasonable because we usually observe few variable sites
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in a sample of sequences. In the model we neglect recombination and any other kind
of change in the gene-structure. We only consider mutation and duplication.

3 Configuration networks

A configuration network is a model that shows all possible ancestral states, connected
in a compatible order. Configuration networks give a quick view of the histories for
a data-set. A history is a connected path up through the configuration network,
determined by the states it passes. The following will be an accessible introduction

to configuration networks and how to generate them.
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Figure 1: Configuration network of toy dataset.

Look at figure 1. Every horizontal line represents an allele and the black balls
represent mutations on the alleles. The numbers in the left column are the numbers
of events from the bottom configuration. It will later be obvious why we label the
events from bottom to top. An event describes in our case either a mutation or a
duplication of the allele. The arrows in the figure indicate such events, backward in
time though. The time passes while going down the configuration network. Imagine,
that if we could follow the evolution of a specific allele, we would know whether the
first, second and third event were respectively duplication- or mutation-events. We

would then know the actual history down the configuration network. But what we
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can observe now, is only the last configuration in the bottom, which we will refer to
as the data-set. In this case, the data-set consists of three alleles, labelled 1-3. 1 and
2 contains a mutation on the same segregating site, while 3 has got a mutation on
a different site. The top allele labelled MRCA is the most recent common ancestor
for the data-set. The configuration for MRCA is also known.

From knowledge of the data-set, we would like to build up an ancestral tree
containing all possible histories back to MRCA. As the figure should tell, there
are three possible ways (histories). The histories are shown to the right of the
figure. Normally, only having the data-set and the common ancestor, we will have
to build up the configuration network backwards in time considering the possible
events. As the data-set grows larger, one could easily imagine that the numbers
of histories grows exponentially, and the configuration network is no longer trivial
to draw. Despite this, for simple data-sets as the one in figure 1, we can draw the
configuration network. The following will be a guide of how to build up configuration
networks, given a data-set.

The two events to consider are coalescence (C) and removal of a mutation (M).
Coalescence is simply the opposite of a duplication that is a fusion of two identical
alleles. We have to introduce these terms, recording that we are moving backward
in time as these events occur. Coalescence can happen, whenever two or more alleles
are identical in a configuration. A mutation can only be removed if it is the only
mutation on its site. This is a consequence of our assumption that mutations only
happens once on a site, from the ISM. This implies, that if two alleles have the same
mutation, they must first coalesce, before the mutation can be removed.

In the example in figure 1, we observe, that the data-set contains two identical
alleles (1 and 2) and a unique allele (3) with a single site. The last event before the
data-set-configuration could either have been a coalescence event (fusion of 1 and
2) or removal of a mutation (3). The arrows pointing from the data-set to previous
ancestral configurations are marked by C or M, telling what event just occurred. By
this first step up the event-latter, we have already generated two possible histories.
This process continues as just described, by considering the latest possible events
for each configuration. Generally it is helpful to focus on all configurations before
proceeding to the next step on the event-latter. Notice that two identical config-
urations cannot appear in the tree. Whenever two different descendants have the
same ancestor, the two arrows should lead to the same ancestor. It is illustrated
when second event occurs. The left configuration experiences coalescence, and if
the configuration to the right experiences a removal of a mutation they become the
same. Finally you end up with two alleles identical to the MRCA, and when these

coalesce you have your configuration network.



From exact marginals to better Importance Sampling Andreassen & Okholm

4 Representation of data

It was necessary to represent the data-configurations in matlab to do calculations
on the histories. To represent our data-set in matlab we used binary numbers in a
matrix S with dimensions £ x m. k is the number of different alleles, and m is the
number of segregating sites with at least one mutation, in the data-set. In reference
to ISM every entry in the matrix is either 0 or 1. The entry S;; = 0 if the allele
¢ does not have a mutation on the segregating site j. Otherwise if S;; = 1 ¢ has
a mutation on j. Furthermore we introduce the column vector N, which gives the
multiplicity of each type of allele in the data-set. The dimension of N is k x 1. If
the data-set contains three identical alleles, and they are represented with the row

¢ in S, the entry ¢ in N will be 3. Recall the data-set from figure 1 on page 2.

< > o) ()

Data-set Eepresentation in hatlab

(NI R

Figure 2: Representation of toy data-set.

We chose to represent configurations in this way, because it allows us to do
the relevant operations and is a compact form of the information. By looking at
the representation we are able to tell what the next event could be for the actual

configuration. This representation is also easy to update.

5 Calculating the probability

Before jumping right into probability calculations, we have to introduce the value 6
called the scaled mutation rate. 6 is just referred to as the mutation rate, and it is
mathematically defined as 8 = 4Nu, where i is the mutation rate per generation,
and N is the population size. Our data-set depends on 6. A data-set generated
with a relatively low 6, will be more likely to contain few mutations compared to
data-sets generated with large values of . Having introduced this parameter we are
now ready to focus on the true essence of this report; calculating the likelihood of a
data-set.

We want to calculate the probability P(D|f) of observing a data-set D if the
mutation rate take the value 6, and if we know the MRCA of D. The likelihood
L(60) is a function of 0, defined to take the quantity P(D|0).

L(0) = P(D|6)

4
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The following will explain what is meant by "the probability of a data-set".

Figure 3: Configuration network of toy dataset.

In figure 3, we have chosen to look at a random configuration in our toy ancestral
network. We will look at the configuration circled in figure 3, and we will refer to
this configuration as A in the following. Figure 3 is the same as figure 1, except two
more configurations have been added. These two new configurations arise, when
we consider all possible events for A. Totally there are four possible events for A.
The genes 1 and 3 can both either mutate or coalesce. But the events where 1
mutates, and 3 coalesces are incompatible with the data-set. It means that we can
never go from one of the two new configurations, to the data-set. There exists
no such history. When we are dealing with probabilities we are walking down the
configuration network, and at every configuration asking, what is the probability of
the next event. Standing at A, we need to consider the probabilities of the events
compatible with the data-set. That is a duplication of gene 1 and a mutation of gene
3. The resulting descendants have configurations Adl and Ad2. It can be shown,
that whether the next event forward in time is a duplication event or mutation event

is determined by the following probabilities

P = . 1
c n—14+60 n-—1 (1)
Py = . 2
M 140 n 2)

Pe is the probability of duplication and Py, is the probability of mutation taken
their multiplicity into account. n is the total amount of genes in the sample after
the event has occurred. These probabilities can also be interpreted as the probability
for coalescence or mutation in the last event backward in time. We will stick to this
interpretation. It is convenient to calculate the forward probabilities backward in

time. n is then the number of genes before coalescence or mutation. In the term for
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Pc, n; is the multiplicity of the gene chosen to coalesce. With that said, it should
be obvious that n; > 1. In the term for Py, n; expresses the multiplicity of the
gene, which the gene that is chosen to have a mutation removed, reduces to. If the
gene is still unique after removal of a mutation, n; = 0, but if the gene after having
a mutation removed is suddenly identical to three other genes, n; = 3. The first
factor in P and Py, are the probabilities of coalescence and mutation event. The
second factors are the probabilities of choosing the specific type of gene which is
target of the event, this is simply just #{succes}/#{possible}. We will go through
an example where we calculate the probabilities of two possible events. As a starting
point we will use A from figure 3, calculating the probabilities of going to either A4
or Ay for 6 = 1.22.

Probability of A — Ag: To go from A to Ay, gene 1 needs to duplicate. Therefore
we only have to consider Po. n = 3 because the total amount of genes in Ay is
three. n; = 2 because the number of gene 1 in Ay is two.

n-1 m—-1_  3-1 2-1 1

P(Ay|A) = . — : —
(Aar]A) n—14+60 n—1 3-1+122 3—-1 322

= 0.311

Probability of A — Age: To go from A to Ay, gene 3 needs to get a mutation.
Therefore we only have to consider Py;. n = 2 because the total amount of genes in
Ago is two. n; = 0 because the number of genes in A which are identical to gene 3
in Agp is 0.

0 n; +1 1.22 0+1 122 1
n—1+6 n  2-1+122 2 222 2

P(Ag|A) = = 0.275

We will not care about the events following the dashed lines. But they give us
a problem to consider. We need to work out a model that only takes possible events
into concern, and then calculate their possibilities. In figure 3, we showed, that going
one event forward in time for A, would give us four descendants, two of them incom-
patible with our data-set. On the other hand, if we do our calculations backwards,
that is starting with the data-set in the bottom, then moving up the configuration
network to every possible state just one event away, we will avoid calculating his-
tories incompatible with our data-set. For every move up the tree, the previous
configuration will contain enough information to decide whether an event is possible
or not. The calculation of probabilities is analogous to the procedure of drawing the
configuration network. Both based on the fact that only compatible ancestral states

can be deduced from its descendants.
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When we can calculate the possibility P(C,|Cy—1) of going from one configuration
in generation g — 1 to another configuration in generation g just one event away,
we can easily calculate the probability P(H) for a history H. P(H) is simply the
product of P(Cy|C,_1) for all the involving steps in the history. The probability of a
history for a data-set, where there are G generations between data-set and MRCA,
is

G
P(H) = HP(CQ|CQ*1> (3)
9=2
The likelihood of the data is the sum of all possible histories leading from MRCA
to the data. If ‘H, is one history out of B compatible histories, the likelihood is

B
L() = P(D|0) = Y P(H)) (4)
b=1
If this conclusion does not seem trivial to you, recall the definition of the likelihood
of the data.

For data sets, as the one in figure 1, we can by hand calculate L(#), by a straight-
forward method, calculating all P(C,|C,_;), and all P(H,). Even for the very simple
data-sets like this, it takes quite a while to calculate all these values. To cope with
this problem it is possible to derive a recursion. When implemented in e.g. Matlab,
the recursion can calculate the probability a lot faster. We calculated the likelihood
of the data-set from figure 1, with # = 1.22. L(1.22) = 0.0520 and the elapsed time
was 0.078 s.

The recursion is

n—1 n; — 1
7t ]'>1
0y Mt lpee N (5)
n—1+6 n ’

j:singletons

Here follows an explanation to the recursion. The recursion calculates the full like-
lihood for the data-set. S is a matrix and N is a vector uniquely representing the
data-set. S™ and N™ represent the ancestor configuration after mutation. Under-
stand P(S,N|0) as P(D|#). In the recursion there should be a lot of familiar terms.
New things introduced, are the summation over the second factor in Po and Pjy.
This summation just makes sure that we include all possibilities for our data-set,
recall (4). There might be more than one kind of genes which can coalesce in our
data-set. And there might as well be more than one unique gene which can mutate.
Figure 4 on the next page shows a data-set for which the recent event can be either

one of the five shown.
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Three different coalescence events and two different mutation events. Recalling
(3), we need all the values for Pe,, Pe,, Po,, Py, and Py, to calculate the likelihood
of the data. The five steps each generate their own unique histories. So P(S,N|0)
gives the sum of all the probabilities from the first step multiplied with the probabil-
ity of the rest of the history, according to (3) and (4). The first step in the recursion
will look like this:

P(S, N|9) = Pcl * Pa(SI; N1|6> + P02 * P(l(SQ, Ng‘e) + PCg * Pa(Sg, N3’9)
+ Pary # Po(S4,Nul0) + Pag, % Po(Ss, N5|0)

Now S,,,N,, represents a new configuration after the first step up the network.
P,(S,,N,,) is the likelihood of the sub-data-set appearing. S,,N,, is then run
through the recursion as if it were the actual data-set of interest. This will generate
the new probable paths, and as one would start to think, the recursion branches
out all the possible histories. The same procedure follows, and finally we will end
up with just as many terms as there are histories, each with the same amount of
factors, that is the total number of events from the data-set to the MRCA. We
know all histories start at the MRCA, so this configuration will have probability 1.
That is why P(S*,N*|0) = 1 where S*, N* represents the MRCA. In figure 5 on the
following page we have shown how the recursion works on our toy data-set step by

step.
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Figure 5

Remember that the stepwise probabilities are determined by (1) and (2) and that
P,(Ss, Ng|#) = 1. Both graphs should be read from bottom to top. The left graph is
the configuration network. Between two configurations are placed the probability of
the upper configuration evolving into the configuration underneath. Note that this
is the opposite direction to the arrows. The probabilities placed just underneath
each configuration are the probabilities of observing these configurations, knowing
MRCA. The right graph shows how the recursion runs, following the same steps
as the left graph. All the equations are equal at each step. The graph is only to

llustrate how the recursion is unfolded.

5.1 Likelihoodcurve

By use of the recursion, we can calculate P(D|6), that is the likelihood of the data.
If we plot the likelihood P(D|0) against 6 we will get the likelihood curve. By
maximizing the function, we will get the value, which was most likely to generate

the dataset. If we consider the dataset from figure 1:

() el

we will get the curve illustrated in figure 6 on the next page. The curve has a

maximum at approximately 1.22, and thereby we get, that § = 1.22 is the most
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likely mutation rate.

Likelihoodcurve exact
0.06 T T T

Figure 6: Exact likelihood curve for the dataset (6).

We have now given an introduction to calculate the likelihood of the data exact.
The recursion introduced in this chapter is the total solution for any data set when
calculating the likelihood in the Infinite sites model. But as data-sets become larger
and the number of segregating sites increases, computations with the recursion on
the whole data-set become useless. The problem is, that usual data-sets examined
in the light of science fells under the category too complex. We simply have not got
the computer power to make the calculation in a reasonable amount of time. This
fact induces the great importance of approximating the likelihood. The quality of
an estimate is defined by its accuracy in determining the likelihood and by the time
it takes. To do the best approximation to the likelihood has been a discipline of
interest since Griffiths and Tavare faced the problem in 1994. Since that, the most

common approach to the problem is using a technique called Importance sampling.

6 Importance Sampling

We already mentioned that

L(9) = P(D|0) = ZB: P(H

and we can rewrite this by multiplying and dividing with the probability Q(H). By
definition, the new term is the expectation over Q(H) of P(H)/Q(H).We get

L(0) = P(D|0) = ZP Q(H)/QH|) = Eo[P(H)/Q(H)] (7)

10
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@ is a proposal distribution of the probability of a history from the date-set to the
MRCA. Remember that P(H) is the actual probability of a history from the MRCA
to the Data-set, that is P and () works in opposite directions.

Importance sampling is based on the approximation
L(0) = P(D|0) = Z P(Hy,)Q(H))/Q(H,)
= ZPe Data, H)Q(H)/Q(H) = Eq[Fy(Data, H)/Q(H)]

ZP@ (Data, H,)/Q(H Zw’”

This approximation is justified by the law of large numbers. This equation states,
that the ratio of P(H) and Q(H), also referred to as the weight w, is an estimate of
L(#). So sampling one history will give

P(D|0) = P(Hy)/Q(Hs) = w, (8)

If we sample a lot of histories, calculating w for all of them and then taking the
average of w, we will get a good estimate for P(D|f). So whenever we explore
one possible history, we will get an estimate for P(D|f). Remember, that when
we calculated P(D|0) exact with the recursion we had to run through all possible

histories. So using this technique is an efficient timesaver.

Generation
gl Ancestral configuration 1 Ancestral configuration 2
Cpa [Cg) e
Pl(cg |Cg—1:] Ql(cg‘l | Cg) QZ( i ll & 2( £ | g—l)
:
Figure 7

The procedure for calculating w; is illustrated in figure 7. The figure shows
two moves back in time from one configuration C, to another Cy_; in the sampled

histories. According to (3), (8) can be written as

P/ - [ G

11
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We have shown before how to easily calculate P(C,|C,—;) by either (1) or (2).
Q(Cy_1|Cy) on the other hand is unknown, that is why ) is called the proposal
distribution. The optimal Q(H) would be

OH)op = L

P(DI0)
Inserted in (8), we realise that this is an ideal situation, where we only have to do
one sample. Running through any given history with Q(H).pt will immediately give
us wy, = P(D]0).

The challenge in importance sampling is to choose the proposal distribution @)
well. For every proposal distribution, however bad it would be, the average of P/Q
will eventually converge to P(D|f), one will just have to sample an enormously
amount of histories. But if a good () is chosen, the convergence will happen a lot
faster.

One thing we know for sure is that, going one event back in time from a config-
uration, the sum over all Q(C,_1|C,) is 1. Because as we stated earlier, all possible
ways to go backward in time are consistent with the data-set, and therefore the
possibilities of going these ways must sum to 1. Whenever Q does not sum to 1 we
normalise it.

Notice that if Q(H) over proposes a history H, then the importance sampler
will choose this path more often than it should, resulting in w, underestimates
P(D|6). Otherwise if our probability proposal of a history is less than it should be,
wy, overestimates P(D|0).

6.1 Effective Sample Size (ESS)

A way to tell if the new proposal is better than the previous is to calculate the
Effective Sample Size ESS (Liu, 2001, Section 2.5). It is defined as

Bss - — % (9)

()

where R is the number of samples, o is the standard deviation and p is the mean of
the weights.
A usefull estimate of the ESS is given by

: 2
Fos = (X weights)” (10)
> weights?

12



From exact marginals to better Importance Sampling Andreassen & Okholm

7 Previous proposal distributions

In the following we will introduce two previous proposals for an importance sampler
to estimate the likelihood of a data-set.

7.1 Stephens-Donelly proposal

The SD proposal is quite simpel and a straightforward definition of Q. It is based
on calculations in the IAM model and the allele is simply just chosen uniformly at
random.

Let k be an allele in the configuration. M is the set of alleles coresponding to a
singlet site - alleles that are able to undergo mutation. If Ny is the multiplicity of

an allele, then

N, ifNp>2o0orkeM

QP (K|S, N) o
0 ifNy=1land k¢ M

It means that if allele k£ cannot be the target of the next event back in time, () = 0.
Otherwise if k can be the target of the next event, () is proportional to the amount
of identical alleles to k. Notice, that the proposal does not include a driving value
for 6.

For our toy data-set (6), QP will be

2 ifk=1
QP (KIS, N) oc {
1 ifk=2
and thereby
sp 2/3 ifk=1
Q" (k[S,N) =
1/3 ifk=2

The SD proposal foresees, that 1 and 2 will coalesce with probability 2/3 and that
3 will mutate with probability 1/3.

SD does not take the probability of the ancestral state into concern. As for this
example, Q° indicates that it is more likely to coalesce 1 and 2, than to mutate 3.
But it might be, that the configuration appearing after coalescing 1 and 2 is much
more unlikely than the one appearing after mutation of 3. It means that Q°” in
some cases proposes unlikely paths with a high probability. We cannot neglect the
probability of the ancestral states () leads us to.

13
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7.2 Hobolth proposal

The Hobolth proposal takes the ancestral states into account. Hobolths idea is to
isolate the individual sites in data-sets. By looking at only one site at a time, there
is only two possible states of each allele, either mutation or not. No matter how

many alleles we have got, all individual sites can be represented by

S = 1 and N = don
0 n—d,,

with d,, = Y, Sgm Ny being the number of alleles with a mutation. Hobolth has
derived an equation that gives us the probability py, that the next event backward
in time reduces the number of genes with the mutation by one. The probability
1 — pg is then the probability of reducing the number of alleles without a mutation

by one. py is given by

pe<d>=P(S: (3)>N: (Z:D ‘S: @’N: (nfd»

_ _ —d— _1\—1

o e e () (o)
n—d+1 ;(n—d—l)(n—l)_l ’
ko=2 ko—1+6\ kg—2 ko—1

With this knowledge Hobolth could calculate the backward probability for a data-set
with only one segregating site. To fit real size data-sets he applied this easy soluble
model to the big data-sets. Hobolth simply splitted the data-sets up in subsequences
all with only 1 segregating site.

Imagine a data-set with 18 segregating sites and 30 alleles. Using the Hobolth
method we would analyze the 18 sites seperatly, and for each site, we will calculate
the probability for each of the alleles to be the next target of an event. So for
each of the 30 alleles we get 18 probabilites of it being the next target of an event.
Now, for each allele, Hobolth sum the probababilies over all the subsequences. The
probability that an allele is the target of the next event in the perspective of the
whole data-set is proportional to the sum of all the probabilities, wu,,, of this allele

being target of the next event for each segregating site.

The concept of the Hobolth proposal, is to agree that we can only solve simple
problems, and then split the complex problem into such simple problems. The

tricky part is to combine all the simple solutions, to get a solution for the complex

14
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problem. Hobolths proposal:

> o Ukm(Bo) if Ny >2or ke M

Q" (K|S, N) o :
0 if Ny=1and k ¢ M

8 The new proposal

We are now ready to introduce our new proposal. It is based on Hobolths idea of
splitting a complex problem into small soluble problems, and Bayes’ Theorem.
To expand Hobolths idea, we will not only look at one site at a time, but cut

out subsequences of two or more sites.

0001T171 010 1 01
S = 001001 —...10 0 0 110
110000 1 01 000

The subsequences were constructed randomly by picking random sites and joining
them to a subsequence.

For each subsequences we will calculate the backward probability corresponding
to Hobolths py. We will examine if this leads to any improvement in estimating
the likelihood of the data, and also consider what the optimal choice of size of the
subsequences is.

For each subsequence we make a new representation. Let S,, be a subsequence.

Lo s 01 2
S.=10 1|N,=12 —>sm:( )nm:<>
10 4

10 1

To calculate the backward probability, we will use Bayes’ Theorem.

Theorem 1 (Baye). Let A and B be events. Then the conditional probability of A
given B is calculated by the following

P(B|A)P(A)

P(AIB) = =5

The backward probability is P(Cg-1|Cg), and by Baye’s theorem we get

P(Cg|Cgfl>P<Cgfl)
P(Cy)

P(Cgfl‘og) =

P(Cy|Cy—1) is somewhat easy to calculate, it is either Po (1) or Py (2). P(C,) and
P(Cy_1) is the probability of observing the configurations Cy and C,_;. They are
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both calculated by the recursion. We thereby make use of the exact probabilities for
the subsequences. To save some time, we recognize that when calculating P(C,),
P(Cy_4) is automatically calculated.

For each allele in each subsequence we can calculate uy,, corresponding to Hobolths
Ukm,-
P(CylCq—1,6)P(Cg—1,k) = Nm,k

o (0) = e e
0 if nypp =1and k ¢ M,

if ny,p > 2o0r keM,

The new proposal:

Zm ukm<90) if N, >2o0rkeM

Qpy" (K|S, N) o< .
if Ny =1and k ¢ M

9 Results

To compare the new proposal to the Hobolth and the Stephens-Donnelly proposal,

we have considered the following two data-set.

000111 2
S=10 01001 N=|2
1100 00 4
Dataset A.
00 0O0O0OO0ODOOOOT O1 4
0 000OO0OO0OOSOODOOTI1T1 1
g_ 00 0O0O0OOOOOTI1O0TDdO N — 2
0O0000O0OO0OOTLTTI1TT1O0D0O 1
01 1111100000 3
1 00011100O0O0O0 3
Dataset B.

9.1 Calculations based on data-set A

Consider the data-set A. We have calculated the likelihood surfaces, the standard
errors for the three proposals and the ESS using the three different proposals. We
used 10,000 samples and the driving value # = 2. The calculated ESS and an
estimate for the ESS is shown in the table below.
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Proposal ESS

Stephens-Donnelly  4,920.4
Hobolth 6,177.6
New (1 site) 6,143.7
New (2 sites) 6,444.2
New (3 sites) 7,280.7

As we would expect the ESSsp < ESSHoportn and ESSyowoitn = ESSnewr. Also
the ESS gets higher, as we consider more sites in each subsequence in the new
proposal. In figure 8 to figure 12 on the following page is shown the estimated
likelihood surfaces.

x10° Likelihoodcurve Stephens-Donnelly x10° Likelihoodcurve Stephens-Donnelly
T T T T T

L L
15 2 25

Figure 8: Estimated likelihood surfaces (full line) and standard errors (dashed line)

for the dataset A. The proposal distribution is the Stephens-Donnelly proposal.

x10° Likelihoodcurve Hobolth x10° Likelihoodcurve Hobolth
T T T

L L
2 25 3 35 4 45 ' 15 2 25

Figure 9: Estimated likelihood surfaces (full line) and standard errors (dashed line)

for the dataset A. The proposal distribution is the Hobolth proposal.
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<10* Likelihoodcurve New x10° Likelihoodcurve New
T T T

L L
15 2 25
A

Figure 10: Estimated likelihood surfaces (full line) and standard errors (dashed line)
for the dataset A. The proposal distribution is the New proposal considering 1 site

in each subsequence.

x10° Likelihoodcurve New x10° Likelihoodcurve New
T T

L L L L L L L L
2 25 3 35 4 45 ' 15 2 25
A a

Figure 11: Estimated likelihood surfaces (full line) and standard errors (dashed line)
for the dataset A. The proposal distribution is the New proposal considering 2 sites

in each subsequence.

Likelinoodcurve New x10° Likelihoodcurve New

Figure 12: Estimated likelihood surfaces (full line) and standard errors (dashed line)
for the dataset A. The proposal distribution is the New proposal considering 3 sites

in each subsequence.
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9.2 Calculations based on data-set B

Consider now the data-set B. As before we have calculated the likelihood surfaces,
the standard errors for the three proposals and the ESS using the three different
proposals. We used 10,000 samples and the driving value § = 4. The calculated
ESS and an estimate of the FSS is shown in the table below.

Proposal ESS

Stephens-Donnelly  726.0
Hobolth 2,150.8
New (3 sites) 3,654.8
New (4 sites) 4,316.8

As we would expect the ESSSD < ESSHobolth and ESSHolbolth < ESSNewg. Also
the ESS gets higher, as we consider more sites in each subsequence in the new
proposal. In figure 13 to figure 16 on the following page is shown the estimated

likelihood surfaces.

Figure 13: Estimated likelihood surfaces (full line) and standard errors (dashed line)
for the dataset B. The proposal distribution is the Stephens-Donnelly proposal.

Figure 14: Estimated likelihood surfaces (full line) and standard errors (dashed line)
for the dataset B. The proposal distribution is the Hobolth proposal.
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<10 Likelihoodcurve New x107° Likelihoodcurve New
= T T T

L L L L L L L L L L L L
1 2 3 4 5 6 7 8 ¢ 3 35 4 45 5 55
A A

Figure 15: Estimated likelihood surfaces (full line) and standard errors (dashed line)
for the dataset B. The proposal distribution is the New proposal consicedring 3 sites

in each subsequence.

©10°0 Likelihoodcurve New x10™ Likelihoodcurve New
T T T

L L L L L L L L
2 3 4 5 6 7 8 ¢ 3 35
A

Figure 16: Estimated likelihood surfaces (full line) and standard errors (dashed line)
for the dataset B. The proposal distribution is the New proposal consicedring 4 sites

in each subsequence.

10 Discussion and conclusion

Discussion - How to improve our proposal

We have to consider a problem which arises when we apply the recursion to subse-
quences. We cannot be sure that local events in a subsequence are compatible with
the global order of the whole data-set. Looking deeper into this problem we realise
that we have to take the context into concern.

We have to convince ourselves how an event for a subsequence is dependent on
the rest of the data. To remove a mutation in a subsequence is independent from the
rest of the data-set. This event only depends on the site, and a subsequence covers

the entire site. Coalescence however has to be dealt with more carefully. We cannot
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just coalesce two alleles that are identical in a subsequence; they might differ in
another subsequence, making it impossible for them to coalesce. To start with, this
problem can be dealt with quite easily. Realizing that the multiplicity for the whole
data-set fits to any given subsequence of the data-set, we can distinguish between

identical alleles in the subsequence. This is illustrated below

N = (11)

Ssub =

o O O
o O O
_ O O
_ N W

In (11) we have cut out Sy, as a subsequence with three sites. N is the multiplicity
of the whole data-set and of Sg,;,. If we observed S, as a data-set, we would simply
merge row 1 and 2 because they are identical. But because they are separated in
N, they must differ somewhere in the data-set by one or more mutations.

This tell us, that row 1 and 2 should not merge at least until one of them
has reduced its multiplicity to 1. The problem is to decide when to merge row
1 and 2, and whether row 3 after loosing its mutation should merge with 1, 2 or
none of them. We have to know how to merge rows, because we calculate the
probability of observing each individual subsequence with the recursion (5). We
modified our representation of the subsequences in a rather naive way, to adjust it
to our implementation of the recursion.

We will discuss two methods to decide when to merge two identical rows in a
subsequence. The first method is a rough improvement still far from an optimal
restriction. The quality of the first method is that it should be fairly easy to im-
plement because it is a general restriction. Second method is more specific for the
actual data-set, and therefore somewhat more complex. Second method takes the

global state into account, considering the mutations that make two rows as 1 and 2
n (11) differ.

First method

If a row with multiplicity one is identical to any other row in the subsequence, let
it merge with the one of the identical rows with the highest multiplicity.

This could happen if either 2 coalesced or 3 had its mutation removed in (11).
Both would result in merging with row 1 because it has the highest multiplicity.
This is justified by looking at Py, (2) which states that a mutation is most likely to
happen on the allele with the highest multiplicity. As row 2 and 3 only can differ
from row 1 by mutations elsewhere in the data-set, we suggest that they originated

from row 1, and then mutated at some point.
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Second method

The second method is based on the idea, that we can take the global information
into account. We would like to store the information about the rest of the data-set
when looking at a subsequence of the data-set.

This method would tell us exactly where row 1 and 2 are different from each
other. We could then use this information to tell when to merge the two rows. If at
some place on the global scale, row 2 has a mutation, which is not present on row
1, this must be removed before we can merge the two rows. One way to do this is
to redefine the probability of row 2 when its multiplicity is one. The probability for
row 2 to merge with row 1 is then the probability of removing a mutation from row
2.

Conclusion

In this report we have introduced a new importance sampler for the ISM. Our
importance sampler takes ancestral states and the local information into account.
We have shown that our new proposal beats both SD and Hobolth proposals as
for the ESS values. The time race though we have not won. SD and Hobolth
proposals are significantly faster to do their calculations than our proposal. This
could probably be improved quite a lot if our implementation were rewritten. We
have discussed how to further improve the importance sampler, focusing on the
global information. We would expect to get even better results with the restrictions

implemented in the code.
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