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Motivation
Whilst much work has been done on protein se-
quence evolution, fewer studies address the evolu-
tion of protein structure. Given two protein struc-
tures, how might we determine their evolution-
ary relationship? We have addressed this ques-
tion by randomly generating evolutionary ’step-
ping stones’ between two real, or native, proteins,
and then considering the work required to transi-
tion between these structures to find likely evolu-
tionary paths.

Simplifed representation of the paths through which
one protein can evolve into another.

Basic Model
Our dataset contains both the true protein struc-
tures and the generated intermediate stepping
stones. Each stepping stone is represented by just
its Cα atoms, which are thought of as being con-
nected by springs, creating a so-called elastic net-
work. The work (and hence the probability) to
transition from a protein i to a protein j can then
be calculated from elastic network deformations;
work = ENM( j|i). This work is refered to as the
ENM potential.

Representing protein structure using the Elastic
Network Model.

We can think of the set of protein structures to-
gether with the energy required to transition be-
tween them as a weighted graph. The transition
energies are stored in the energy matrix V , where
Vi, j = ENM( j|i).

Shortest path: Dijkstra’s algorithm
Having assigned weights (i.e. ENM potentials) to the edges of our stepping stones graph, we compute the
least energy path from protein i to protein j using Dijkstra’s algorithm. This is the global optimum route.

Other paths: CTMC
Dijkstra’s algorithm (used to determine the global
optimum path) gives us little information about
other likely paths, or the probability of transi-
tioning from i to j. To address this limitation, we
use a Continuous-Time Markov Chain (CTMC)
to generate paths between i and j on the space of
stepping stones. Transition state theory is used
to claim that the rate of transition from i to j is
proportional to e−αVENM( j|i), for a spring constant α.
So the transition rate matrix Q is such that for i , j,
qi j = e−αVENM( j|i). Further we require the diagonal
elements qii = −

∑
j,i

qi j to ensure that every row

sums to zero.

To compute a path on the state space of stepping
stones that begins at structure i and ends at struc-
ture j, we must discretise the CTMC. We achieve
this using an algorithm known as uniformization,
which is endpoint-conditioned to ensure the given
end structure is reached in finite time.

Having obtained a selection of paths on the space
of stepping stones, we consider a variety of meth-
ods of visualisation, including Principal Coordinate
Analysis (PCoA).

The 2d PCoA visualisation of a path on the space of
stepping stones generated using a CTMC.

By running the CTMC a large number of times,
we can gather statistics about the frequency with
which different paths occur, and hence about the
probability of the evolutionary path between two
protein structures passing through a given step-
ping stone.

Results

With 27,000 stepping stones, we found that CTMC paths
generated on the state space didn’t tend to overlap suffi-
ciently frequently to draw many significant conclusions. For
this reason we considered transitions between protein folds,
as opposed to between individual protein structures. Hav-
ing generated a large number of paths, we visualised the
flow density between different folds as a weighted graph,
the width of whose edges represent the density of transi-
tions between the two connected folds. Note that to account
for different folds containing different numbers of stepping
stones, these flux densities are weighted by comparison with
the expected transitions given a uniform probability distri-
bution of transitions. The graph is directed; the green edges
are those going from the lower to the higher indexed ver-
tex, and the red edges are those going from the higher to the
lower.

Diagram representing flow density between
different protein folds.

From each path we obtain in structure space we can generate an alignment, and a set of paths between two
points in the space can be used to construct a consensus alignment. Using our elastic network model, we
expect the gaps (insertion and deletions) to fall in the loop regions of a protein. This is illustrated below:
many of the gaps occur between two secondary structure elements (secondary structure, or "-ss" rows);
vice-versa, the structurally defined elements of the proteins are aligned with much higher probability
(blue line for probability, green and red for forward and reverse marginals of the probability, respectively).

Alignment diagram.

Conclusions
Whilst our results so far indicate probable intemediate stepping stones on the evolutionary path between
our two native proteins, more work is needed to determine which of these is statistically significant. Hav-
ing achieved this, our model could be assessed by carrying out a comparison between our results and
known protein phylogenies.
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