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1 Hidden Markov Models

A process is said to be Markovian if the next state is indepatdf all previous states,
given the current state. In bioinformatics a lot of phenoanare perceived to be, or at the
very least modelled as, Markovian in nature. A few exampiekide

e nucleotide substitution models, where the rate of changeparticular nucleotide
may depend on the current nucleotide but does not depend adeotides previ-
ously occupying the position

e the insertion/deletion model of statistical alignment,enenthe birth at a link or
death of a nucleotide does not depend on the history of theolimucleotide

e secondary structure at a particular position in a protefueece

¢ the coding state of a position in a genome, i.e. whether tloteatide is part of a
protein coding gene and the codon position it occupies

¢ the network growth by gene duplication described in [2]

The Markovian nature follows readily from a mechanistiowigzhere complete knowl-
edge of a system and sufficient computational resourcesaildllv us to determine the
state of the system — or distribution over possible statestfichastic systems — at any
given point in the future. Markovian need not progress iretiin fact, for many bioin-
formatics applications the progression will be in one or ensequences. For example,
whether a position in a chromosome is maternally or patlrivaherited is quite accu-
rately modelled with a dependency only on whether the prsvmsition was maternally
or paternally inherited. In alignments we also commonlyeass that the homology of
a pair of nucleotides only depends on the homology of thequessor nucleotides, and
not the full alignment.

Before continuing it may be informative to remember that albjprocesses we en-
counter are Markovian, at least not unless further infoionats included in the state
space. A few examples of this include



¢ RNA secondary structure formation, where the possible pasig of a nucleotide
depend on the full set of preceding bases that have not beerpbired

e a pathogen will often attempt to evade an immune system bgtingt if we only
consider the genome of the pathogen, a mutation revertiagptevious state will
usually be selected against, as the host organism is alreayant to this variant

In some cases the Markovian property may be restored bydimgumore state informa-
tion, e.g. the genome of the host organism in the pathogem aasve. However, this
may not always be desirable — as it can drastically incrdasenbdel universe — or even
possible.

Markov models can be continuous, both in terms of transgiouncture and in terms of
state space. An obvious example of continuous time Markoseiscare nucleotide sub-
stitution models, where the time at which the next subsbitubccurs is drawn from an
exponential distribution. The Wiener process, also oftgied Brownian motion, com-
bines a continuous time transition structure with a comtirsustate space: if we know the
position W, at timet, the position at time’ > ¢ will be normally distributed with mean
W, and variance’ — ¢, independent of the position at any titfe< ¢. In bioinformatics
we will usually only be interested in Markov processes wittliscrete, or even finite,
state space, like the nucleotides in a substitution modko,Aeven when using contin-
uous time models, the focus will most often be on a discretefséme points where
change occurs, and time will be integrated out to essentiatider the process a discrete
transition process on a discrete state space.

1.1 Hidden Markov Model Structure

An old saying is that if you have nothing else to base yourdasé on, your best guess
for the weather tomorrow is that it will be the same as todagthBr than random, inde-
pendent realisations, weather patterns exhibit a gredtoflézertia causing a good deal
of dependency between consecutive time points (given treega too far apart). We can
model this with avlarkov modehks illustrated in Fig. 1, where for simplicity we assume
that weather patterns can be divided iatmshineandrain®.

Any meteorologist will tell you that the model in Fig. 1 is tsample to accurately
describe weather pattern formation, even if we ignore thédid number of weather pat-
terns included in the model. The weather we observe is cdnsedderlying parameters,
like atmospheric pressure, that we cannot directly obsefmospheric pressure again
depends on the amount of air sitting above a specific plackaarit takes time to shift
large volumes of air around, it is really more these undegyparameters that are gov-
erned by a Markovian process. So a slightly more realistiativar model would be the

The probabilities may appear unrealistic, as the model weampeterised when the author was living in
California.



Figure 1: A Markov model for weather forecasting. It is basedthe observation that
with no further information, predicting that the weathemtmrrow will be the same as it
is today is the best option.

one illustrated in Fig. 2, where we switch betwddgh andlow pressurestates which
have different distributions over the observed weatheepat
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Figure 2: A hidden Markov model for weather forecasting. &llsuthe observable
weather pattern depends on underlying hidden featuresfdikexample the atmospheric
pressure, and it is the underlying feature rather than tiserebble weather pattern that
has an inherent inertia.

In this example, unless we have a barometer, we cannot @berwnderlying state
path of the underlying parameter. All we can observe are @wther patterns that could
be emitted from either state. Hence, the state path is ungaseor hidden, providing
the first word of the ternhidden Markov mode{HMM) used for this type of model.
One might think that the model in Fig. 2 is of little use in weat prediction, when we
don't know the state we are in — high pressure or low pressimat -enly a sequence of
observed weather patterns for the past few days. However aball see later on, having
observed the sequenge ¢, &2, &2, # over the last five days would give us a probability
of sunshine tomorrow of about 63%.



Ilnsert\Z
A:0.11
¢C:0.69%

T:0.12

Match 2—
A:0.20
C:0.43

T1:0.22

Figure 3: A profile HMM for a DNA sequence family with two pdsits. Only transitions
with non-zero probability are shown, and for simplicity @it transition probabilities
have been omitted.

The weather models above describe infinite processes, wiegreobservations are
emitted indefinitely. In many situations we will be more i&sted in finite sequences
of observations, and expect the model to include a distabubver finite lengths. A
perfect example is the modelling of a family of homologougusmces. We will have a
specific start state marking the start of a sequence, andcdisgd state marking that
we have reached the end of the sequence and no further ofimesvaill be generated.
In between we will have states corresponding to a match withsition in the ancestral
or consensus sequence of the family, and states allowirggtimss between any two
consecutive positions.

Additionally, we may also want to use special states reptesg deletions of one
or more positions. The deletion states corresponds to n@ctes being observed for
an ancestral position, so no character should be emitted these states. Alternatively
we could have added the possibility of no emission from taeestmatching ancestral or
consensus positions. However, quite often we would expeédferent transition distri-
bution, or even a different transition structure, when nadssimn occurs. States with no
emissions are generally denotstbntstates, and all other states amn-silentstates. An
example of the type of model just described is shown in Fig. 3.

Formally, we describe an HMM/ with a tuple(Q, X, a, e, start end) where

e Qs the set of states in the model, e{&, I} in Fig. 2



e Y is the set of possible observations, or emission alphalget{*¢, 5>} in Fig. 2

e a, 4 describes the transition probability between statasdq in Q, e.g.ay y, = 1
in Fig. 2; The transitions ofi/ are usually taken to mean the pairs— ¢ with
apq > 0; a state can have a self-transition, ig,, > 0, as seen for the Insert states
in Fig. 3

e ¢,, forp € Qando € ¥ describes the emission probability of symlsoivhen
entering state, e.g.e, »x = % in Fig. 2; we will usually assume that states can
be classified as either silent, whetg, = 0 for all o € X, or non-silent, where

ZUEZ €p,o = 1
e start ende Q are designated start and end states of the model

The transition probabilities are required to specify a phulity distribution over outgoing
transitions for each stajgi.e.> . ap,q = 1, except for the end state for whielnq, =
0 for all ¢ € Q. We will also usually assume thaj start = 0 for all ¢ € Q, i.e. that there
are no transitions to the start state, and that both stareaddare silent states. If this
is not the case, we can always add a new start (end) statertlyatas a transition with
probability 1 to (from) the original start (end) state. Finally, we wilsasne that from any
stateg € Q) the probability of reaching the end state in a finite numbesteps isl, such
that M generates a finite sequence with probability

The best way to view an HMM is probably as a generative mode:start in the
start state, continue choosing the next state accordingettréansition probability of the
current state, emit a character to an expanding sequenagewdreve enter a non-silent
state. We continue this process until we enter the end statehich point we stop and
output the constructed sequence. Denote a realisationiopthcess aun. We can
decompose a run into the state path followed= (m,71,...,7), and the sequence
emitted,s = sys2... 5. If {i1,...,4;} denotes the sequence of non-silent states, ithe
probability of the runP(r) can be written as

l

k
P(T) = Haﬂj—l,ﬂj Heﬂ'ijasj
Jj=1

j=1
The probability of a sequence under a model is the sum of thleghilities of all runs
generating that sequence.

1.2 Fundamental HMM Algorithms

The two main uses of hidden Markov models is for annotatiah@assification of data.
In the annotation scenario, it will usually be the case tlatheindividual state has its



own semantic connotation. By identifying an optimal rungeiing a sequence, we can
annotate the sequence according to the states emittingsgadbol. In the classification
scenario, we will consider the model a generator for a seeqfisnces. A sequence is
considered a member of the set iff the probability of germegat by the model is above
some set threshold. Finally, in most cases we will not havarameterisation of an
HMM, but will have to learn this from the observed data. Ugutidis will take the form
of a maximum likelihood estimate, i.e. finding parametechghat the probability of the
data is maximised. One reason for the wide spread populafrityMMs, making them
almost ubiquitous in bioinformatics, is the existence fitefnt methods for solving these
central problems.

1.2.1 Viterbi Algorithm

An HMM M will usually only be interesting for annotation purposed iéllows a se-

guence to be generated in numerous different ways, eadtingffiés own interpretation.

In this case we will commonly be interested in the most prébalay in which the se-
guence can be generated. Hence, given a sequeweewill want to compute the most
probable run inV/ that generates.

:@

s[1..7] s[l..i — 1] s[i]

(a) Last state is non-silent

(b) Last state is silent
Figure 4: Unravelling the last step of a (partial) run.

A run r generating the sequensecan be decomposed into the last transition- of
from some statg to the end state and a precedjpartial run, starting in the start state
and ending iny and emittings along the way. We can further recursively decompose the
preceding partial run in the same way, considering the fassition and the partial run
preceding it. Whenever the last state of the partial runidened is silent, the preceding
partial run must have generated the prefix alurrently considered. When the last state
of the partial run considered is non-silent, it must havettmithe last symbol of the
prefix of s currently considered, with the remaining prefix having bearitted by the
preceding partial run. This is illustrated in Fig. 4. Of ceaiwe do not know which state

6



p precedeg in the most probably run generatirgbut maximising over all possibilities
allows us to determine this. 1f (¢, i) denotes the maximum probability of any partial run
ending in state; and generating the sequende..i|, we obtain the following recursions
for computingV' (¢, 7) based on the above considerations:

V(g,i) = max

piap,q>0

{ap7qeq7s[i]V(p,z‘ —1) if gis non-silent M

ap,qV (p, 1) if g is silent

The boundary conditions for this recursion are thidstart 0) = 1 andV'(q,7) = 0 for
i < 0 and allg. The maximum probability of a run generatingqualsV’(end |s|).

The recursion in (1) will usually allow an efficient dynamimgramming algorithm,
known as thé/iterbi algorithm, for computing the probability of the maximum badility
run in time O (m|s|) and spaceD (n) wheren is the number of states and is the
number of transitions i/ (for every symbol ins and statey in M we need to consider
all incoming transitions t@). This probability can be traced back to obtain the most

through the model in Fig. 2 will always end in stdteregardless of the distribution over
initial state. Taking this to be the actual state of the last df observations, this yields a
probability of 42% of observing® on the following day. This does however completely
ignore the fact that, thougln is the end state of the most probable path, there is still a
significant probability that the state of the last obseopraiivaslfj. In Sec. 1.2.2 we will
see how to include information from all paths, rather that joe most probable path.

The progression in the sequence in (1) usually preventsccgependencies. How-
ever, if there is a cycle of silent states, i.e. silent stétgs. . ., ¢ } with a4, 4, > 0 and
Ag;,qi4, > 0 for 1 <4 <k, (or more generally a strongly connected component oftsilen
states) then there will be a cyclic dependency among theesati’ (g;, j) for anyj. In
the rare circumstances where it is convenient, or even sangdo include such a cycle
in the model, we can still find the maximum probability run geatings by borrowing
the relaxation technique [10, Ch. 25.1] of shortest patherdhms in graphs. Each step
added to a partial run decreases its probability. This mésatsf we computé’”(q;, )
according to (1), but ignorind’(¢;, 7) terms, thenmax;{V'(¢;,j)} = max;{V(g;,7)}-
Hence, they; with maximalV’(q;, j) hasV (¢, j) = V'(q:, j), SO we can fix this value,
update the remaining”(q;, j) values by including th& (¢;, j) term, and repeat until all
values have been fixed. This can be done without increasimg équirements by more
than a factor oD (log k).

The annotation found by the Viterbi algorithm is the anriotabf s most likely to
be correct, ifs was indeed generated By. For just medium length sequences, even the
most likely annotation will still have negligible probaibjl of being correct. Hence, this
score might not be our best choice of optimality for obtagningood annotation. There
is an increasing realisation that in many cases we will beebeff finding an annotation



with the maximum expected number of symbols that are aremitzdrrectly.

In Sec. 1.2.2 we shall see how we for each sym#)dlin s can compute the proba-
bility P(q, ) that it was emitted by a state However, just annotating each symbol with
the state most likely to emit it could lead to an annotatiocoirsistent with the HMM
structure. For example, for the profile HMM in Fig. 3 we may éawore than one sym-
bol annotated with the same match state, which would be sistamt with each position
in an ancestral sequence having at most one homologue intesgguences. To find
an annotation consistent with the transition structuréfobut maximising the expected
number of symbols correctly annotated we can apply a modigesion of the Viterbi
algorithm based on the recursion

Vmap (p, ©) if ¢ is silent

2
P(q,i) + Vmap(p,i — 1) if ¢ is non-silent @

piap,q>0

Vmap(g,i) = max {

with boundary condition$/yap(start 0) = 0 andVuap(g,i) = —oo for i < 0 and allg.
This can further be adapted to accomodate an additive costidm, e.g. introducing a
preference for false negatives over false positives in arivHibt gene prediction.

1.2.2 Forward & Backward Algorithms

When using an HMMV/ for classification, we need to be able to compute the totddpro
ability that a sequence is generated by, rather than just the maximum probability
of any run generating/. We can, however, proceed in exactly the same way, using the
recursive decomposition of partial runs illustrated in.Figout summing over possible
predecessors to ¢ rather than maximising. This leads to the recursion forftmevard
algorithm,

Flq.i) = Z {ap,qew[i].F(p,z’ -1) ?f q ?s n'on-silent 3

Py a0 ap . F(p,1) if ¢ is silent

again with boundary condition8(start 0) = 1 andF'(¢,7) = 0 for i < 0 and allg. Here
F(q,1) denotes the total probability of generating the prefik.i] of s on a partial run
ending in state, and the total probability of generatingrom M is P(s) = F(end |s|).

Whereas the Viterbi recursions relied on the fact thak,c 4{a - b} = max,ca{a} - b,

the forward recursions rely on the fact thel,. , (a - b) = (3 ,c4a) - b.

Again we can use the recursion of (3) to define an efficient ohyogrogramming
algorithm for computing the probability af/ generatings, and again the presence of a
strongly connected component of silent states will be a dimatpng factor as it intro-
duces cyclic dependencies. In this case we cannot appkatada techniques to address
the cyclic dependency problem. However, one can identfyag3a system of linear equa-
tions over variable$’'(q, i) and solve it accordingly. This may increase time requirgsien

8



to O (n3|s|) in the worst case, as we can always split the full system istabaystem for
eachi and solve these in turn.

model in Fig. 2, we get a probability of the next observati@ing ¢ of 62.4% if we
start in statde and of 63.9% if we start in stalf§. For any distribution on initial state the
probability will fall between these two extreme values, fimning our previous claim that
the probability of the next observation beitigis around 63%. This is in marked contrast
to the 42% computed using a Viterbi algorithm approach, dgtlights the difference
between only considering the most probable path and camnsigall paths.

So far we have only described how to compute the total préibati?(s) of gener-
ating the entire sequenceeby M. In the previous section we also promised a method
for computing the probability”(q, ) of the i'th symbol of s being emitted by state.
Evidently we could add boundary conditiof%p, :) = 0 for p # ¢ to (3) to compute the
probability of generating under the restriction that:] is emitted byy; dividing by P(s)
we getP(q,1).

#@*

sli..|s|] sli] sli + 1..]s]]
(a) Next state is non-silent

#@~

sli..|s|] s[i..|s]]

(b) Next state is silent
Figure 5: Unravelling the first step of a partial run.

If we are only interested iP(q,¢) for one choice ofy, i, this may be acceptable.
However, to computdjuap We will need P(q, ) for all ¢,: pairs, in which case the
approach becomes unnecessarily cumbersome. For thei\arattforward algorithms
we chose to decompose runs into the last step and a preceatitigf pun. However, an
equally valid decomposition would be into the first step amtleceeding partial run, as
illustrated in Fig. 4. This decomposition leads to recursio

B(q,9) aqpepsi+1B(p,i+1)  if pis non-silent
q’ v = . . . .
paans0 (G2 B (D) if p is silent

with boundary conditiong3(end |s|) = 1 and B(q,i) = 0 for < > |s| and allq. Here
B(q, 1) denotes the total probability of starting with a transitfoom ¢ and generating the

(4)
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suffix s[i + 1..|s|], i.e. everythingafter positioni, on a partial run ending in the end state.
Combining a partial run ending with emission9f] from ¢ with a partial run beginning
immediately after emission af/i] from ¢ we get a full run generatingand emittings|]
from q. Hence,P(q, i) = F(q,i)B(q,1)/P(s).

1.2.3 Baum-Welch Algorithm

So far we have assumed that we are working with fully pararisei models. In most
cases, we will have sufficient knowledge about the appticatirea to reasonably unam-
biguously decide on the hidden Markov model structure,wlgich transitions that can
have non-zero probability, symbol emission restrictiotmrelations between parame-
ters, etc. For example, in the HMM in Fig. 3 it is natural that meed to go through
an intermediate state representing an ancestral positigattfrom one insert state to the
next. However, the exact values of the emission and transftarameters usually have
to be inferred from data. This inference will normally take form of attempting to ob-
tain a maximum likelihood estimate for the parameters,sie¢ parameters such that the
probability of the data is maximised.

If we have data with known annotation, e.g. we borrowed arhater to obtain the

L L 4 H Wy . .
&2, %, 62, &2, % the MLE parameters are simply the observed frequencidseimata.

This follows from the fact that

arg max {Hpﬁ“} = (p1/P:---,Pn/D) (5)

i=1

wherex = ", z; andp = ) ", p;. In our continuing example, we would e.g. set

Most often the annotation will not be known and all we haveeigugnces of unan-
notated observations. We can still define the parametisgiroblem as finding MLE
parameters. However, with unannotated data there is ngtar@lsolution to this prob-
lem. With annotated data we had observed frequencies wiithvevents happened. This
is absent in the case of unannotated data, but using theribveeckward algorithms of
Sec. 1.2.2 we can still findxpectedrequencies with which events happen, given a par-
ticular parameterisation of the HMM. For example, givenusgtress and a nhon-silent
stateg we can find new emission parametersdaccording to

e = Zi:s[i}:o P(Qa Z) (6)
e Zz P(q> Z) ’
i.e. the expected number of times we emifrom stateq divided by the expected total
number of emissions from stage
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The update for transition probabilities looks slightly mapmplex, as we have not yet
had the need to define the probability of utilising a speciiasition. We can, however,
still use the forward and backward values ending and stpdirthe source and target of
a transition, respectively, to obtain

> Fpsi)ap,qeq, si+1)B(g,i+1)/P(s)

a; e =3 55 z) F(%E-)B)(%)(/f(s) if g is non-silent @
’ i £\P,?)ap, q,? s . . .
2o F(P,ig)lg(p,i)/P(s) if ¢ is silent

again using the expected number of times we use a specifgiticemfrom statep divided
by the expected total number of transitions taken from statépplying these update
rules are guaranteed to not decrease the probabiligyf3jf and the general method of it-
erating the updates until a stopping criteria is met is knawthe Baum-Welch algorithm
for training an HMM on data with unknown annotation.

In both these update rules the denominator simply nornsalise expected counts by
the total expected number of expected emissions and f@rsitrespectively, from the
stateg. With more than one sequence, this normalisation shouldasdur once we have
summed expectations over all sequences. That is, we shoulager sequences in both
the enumerator and the denominator, which is also the reR¢snhas been explicitly
included in both the enumerator and denominator of (7) despe fact that they cancel
out for a single sequence. Just averaging updated valuesathwsequences wouldn'’t
account for the fact that some sequences contain more iafammabout the behaviour
of a specific state and that long sequences contain moreriafam in general than short
sequences.

Returning to our example with annotated data at the beginufithis section, we can
observe that we would obtain the estimajgy, = 1 and correspondinglyy,, = 0. One
would probably be rather suspicious about this parametésis which means that once
we reach the high pressure state we stay in the high predsiedarever. The dubiousity
of this parameterisation is further reinforced by the féetttit is based on just a single
observed transition out of the high pressure state. WitHlgtata sets we usually run the
risk of over fitting the model, as we do not have sufficient databtain reliable statistics
for all variables. The standard, and simplest, way to addtés problem is to add a small
number of observations of each type of event, also calleddmmunts, before computing
observation frequencies. Similarly, in (6) and (7) we woatttl these pseudocounts to
the expected number of observations of each type. With ray griowledge we would
normally add 1 to observed or expected value for each paesimet

The pseudocounts do however not have to be identical, ndraydiave to be integral.
We can adjust pseudocounts to reflect prior knowledge, ®gig. 2 we would probably
use a higher pseudocount for sunshine than for rain in the pigssure state. We can
even go step one further and let the pseudocounts dependc @bs#erved or expected
emission pattern from a state. Assume that we expect thesiemigrobability of a state to
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be from one of a set of distributiod1, . . ., px }, with distribution p; being chosen with
probability ¢;. If n denotes the observed or expected number of emission ofeeach,
we can compute the posterior probability of having emittecbading to distributiorp;
by Bayes rule:
> i=14Pr(n | pj)
If each distribution comes with pseudocount priors, we cdd #hese to observed or
expected counts according to the posterior probabilithefdistribution for each state.
An example of this principle applied to HMMs for families ofgtein sequences is
presented in [6]. For DNA sequences it may be difficult to findraeresting set of ‘typ-
ical’ distributions, though sets representing purines pyrimidines, respectively, could
be a candidate. For the more general stochastic modelscablglito RNA secondary
structure modelling that we will discuss in Sec. 2, it wouls fatural to investigate a
similar approach with distributions either based on or carag to the isostericity classes
described in [19].

Pr(pi; | n) =

1.3 Advanced HMM Problems

The algorithms covered in the previous section forms theslmddHMM use. Being able
to annotate and classify data and to infer model paramatens Gnannotated data, and
to do so efficiently, is at the core of many problems. Howetlmre are some situations
where more complex questions need to be addressed. In ttigrseve will cover some
of the extensions that have been proposed to the basic hiddeiov model formalism.

1.3.1 Generalised HMMs

As transition probabilities remain fixed throughout wheingsan HMM to generate a
sequence, it follows that the staying time for a statee. how many emissions we ob-
serve from the state before transitioning to another seatgometrically distributed with
parameteld — p, wherep = a, 4 is the self transition probability fog. Not all features
naturally exhibit a geometric length distribution, in fabis would more be the excep-
tion than the rule. One example is shown in Fig. 6, where mtamgths seem to be
well approximated by a geometric distribution but exon tesgcannot be captured by a
geometric distribution.

Though the prior distribution on staying times is geometoiten the observed data
will shift the posterior distribution sufficiently that weodnfer the right state sequence
when applying an HMM for data analysis. However, evidentijare sensitive model
would be obtained if the prior distribution more adequateliyected realityGeneralised
hidden Markov modelsave been proposed to address this purpose. In full getyethé
normal single symbol emission distributiep, of (non-silent) states is replaced with an
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Length distributions of human introns and initial, internal and terminal exons
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Figure 6: Distributions over lengths for introns and vasidypes of exons for 238 human
multi-exon genes. The dashed lines is a mean fitted geonuiticbution for intron
length, and smoothed empirical distributions for exon thagFigure from [7].

arbitrary distributionP (- | ¢) : ¥* — R over finite sequences. Whenever a transition
is made to stat@, a sequencs is drawn from this distribution and emitted before the
next transition occurs. W = (mg,71,..., ) denotes the path of a runin a gener-
alised HMM, ands = sgs7 . .. si is the fragmentation of the emitted sequeRrdsto the
substrings emitted by each state on the path, then

k k
P(r) =[] an, oo, [T P (s | m5) -
j=1 j=0

It follows that we can use the modified Viterbi recursion

ap.qV(p,1) if ¢ is silent
maxo<j<; ap P (s[5..4] | ¢) V(p,j — 1) if g is non-silent

Vigi) = max {
to find the most probable run generating a sequendde Forward and Backward recur-
sions can be similarly modified. Training using the Baum-8hidfamework may become
more complicated, as the state emissiéhs | ¢) have to be inferred from non-integral
expected counts. The effect on time required for computiitgriv, Forward, and Back-
ward values naturally depends on the time required to coeut | ¢) for the substrings
of s, and space requirements increas®t|s|) as we need to remember all previously
computed values and not just values for the previous paositithe sequence.
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Figure 7: Multitape hidden Markov models for weather fostitay. In the lefthand model
we always observe both weather it is sunny or raining and thd speed. In the righthand
model we only observe wind speed under high air pressure.

In many cases we do not need the full power of generalised HMIg the ability to
model non-geometric staying times for individual statdsP (¢ | ¢) denotes the proba-
bility of emitting £ symbols fromy before transitioning to a new state ang, the symbol
emission probabilities, the probability of emitting a sifiesubstrings becomes

|s|

P(s|q)=P(s| | o) [] eqsii-

=1

Evidently
P(ls|+1]q)

P(lsla)

so assuming that we can compuité|s| + 1 | ¢) /P (|s| | ¢) in constant time, the Viterbi,
Forward, and Backward recursions can be solved in tiven|s|?) for an HMM with
m transitions for this special case of generalised HMMs: bynmg through the’s of
the second case in (9) in decreasing order, each value camnfjguted in constant time
allowing V (g, 7) to be determined in timé® (|s|).

P(O’S ‘ q) = eq,UP (3 ’ Q)

1.3.2 Multitape HMMs

Consider again the simple HMM for weather forecasting in. Rig Just basing our in-
ference on whether it is sunny or raining may be too simplisttombining different
types of observations, e.g. additionally including wineep, amount of precipitation,
time of year, etc., will result in a more accurate model. Tpteee this by an HMM we
would need to allow the HMM to emit multiple sequences of obstons, as illustrated
in Fig. 7.

If emissions on the tapes are always coupled, as in the fefthbMM in Fig. 7, we
can just view the multitape emissions as emission to a sitagle with alphabel; x
Yo X ... x X whereX; is the emission alphabet of tapei.e. the Cartesian product of
the emission alphabets of tiketapes. This still holds if we know when an emission on
one tape co-occurs with no emission on other tapes.
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However, assume that the righthand HMM in Fig. 7 models aastn where the
anemometer simply fails to record an observation under losggure conditions, but
leaves no information about when this happened. We no lokigerv whether the'th
observation of sunny/raining was obtained on the same d#yegih wind speed obser-
vation, so aligning these two observation sequences, dssvelatching them to states in
the HMM, now becomes part of the problem for finding the mosbpble run generating
the data. In terms of recursions, the modifications areivelgttrivial. If e, € {0,1}*
hase,[i] = 1 if stateq emits to tape ande,[i] = 0 otherwise, then the Viterbi recursion
becomes

Vig,i) = maXO {ap,qv(pa i— eq)eq,o}

p:ap,q>
k
whereo = Z s;li;] is the concatenation of the symbols at positiontor all tapes;
el
stateq emits to. The Forward and Backward recursions can be signitandified.
In terms of computation, clearly the complexities increasewe need to compute

o) (n e, ]sﬂ) values which requires tim@ (m e, \si\), wheren is the number of

states in the HMMmm is the number of transitions in the HMM, aﬁidi}f:l the observed
sequences for thee tapes. This becomes prohibitive, even for a modest numbtapes,
if the observed sequences are of reasonable length. Heargas optimisations have to
be applied to make the problem tractable. For example, imighehand HMM in Fig. 7
it will always be the case that at least as many symbols hage bmitted on tape 1 as
on tape 2. It follows that we only need to considéfq, i, j) for « > j, thus reducing the
computational demands by a factor of 2.

Sometimes optimisations of a more heuristic nature aréehpdo that computations
are no longer guaranteed to yield the correct value. For plari the tapes correspond
to a family of homologous biological sequences we may extpattan alignment of them
will more or less see a progression through all sequenceaoat the same pace. So we
may decide to ignore entrigsfor which max{i} min{i} > threshold i.e. where the
progression in two sequences exceeds some fixed threshaidord adaptive heuristic
would be to base constraints on comparisons of pairs, ol suiagets, of sequences.

1.3.3 Class HMMs

In Sec. 1.3.1 we motivated generalised HMMs by modelling-geametric waiting times.
Though generalised HMMs provides a flexible answer to timd,ather, modelling issues,
their drawback is an increase in time requirements of thedstal HMM algorithms. An
alternative approach would be to model a particular exoa,tgpt by a single state, but as
a submodel consisting of several states. An example is showig. 8 where we from a
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Figure 8: An exon submodel that would result in a waiting tidigtribution that was a
mixture of a geometrical distribution and a negative birandgiistribution (sum of two
independent identically geometrically distributed waittimes).

silent Exon start state proceed to generate the exon eithrerd single state, resulting in
a geometric distribution, or from two concatenated statss)lting in a negative binomial
distribution.

This does provide a method for introducing more complexistatimes. However,
if we use the Viterbi algorithm to determine the most likelynrgenerating a sequence,
it would be restricted to just a single of the many possiblapéhrough this submodel.
Hence, we would not be using the full probability of havingeson in a segment, but
only the most likely of all the possible partial runs regeit to the exon submodel for
this segment. This would result in an under-prediction @ thpe of exon. Ideally we
would like the Viterbi algorithm to include all the possil#&planations, as long as they
are restricted to the exon submodel, regardless of whdtbdop or bottom part is utilised
and at what point we transition from the first state to the sdctiate in the top part.

More generally we can think of each (non-silent) state asnigaan associated class
¢ € C, whereC is the alphabet of annotation. The annotation problem nawies one
of finding, not the most likely run that generates a sequentet the sequence of class
symbols maximising the sum over probabilities of runs withath of non-silent states
with associated classes matching this sequence. |.e. vietodiad

max Z P(r) (10)

C1--€s| runr

V1<i<|s|:C(r,i)=c;

whereC(r, 1) is the class associated with tiith non-silent state in the path of This
formalism was introduced in [16] adassHMMs and some heuristic methods for per-
forming annotation were proposed in [17]. However, it hasrlAeen proven that the an-
notation problem for class HMMs ISP hard [20], even for a particular fixed HMM [5].
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Figure 9: Example of a phylogeny relating four sequencessravlthree evolutionary
events have occurred.

Both papers propose further methods for solving the anioatgiroblem, the latter by
providing an efficient algorithm capable of handling a lactgess of class HMMs.

1.4 HMM Uses

Originally developed for speech recognition, hidden Markwdels have seen a wealth
of applications in bioinformatics. A lot of data in bioinfoatics take the form of either
biological sequences or time series data, where the ségueature of hidden Markov
model observables will usually provide a suitable desicniptThe graphical formulation
of hidden Markov models themselves furthermore offer a enient modelling frame-
work, where components can be described independentlycameldj together to a full
model. Finally, the efficient algorithms presented abol@abpplication of HMMs to
very large data sets. Given the ubiquity of HMM usage, thigise is by no means in-
tended to give a comprehensive coverage of the entire rang®MM use, but merely to
highlight a few examples.

1.4.1 Profile HMMs

One of the early uses of HMMs in bioinformatics was for madella family of homol-
ogous sequences [18]. We would expect these to have evatweda common ancestral
sequence by a series of evolutionary events, predominantigtitutions, insertions, and
deletions, as illustrated in Fig. 9. More generally, we caawva family of similar se-
guences — for example related by homology or function — tabéxhariations around a
consensus sequence.

This scenario can be modelled by profile HMMs, that consiseptated blocks of
a match, an insert, and a delete state, one block for eactigoosi the consensus se-
guence. An example of a profile HMM with two blocks is shown ig.RB. The match
state corresponds to a position in the consensus occurriagéquence, with the emis-
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Figure 10: The HMM modelling cluster change due to recontimnahat was introduced
in

sion probabilities reflecting the position specific pattefivariation. A deleted position
is modelled by a silent delete state, while insert statesvaihsertions between posi-
tions in the consensus; as for the match states, positiatifispdistributions over in-
serted material is reflected by the emission probabilitfeth® insert states. There will
be one more insert state than there are blocks, capturinfatihéhat insertions hap-
pen between positions — and therefore also at either endeofdhsensus sequence —
rather than at positions. Profile HMMs have been used foriphalsequence align-
ment — where each sequence is aligned to the profile HMM and laptaualignment

is constructed on the basis of positions aligned to the mstates — but is most of-
ten used for (remote) homology detection. The two main sawpackages devel-
oped for profile HMMs were Sequence Alignment and Modelingt&y (SAM), avail-
able fromht t p: / / conpbi 0. soe. ucsc. edu/ sam ht m ,and HMMER, available
fromhttp:// hmrer.janelia. org/. However, only the latter seems to be under
continued development. Profile HMMs are used to represergefjuence families in the
Pfam protein family data base [12].

1.4.2 Haplotyping

Diploid organisms carry two copies of each autosome. Wheguesging a diploid organ-
ism, we usually only get information about its genotype hattthe two haplotypes. l.e., at
bi-allelic loci (positions where the two chromosomes arteidentical) we do observe the
presence of the two alleles, but we have no information abowtthe alleles in two bi-

allelic loci pair up on the two chromosomes. Separating tygres into their constituent
haplotypes is known as haplotyping, and for small genongores can be solved fairly
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Figure 11: The general structure of the Genezilla style dientng HMM (figure taken
from [1]). Some of the states correspond to a small sub-HMiviekample each of the
exon states models the three base repetition pattern ohedapa submodel having a
state for each codon position. The Etates model exons, the $tates model introns,

A states model acceptor sites, D states model donor siteS, alid TAG states respec-
tively model start and end codons, U &ates model untranslated regions, b states model
branch points, the TATA state models TATA box, the AATAAAtgtanodels polyadeny-
lation signal, CAP models cap site, CpG models CpG island, ssgP models signal
peptide. The N state models intergenic regions. Note thisttaaif the model, for gene
prediction on the positive strand, is shown.

well by assuming a model where the haplotypes form clustetigh similarity [22].
However, for larger regions recombinations will usuallyisa the cluster membership of
a haplotype to change along the sequence. In [21] this waglleddoy an HMM where
each hidden state corresponds to a haplotype position diabpio a particular cluster.
This HMM, depicted in Fig. 10, consists of a number of slicase for each varying loci
in the data, and with each state in one slice having transitio all states in the next slice.
The transition probability between states,,, 1) and s,,,, corresponding to switching
from clusterk to clusterk’ when going from locusn — 1 to locusm, is defined as

_ e*dem + (1 — efrmdm) Ole'm, if k= ]{?I
Aspy(m—1),sk'm (1 _ e—rmdm) Q' if k 75 K

whered,, is the physical distance between logai — 1 andm, r,, the rate at which
cluster jumps occur between these loci, and,, the probability of jumping to clustet’
conditional on a jump occurring between locus— 1 and locusmn.

1.4.3 Gene Finding

Ever since the first full genome sequencing projects werewamred, the automated de-
tection of gene coding regions has been a high profile proliehioinformatics. The
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structure of a eukaryotic gene is reasonably well undedstaith an initial promotor re-
gion, exons and introns delimited by donor and acceptos,sitedons with specific start
and stop codons, and untranslated regions either end. ffhitwse is captured by the
hidden Markov model underpinning the GeneZilla gene findeown in Fig. 11. The
green states correspond to specific features whose inalugie tested in [1].

The importance of codon position for base distribution geitates a replication of
the intron model, such that the current codon position canretmembered until reentrance
into an exon model. However, the base distribution in aromttoes not depend on this
remembered codon position, so during training equivalerameters of the three intron
models will be tied such that in the final model these will benitical.

2 Stochastic Grammars

Transformational grammars are generally used to refer tefsavhere we are repeatedly
allowed to replace a subcomponent of a structure by anotirapenent according to a
given set of rules. In sequence terms the rules would ussp#igify that the occurrence
of a specific sequence as subsequence in our current sequmioe replaced by another
sequence. Sequence generating grammars are categosedirag to the generality of
the replacement rules. We will pay special attention to wiegimplest types of the four
types of grammars constituting the so-called Chomsky Fgbga[8], and briefly discuss
other grammar types at the end.

2.1 Regular Grammars

When emitting sequences according to the hidden Markov hafdeig. 2, we would
usually think of this as writing down the sequence emittedfesoand remembering

L Hy
the current state. For example, to emit the (annotated)er;mgi, 2, Cl!i C% 4 we
would go through the stages @fiy), (-2, I), (&%, IL), (52, ), (&

as two seperate entities of a pair, we might as well think efittas one sequence with a
symbol representing the current state at the end. In eaptwstehen replace the current
state symbol with a new observation and a new current stabdaly If we letS be a
special current state symbol indicating that we need to shdlee initial state, we would

Formally, we describe a sequence generating grammar byea(p, P, S) where

e Vis a (finite) set of variables, e.g. in the grammar sketchedealwe would have

V={S I I}
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e Y is a (finite) set of terminal symbols, e.g. in the grammarcted above we would
haveX = {&, %}

e Pis a(finite) set of productions of the type— y wherex € (VU X)*V(V U X)*
(i.e. a sequence of variables and terminal symbols contaiai least one variable)
is the left hand side ang € (V U X)* (i.e. any, possibly empty, sequence of vari-
ables and terminal symbols) is the right hand side — applgipgoduction consists
of replacing an occurrence of the left hand side with thetrlggnd side; in the
grammar sketched above we would have the following prodogtiles inP:

S = L|MW
Lo | | O] |
I A TR

Here we have used the standard abbreviated notation winstead of listing all
production rules explicitly, for each left hand side we kdit possible right hand
sides it can be replaced with, e§.— I | Ifj rather than the more cumbersome

{S—=>IL,5S— W

e S € Visthe special starting variable, e.g. in the grammar sketettove we would
haveS as this special starting variable

When deriving a sequence according to a grammar we starttfresequence consisting
of only the special starting variablkeand repeatedly transform the sequence according to
the production rules. We continue doing this until the cotriecarnation of our sequence
contains no variables, and this sequence is the result alaheation. One example of

given above.

If we compare the format of production rules in the formal igbn to the production
rules in our example grammar, we can see that the latter éeesjonplistic compared to
the allowed range of possibilities:

e The left hand side of all the productions consists of jushglsi variable

e The right hand side of all productions consists of zero or mminal symbols
followed by zero or one variables

Grammars where all productions fall in one of the three aaieg

e U — e¢whereU € V is a variable and is the empty sequence (note that in some
texts \ is used to denote the empty sequence)

e U — o whereU € V is avariable and € ¥ is a terminal symbol
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e U — oV whereU,V €V are variables and € X is a terminal symbol

are called right regular grammars. In some definitions ths figpe of productions, re-
placing a variable with the empty sequence, are not allowhik difference is of limited
consequence, though.

In our example, the only production rules not falling in ariythese three categories
areS — ILandS — Ifl|. These two productions do however just replace the variéble
with another variable. By simply replacing these productioles with production rules
allowing S to be replaced with whatever eithlgror If§ can be replaced with, we would
obtain an equivalent right regular grammar (where productiles forS in the new
grammar essentially correspond to two production ruleiegbns in the old grammar).
Similarly, if we had a production rule of the forth — o109 ... 0,V we could transform
it to rules on the correct form by introducing new variallgsUs, . .., U, _1 and replace
the production with production§ — o1Uy, Uy — o9Us, ..., U1 — o,V. Here a
single production in the old grammar would corresponé fwoduction rule applications
in the new grammar. Grammars where productions are restriot

e U — xwhereU € V is avariable and € ¥* is a finite, possibly empty, sequence
of terminal symbols

e U — zV whereU,V € V are variables ana € ¥* is a finite, possibly empty,
sequence of terminal symbols

are called extended right regular grammars and have exhetlgame expressive power
as right regular grammars. Our example grammar is an extietiglet regular grammar,
and it should be clear that any HMM can be reformulated as &andrd right regular
grammar.

So far we have considered a forward pass through the modei adwverting the
HMM in Fig. 2 to a grammar. As illustrated in Fig. 5 we can take alternative view of
generating sequences back-to-front rather than frobatk. With this view our deriva-

E o L|W
N S S R
Moo L W ||

This looks very similar to the grammar we have already seae that the variable on
the right hand side occurs to the left of the terminal syndg)aldther than the right. Con-
sequently grammars of this type are called (extended) dgftilar grammars, and again
these have exactly the same expressive power as right reggalamars. Collectively
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the types of grammars we have just discussed, whether lefyjlur extended or not, are
referred to as regular grammars, and the sets of finite segeenalso called languages
— that can be defined by regular grammars are called reguiguiayes.

So far we have claimed an equivalence between regular gresremd HMMs, but
clearly the grammars described so far do not describe a ppitipalistribution over se-
guences. In fact, in the grammars presented so far therehbyg mot been any need for
having variables representing both a low and a high pressate, as the production rules
for these variables were identical. If we extend the tupleX, P, S) with a function
w : P — R that assigns a weight to each production, we get a weightedmgar. Gram-
mars used in bioinformatics are usually weighted, with tkeégivt function reflecting the
fitness’ of a particular production rule. The most commopeayf weighted grammars
arestochastic grammarsvhere the weight function for each left hand side in the poed
tion rules describes a probability distribution over thegible right hand sides it can be
replaced with.

Stochastic regular grammars are equivalent to hidden Markadels. For example,
the HMM in Fig. 2 is equivalent to the grammar

S — 1|’._2|1||/i||2
b — | S| FH | S

6/25  14/25  3/50 = 7/50

W | O | | W,
9/100 * 1/100 * 81/100 ' 9,/100

with a uniform initial distribution on the statdfj andIL. This is assuming that the
HMM/grammar is already parameterised. If unparameteritieel HMM has only five
free parameters — one transition and one emission protyatuitieach state, and a prob-
ability describing the initial distribution — while the gramar has seven free parameteres
— one for the start variable production rules and three foh edithe other variables’ pro-
duction rules. This is due to emissions and transitionsgoeoupled in the production
rules of the grammar. These can easily be decoupled, e.gilas grammar

S = e |
e — Fh | &y
e — | O
L — ke [H
I“'t — I|-_e||“|e>

which has five left hand sides, each with two production rales hence one free param-
eter.
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It is straight forward to convert a grammar in (extended) defright regular form to
an HMM, and subsequently apply the algorithms describecem $.2 for parameterisa-
tion and data analysis. When choosing an HMM or regular gramas modelling tool,
one should however be aware of the limitations of the forsmaliBy its Markov property,
it does not allow arbitrary long range dependencies. Onejuéa easily model a depen-
dency on a fixed amount of information, for example whetheA&6G start codon has
been encountered in a DNA sequence. However, keeping tfable mumber of times a
pattern has been repeated is beyond the capabilities of HMjidar grammars, as seen
in the following example.

Figure 12: When generating a sufficiently long sequencesthdt be at least one state
that is revisited. We can replicate the part between any tsibsvto such a state any
number of times and still obtain a run with non-zero prohghbil

Example 1 Assume we want to construct a (finite) HMM that emits the sempes<'c",
i.e.i#*s followed by the same numbertof with probability 2~ for ; > 0, and all other
sequence with probabilitg. Let M be such an HMM and let denote the number of
states inM. Letr be a run inM that emits the sequence= #">" with non-zero
probability. As2n symbols are emitted there must be a non-silent staébat is visited at
least twice by. Now divides into

o the prefixa emitted before the first visit i@

¢ the infixy emitted from the first visit tg until just before the last visit tg; y is not
the empty sequence, as a symbol is emitted on the first vigit to

¢ the suffixz emitted from the point of the last visit gountil we reach the end state

i.e.s = zyz. The run obtained by repeating the partroémittingy twice, as illustrated
in Fig. 12, will generate the sequenagyz with non-zero probability. However,yyz
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cannot be of the form<’c>" as eithery contains a different number 6fs and<>s or
y = #/&Y for somej > 0. In the latter casegyyz will have a%> preceding a* at the
junction between the two occurrencesyoHence,M cannot exist.

2.2 Context-Free Grammars

If we relax the restriction on the right hand side of prodmctiules, a grammar generating
sequences according to the specification at the beginnifix.af can easily be defined.
For example,

/2 1/2

will do the trick. As long as the second production rule islagbwe build sequences on
the form#"'S%" of increasing length (compiling an extra factorlgf for each/= pair
added). As soon as the first production rule is applied theaten terminates, replacing
the S with a final#> pair (and adding a final factor df/2). For example, the sequence

Evidently the above grammar cannot be regular. It is an el@wipa more general
type of grammars, called context-free grammars (CFGs, ¢rG&Cfor their stochastic
versions). Context free grammars are grammars where piods@re only restricted on
the left hand side, i.e. all productions have

e aleft hand side that consists of just a single variable
e aright hand side that can be any sequence of variables anth&isymbols

The context-free part of the name for this type of grammaectdithe fact that production
rules are not allowed to depend on the context of the variadileg replaced, but only the
variable itself.

/ S\
A
(s) (s5)
Figure 13: Derivation tree corresponding to the derivatbthe sequencé)() by one

application of the production rulé — S.S, and two applications each of the production
rulesS — (S) andS — e.
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The grammar above actually does not utilise the full powecaftext-free gram-
mars, as at any time we will have at most one variable in theessze being derived.
An example epitomising context-free grammars is the sefldfadanced sequences of
parentheses. A sequence of parentheses is balanced ifleftdpr opening) parenthesis
has a matching right (or closing) parenthesis later in tigeisece. In formal terms, a se-
quences € {(,)}*, i.e. of left and right parentheses, we can recursively ddfalanced
sequences of parentheses as

e the empty sequence
¢ a(, followed by a balanced sequence of parentheses, followed b
¢ two balanced sequences of parentheses concatenated.

This immediately suggests the context-free grammar
S = €] (9)]SS

To generate e.g. the sequer{¢é) we will need to proceed through a sequence containing
at least two variables at some point, e.g. as in the derivdtie> SS = (5)S = ()S =
0O(S) = (). The descendant sequences to each of the two occurrenéesdf .S
each has to be a balanced sequence of parentheses. Howevéo, tthe context-free
limitation, once the initialS has been split int®'S there is no possibility of coordinating
the descendant sequences of edchWhere HMMs allow the modelling asequential
dependencies —the next state only depends on its predeedsEGs allow the modelling
of hierarchical dependencies, i.e. dependencies that have a tree-liketuseu

This dependency structure is clearly seen in Fig. 13, wheralerivation of the se-
quence() () listed above is given by a so called derivation tree. A déiovetree is a tree
with internal nodes labelled by variables, leaves labdbgterminal symbols (o¢), and
where the children of an internal node are the symbols —b@gaand terminal symbols
— of the right hand side of the production rule used to reptheevariable in the deriva-
tion. The final sequence of the derivation is read off thedsdvom left to right. Any
derivation in a CFG can be represented by a derivation trekasthere is an equivalence
between trees and sequences with balanced parenthesetlises @.g. in the Newick’s
8:45 format for describing phylogenies — the parenthesasngte captures exactly the ca-
pabilities and limitations of CFGs. We have already mermtbthe capabilities in terms
of capturing hierarchical dependencies. Conversely,dhadlism is limited in not being
able to capture generally crossing dependencies, as fonm&ahe ones present in the
following example.

Example 2 Assume we want to construct a CFG that allow us to derive bxd set of
sequences ' +'c>" over the three letter alphabéti, + 2}, LetG be such a grammar
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Figure 14: When deriving a sufficiently long sequence thetebe at least one variable
that is revisited on a path from the root of the derivatior i@ a leaf. We can replicate
the part of the derivation tree between two occurrenceseoéme variable.

with n variables and letd denote the maximum number of symbols on the right hand
side of any production rule it7. Consider a derivation tred” for the sequence =
MMM wherem = d™. There must be a leaf at depth at least- 1in 7', i.e. a leaf
where we go through at least+ 1 internal nodes on the path connecting the leaf to the
root of T'. Hence there must be a variabl€éoccurring at least twice on this path. We can
now, similarly to what we did in Ex. 1, spktinto five parts as = vwxyz where

e v andz are the terminal symbols descendant from the inifiabut not descendant
from any occurrences df

e w andy are the terminal symbols descendant from the first occugrafi®” on the
path, but not descendant from the last occurrenc¥ @i the path

e 1 are the terminal symbols descendant from the last occuer@f®” on the path

as illustrated in Fig. 14. As we shall see in Sec. 2.2.1, weassume that at least one of
w andy are not the empty sequence. By replicating the part of thvalkion tree between
the two occurrences df, again illustrated in Fig. 14, we can construct a derivativee
for the sequencewwzyyz using the production rules @¥. But this sequence cannot be
of the form'+5'&2* . If either w or y consists of at least two different symbols it will not
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have the ordering of alt<s before all¥>s before all->s. If not, as at least one af and
y is not the empty sequence there will be at least one of the gymbols with more than
m repetitions and at least one of the three symbols with exactiepetitions.

Example 3 A curious fact of CFGs is that we can easily define a grammaeggimng
all palindromic sequences, but it is not possible to defirergnars that generate all
sequences consisting of two identical copies of the sameeseg. For palindromic se-
guences, i.e. sequences that read the same front-to-babkcksto-front, we just need
production rulesS — oSo andS — o for all o € ¥, as well as a null production fof.

Assume there was a gramm@rgenerating exactly the sequencesheres = uw for
someu € {#,52}". Then it can generate the sequer€E-"+""", wherem = d" 1
with n the number of variables i’ and d the maximum right hand side length. We can
again identify a situation as illustrated in Fig. 14, but tvithe further restriction that the
length of the sequeneery is at mostmn: start from a subtree rooted at an internal node
having longest paths to a descendant leaf going throughtlexadurther internal nodes.

It follows thatwaxy, and consequently both andy, consist of at most two blocks of
identical symbols. If eithew or y contains both< and%> the other cannot, anthw?zy?z
will contain three blocks each ofs and%>s. If bothw andy consist of just one block
of identical symbols, themuw2zy?z = #*"4>4 where eithera # ¢ or b # d as one
block of eithers or&>s is extended but the other is not. If eitheor y consists of both
a“ block and & block

In either casepw?zy®z # wu for all u € {#,5}". Hence, CFGs can capture
reverse-order dependencies of any length, but not linederodependencies.

As previously mentioned, we obtain a stochastic contee-fyrammar (SCFG) if
we for each variable assign a probability distribution othex production rules having
the variable as left hand side. The probability of a derbratis just the product of the
probabilities of the production rules applied. It would seebvious that the probability
of deriving a particular sequence is just the sum over thbeabilities of all derivations
generating it. However, we need to be a little bit careful wikefining the set of such
derivations.

Consider the simple stochastic context-free grammar

S — T1T
T — a
1
This grammar can only generate the sequexgeAt first hand it may appear that there
are two derivations generating this sequence, naiiely TT = aT = aa andS =

TT = Ta = aa. But each of these derivations have probabilifyresulting in the
sequencaa being derived with probability 2! Clearly this is not right.
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Figure 15: Three different derivation trees for the seqaeep)¢)()() in the parenthe-
sis grammar, corresponding to the leftmost derivatiSns> SS =X 0OS = (Sss =X
005 = 0055 = 0005 = 0000, 5 = S5 = 555 = ()55 = )05 =
0055 2 0005 2 0000, ands = 55 = 595 = 9995 2 ()955 =

00OSss 2 000S 2 0000, where= is used to denote that we have contracted the
two step replacing a variablg with the terminal symbolg). Observe that though the
trees are similar and utilises each of the three productites the same number of times,
they are still distinctly different.

The new problem, compared to regular grammars, is that we &iaapparent choice
of which variable first to replace. However, the combinatiofactors originating from
these choices should be ignored. When determining the pilapaf deriving a sequence
we should only sum over the set distinctly differentderivations. Two derivations are
distinctly different if they have different derivation &, a property illustrated in Fig. 15.
We could equivalently have defined distinctly differentémhs of being differerieftmost
derivations i.e. derivations where it is always the leftmost variabléhie current sequence
that is replaced by applying one of its production rules. @ simple grammar above,
only the first derivation of the sequenaa is leftmost, and consequently this should be
the only one summed over to obtain the correct probabilityaffthe grammar generating
aa.

If there is a sequence with more than one distinctly diffedmsrivation in a grammar,
the grammar is said to be ambiguous. This is for example tee &@ the parenthe-
sis grammar as evidenced by the three distinctly differ@mivdtions of the sequence
OO0 shown in Fig. 15. In bioinformatics it is usually desirabteltave ambiguous
grammars, as different derivations of a sequence wouldllyst@respond to different
interpretations of it, for example in terms of different Rd&condary structures or align-
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ments.However, if the ambiguity extends to interpretatj@uch that there is a sequence
with an interpretation that can be obtained by two or mortrdisly different derivations,

it introduces the problem discussed for class HMMs in Secfiribthe most probable
interpretation we need to maximise the sum over all deowatiwith the same interpreta-
tion — or class annotation in the case of class HMMs — a prolifewasNP hard even
for HMMs, i.e. stochastic regular grammars. An investigiatinto the drawbacks of us-
ing grammars with ambiguity in interpretation in the contekRNA secondary structure
was presented in [11]. Even determining whether a CFG isgualois is a hard problem,
actually undecidable, but can in many cases — like the RNAgrars investigated in [11]
— be successfully automated [4].

2.2.1 SCFG Algorithms

Just as regular grammars are equivalent to HMMs, contegt-irammars have do have
an automaton equivalent, called push-down automatons ekdewe only mention these
in passing as the algorithms for analysing languages witingegt-free structure a more
easily formulated using a grammar specification. Thoughynite as efficient as the cor-
responding algorithms for HMMs, they still allow computatiof the most probable parse
tree for a sequence and the total probability of derivingcusace in time polynomial in
the sequence length.

Chomsky Normal Form The definition of context-free grammars allow arbitraryhtig
hand sides. Just as there were several possible ways weregtiidt regular grammars
without changing expressibility (left or right, extendednot), there are several ways the
right hand side of the productions of a grammar can be réstriwithout loosing ex-
pressibility. These are known as normal forms, and reqgigrammars to be on normal
form simplifies algorithms as only the restricted set of picighn types need to be con-
sidered. We will use the Chomsky normal form (CNF) restictwhere all productions
are restricted to be one of the following three types:

e The start variable is replaced with the empty sequefice; e
e Avariable is replaced with a single terminal symldl,— o wherec € X

e Avariable is replaced with two variables where neither &sgpecial starting vari-
able,U — VW whereV,WW € V \ {S}

Any context-free grammar can be converted to a CNF gramnaoaurtight hand sides
with a sequence of more than two symbols we can break the segu®o the constituent
symbols by introducing auxiliary variables, just as we saoi converting extended
regular grammars to regular grammars. If a symbol in a tigintd side of length two is
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a terminal symbol we can replace it with an auxiliary varathiat can only be replaced
with this terminal symbol, and if it is the special start @dnlie.S we can replace it with an
auxiliary variable with exactly the same production rulessa However, when the right
hand side is shorter than two symbols but the productionisutet in concordance with
the CNF restrictions, we need to proceed with a bit more oauti

An empty sequence right hand side hoitl production is only allowed for the special
start variableS. To eliminate all other null productions we first identifyl alullable
variables, i.e. variables that can in one or more steps baeaeghwith the empty sequence.
A variableU is nullable iff

e U —>ecP
e U —Vi...VipandVy,...,V, are all nullable

Based on this recursive rule we can formulate Algorithm Iffigiently determine the set
of nullable variables. Once these have been identified,doh @ullable variable with the
exception ofS we

e remove the null production for this variable

o for every production where it occurs on the right hand sidemvede two copies
of this production: one where the variable still occurs and where it has been
removed from the right hand side sequence

When the right hand side consists of just a single variableraember that right hand
sides with just a single symbol are required to be a termipalb®l for grammars in
CNF — the transformation is even less complicated. All wedriegedo is copy all the
productions of the right hand side variable to the left hadd sariable

Algorithm 1 Nullable variables
N=0
repeat
for U —» z € Pdo
if £ does not contain terminal symbols or variables nadti ithen
Add U toN
until no further variables are addedRbin this iteration

This all appear simple enough, so why the warning to procdatdoaution? As long
as only the language of a grammar, i.e. the set of finite sexgseib can generate, is of
concern, the last two types of transformations do not regsfiecial attention. However,
in bioinformatics mostly parameterised, in particularcht@stic, context-free grammars
are used.
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Algorithm 2 Eliminating replacement productions
repeat
forU -V € Pdo
forV—xz € Pdo
AddU — ztoP
until no updates where required in this iteration
Eliminate allU — V productions fronP

Manipulation of probabilities can easily be included in tinst set of transformations
mentioned: breaking a long right hand side sequence inte,paplacing a terminal
symbol in a pair with a variable, and adding a copysdbr right hand side use. The only
part not strictly trivial would be tying of the probabilisebetween the productions 5f
and the copy of when inferring probabilities from data.

The manipulations eliminating null productions and reptaent productions, on the
other hand, requires more complicated manipulation of gipdities. For an already pa-
rameterised SCFG the new probabilities, after eliminatbmeplacement productions,
can be described by equations linear in (algebraic) vasadescribing the probability
of eventually replacing variablE with variableV' by a finite series of replacement pro-
duction steps. This, in turn, can be solved to find the prdibiasi of the transformed
grammar. Inferring probabilities from data, however, cacdme a difficult if not im-
possible task, if parameters are required to reflect thetsiiel of the original grammar
(as will usually be the case). Under maximum likelihoodreation we would need to
maximise an equation system similar to the one for paraiseteigrammars, but with
the parameters of the original grammar occurring polyndynieather than linearly, as
variables.

Elimination of null productions is potentially even morewglicated when the gram-
mar is stochastic. Even when the grammar is already parageste determining prob-
abilities of the transformed grammar may not be straightfod. If the grammar has
a productionU — VW where bothV and W are nullable, the probability thdf is
eventually replaced by the empty sequence depends on tHaqprof the probabilities
thatV andW are eventually replaced by the empty sequence. If thereaoyaies in
these dependencies, the nullability probability can gds#l determined for every vari-
able. However, with cyclic dependencies the nullabilitph@bilities may have to be
specified by a quadratic equation system, which in generabeéhard to solve [13].

Because of these complications, when designing a SCFG 8teabeise is, if at all
possible, to avoid introducing replacement productiorth wyclic structure and in gen-
eral null productions. When presenting the algorithms f6F&s we will assume CNF
grammars but briefly discuss the complications arising whergrammar also contains
replacement and null productions.
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Figure 16: The three possible forms of derivation trees wiheniving the subsequence
from positioni to positiony in s from variableU in a CNF grammar. Either it is directly
generated by af — ¢ or U — o production, or the first step is &h — VW production
followed by an initial part of the subsequence being geredrtbomV and the remaining
part of the subsequence being generated f¥Bm

Cocke-Younger-Kasami Algorithm  As for HMMs, the two main problems for SCFGs
is to determine the most likely derivation of a sequence,tarabmpute the total proba-
bility of deriving a particular sequence. We first consider problem of determining the
most likely derivation of a sequence. The SCFG equivalenheiViterbi algorithm for
HMMs is theCocke-Younger-KasaniCYK) algorithm [9, 15, 23].

Assume that we are given a SCIEGn CNF and a sequence and want to determine
the most probable derivation afin G. Once again, derivation trees turns out to be
very helpful for understanding the behaviour of SCFGs. Depeg on its length, any
derivation tree fors must have one of the three forms shown in Fig. 16. Moreover, th
two subtrees rooted & and¥¥ in this figure will again be of the form of one of the two
right hand trees (aS cannot occur on the right hand side of productions and Shtgan
have null productions in CNF grammars).

This immediately suggests a recursion for determining ttodability of the most
probable derivation fos. If s is of length zero or one, we can just look up the probability
of the corresponding null or terminal symbol production $orOtherwise, we maximise
over deriving a prefix, respectively the corresponding suffom the two variables of a
production forS. If we let C(U, 1, j) denote the maximum probability of deriving.. ;]

33



from U, then

Pr(S —e) ifU=Sandj=i—1
Pr(U — s[i]) ifi=y
CUi,j) =5 max Pr({U —VW)C(V,i,k)C(W,k+1,5) ifi<j (11
U—=VWeP
i<k<j
0 otherwise

wherePr describes the probability distributions over productionB and Pr(p) = 0 for
p ¢ P. The desired probability is the value 6(S, 1, |s|), and this value can be traced
back to find the maximum probability derivations ©f

Algorithm 3 CYK algorithm
if s = ethen
C(S,1,]s]) = Pr(S —¢)
else
for i = 1to|s| do
for U € Vdo
C(U,i,i) = Pr(U — sli])
fori=1to|s|—1do
fori=1to|s| —ldo

for U € Vdo
o _ p . a1
CU,i,i+1) %2%%?(6113 r(U = VW)C(V,i,i+35)C(W,i+j+1,i+1)
Sy<di—

If G is in CNF, we can find’(5, 1, |s|) in time O (|P||s|?) and space® (|V||s[?),
e.g. as outlined in Algorithm 3 where we compute @@/, i, j) values in order of sub-
sequences of of increasing length. As only non-empty sequences can beedefrom
V andW for any productionlV — VI, to compute a value for a subsequence of length
I we only need values relating to subsequences of lengtllgisiorter thar.

If replacement and null productions were not eliminatedngogrammar is not quite
in CNF, for example due to the considerations mentionederdibcussion of converting
a grammar to CNF, this is where complications ariseG I€ontains replacement rules
allowing the two derivationg/ = V andV = U, thenC (U, i, ) andC(V, i, 5) will
be mutually dependent for all < i < j < |s|. Also null productions can introduce
cyclic dependencies, asWf — e then any ruldJ — VW or U — WV allows the two

step derivation replacement 2 w. Applying the relaxation technique discussed for
cycles of silent states in Sec. 1.2.1 we can still deterntiegptobability of the most likely
derivation, although the time complexity may increase bysna factor ofO (log |V]).
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Algorithm 4 Probability of most likely null derivations
for U € V do
Set initial probabilityN(U) = Pr(U — ¢)
Initialise set of variables with known probability = ()
while F # V do
U = argmaxyen\r{N(U)}
AddU toF
for V.— UW € P whereW € F do
N(V)=max{N((V), Pr(V - UW)N{U)N(W)}
for V.— WU € P whereW € F do
N(V)=max{N((V), Pr(V - WU)N(W)N(U)}

The most complicated part is computing the probability efriiost likely way to replace a
variable with the empty sequence, when null productiong Ina¢ been eliminated. Using
a similar application of the relaxation technique as desdtiin [14], these probabilities
can still be computed efficiently by Algorithm 4.

Inside and Outside Algorithms As for HMMs, the difference between computing the
most likely derivation ok in G and the total probability of derivingin G simply consists
of replacing maximisation with summation in (11) — rathearthtaking the maximum
probability choice we sum over all choices. The resultingursion,

Pr(S —¢) ifU=Sandj=1i—1
Pr(U — s[i]) ifi=y
I(U,i,j) = > Pr(U = VINI(V,i, B)I(Wk+1,5) ifi<j (12)
U—-VWeP
1<k<j
0 otherwise

forms the basis of thaside algorithm for computing the total probability of deriving
The algorithm is identical to Algorithm 3, except that maigation is replaced with sum-
mation. Correspondingly, the time and space complexigesain the same) (|P| |s|?)
andO (|V||s|?) respectively.

However, for the inside algorithm we cannot use the sameattm techniques as
for the CYK algorithm when replacement and null productibase not been eliminated.
If G contains replacement productions but no null producticte possibly foiS, the
recursions for the relevant entities for anwill be amenable to solution by linear equa-
tion system techniques. This is also mostly the caseébntains other null productions
than Se, except for the fundamental part of computing the total plolity of deriving
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Figure 17: The intuition behind the outside algorithm is togressively fill out the sub-
sequence not yet derived.

the empty string from each variable. As can be observed fhenptesence of products of
N(U) andN (W) in Algorithm 4, the recursions in this case lead to a systequafiratic
equations of interdependent entities.

The probabilities of null derivations are of course indapmrt ofs. So for a fixed
grammar they could be computed once and for all, even if coatipnally very expen-
sive. The values can then be looked up whenever a particalpuesice is analysed.
However, just as the forward algorithm is frequently usedtfaining HMMs by the
Baum-Welch expectation-maximisation procedure, thelmsigorithm forms part of the
expectation-maximisation procedure used for training S&Hn this case the parameters
will be changing for each expectation-maximisation iterat Hence, the probability of
null derivations will have to be recomputed for each itenatiOnce again the best advise
is to designG such that this complication is avoided.

We have already mentioned that the inside algorithm fornmsgfahe expectation-
maximisation procedure for SCFG training from unannotatath, corresponding to the
role the forward algorithm takes for HMMs. The part corrasgiog to the backward
algorithm for SCFGs is called the outside algorithm. Thimpates the probability of
deriving s, excepfor the subsequence between positibaad;j which is left to be derived
from variableU — i.e. the total probability of = s[1..i — 1]Us[j + 1..|s|] — according
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to the following recursions:

(

1 if U=5,i=1,andj = |s]
> Pr(V = UW)O(V, i, k) I(W,j + 1,k)

V—>£JW€P

O, i,j) = > if i <j (13)
+ Y Pr(V = WU)O(V, k, j)I(W, ki — 1)
VWUeP
k<i
0 otherwise

\

The intuition behind this recursion is illustrated in Fig.. IThe recursion can be solved
by an algorithm similar to the inside algorithm, this timeirgpfrom longer to shorter
subsequences that are still to be filled in, with the same gintkspace complexities.
Once we have computed inside and outside valligs, i, j)O(U, i, j) gives the ex-
pectation ofs[i..j] being derived from an occurrence @fandO(U, i, j) {g;i Pr(U —
VW)I(V,i, k)I(W,k+1, 5) the expectation of this happening by an initial applicatén
theU — VW production. Summing over all subsequences wk can find the expected
number of uses o/ — VIW. Similarly we can find the expected number of uses of
terminal production rule8” — o from O(U, i,4) Pr(U — o) for i with s[i] = 0. Based
on these expectations the parameters can then be updatednrakimisation step.
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