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Background

When relating a set of sequences by a phylogeny, we are &dlsenbnstruct-

ing a Steiner tree connecting the sequences in the spacé fofitel sequences.
Finding an optimal Steiner tree is in most formulations haa population ge-
netics and phylogenetics have often used spanning trees agpaoximation for
computational expediency. In this assessment you will Bedato investigate an
intermediate between spanning trees and Steiner trees.
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Figure 1: A spanning tree and a Steiner tree on the ndde®, 3,4}. Termi-

nal nodes (the nodes that need to be connected) are showfidasiretes, while
Steiner nodes (auxiliary nodes) are shown with hollow eiscl There arex™ 2
possible spanning trees enlabelled nodes. If labelled nodes have degree 1 and
unlabelled nodes have degree 3, there(are—5) - (2n—7)-...-1 = %
Steiner tree topologies anlabelled nodes.

A spanning tree on a set of labelled nodes connects the ngdes$rée where
each edge connects two of the labelled nodes. So all nodkes iree are labelled.
An example of a spanning tree is shown in Fig. 1. A Steinerdrea set of labelled
nodes also connect the nodes by a tree, but may introdud¢efatixiliary internal
nodes. Hence, some or all of the internal nodes in the treebmaylabelled. An
example of a Steiner tree is shown in Fig. 1.

Constructing a multiple alignment for a given phylogenyresponds to deter-
mining the ‘location’ of the Steinei.€. unlabelled) nodes in finite sequence space.
If the phylogeny is inferred along with the alignment we aslymg a variant of the



Steiner tree problem. The multiple alignment problem islhahen the number of
sequences to align is unbounded. So for a large number oésegs we may con-
sider to compute all pairwise alignments, and use the pséndistances between
the nodes to approximate the optimal phylogeny by a spartnéggy This approx-
imation may be rather crude. If we can align more than two seges but not
all the input sequences, we would expect better approximatio be obtained if
we reconstruct the phylogeny from small sets of multiplgaéid sequences rather
than just pairs of aligned sequences.
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Figure 2: Two examples of 3-restricted Steiner trees. Ifribde terminal node
labelled 3 had been a Steiner node, the left tree would haga bed-restricted
Steiner tree and the right tree would have been a 5-resiri8teiner tree, and both
trees would have been unrestricted Steiner trees. The didisks encloses the full
components of the trees.

This general approach of stitching together a good appration of the overall
Steiner tree from Steiner trees on subsets of the termindésés in general the
approach taken by Steiner tree approximation algorithnig (fentions only one
exception). A Steiner tree on a subset of nodes where athiat@odes are Steiner
nodes is called a full component. This concept is illusttateFig. 2. A Steiner tree
where the maximum number of terminal nodes in any full congmris at mosk
is called ak-restricted Steiner tree. The full components of a Steire® ts a set
of subtrees spanning the terminal nodes. The subtreesadependent except for
shared terminal nodes, and connects together to the fullétree through these
shared terminal nodes.

In alignment terms, a full component corresponds to an ailgmt of a sub-
set of the input sequences. In statistical alignment, tldugen in the subtrees
rooted at an internal node is independent conditional ostie, i.e. sequence, of
the node. Usually this is of little assistance as we need tdition on an infinite
number of possible states for internal nodes. But whennatarodes corresponds
to observed sequences, there is only one state to considéheStatistical align-
ment probability conditional on a given phylogeny topologgrresponding to a
k-restricted Steiner tree can be obtained by combining thsttal alignment



probabilities obtained for each full component conditioma the subtopology for

that component. More generally, any Steiner tree methoddas optimal Steiner

trees for small subsets of nodes translates into a stafistignment method based
on statistical alignment of small subsets of the sequences.

Project

As already mentioned, most Steiner tree approximationrikgos with guaranteed
performance are based on updating a partial solution witi o components.
The algorithm with the best known approximation ratio [1piglined below.

Algorithm 1 Loss-Contracting Algorithmi-LCA) for Steiner tree approximation
Input: A set of terminal node$ and optimal Steiner trees on all subsetsSof
of size at mosk

T = minimum spanning tree ofi

H = complete graph o

whilethere is ak-restricted full componenk’ with gain, (K) > 0 do
Find k-restricted full componenk” with maximalgain ;- (7') /loss (K)
H=HUK
T = minimum spanning tree 0R U Kpss-contracted

Output the minimum spanning tree o

There are a few elements of this algorithm that needs fugkyglaining, namely
the availability of full components, thgain, nd lossfunctions andK|pss-contracted
The k-restricted full components of interest are simply the ftdimponents ob-
served in the Steiner trees on subsets$ off sizek that is part of the input.

Thegain (K) function is the gain in score that can be obtained by addiag th
Steiner nodes and edgesfofto T, i.e. the cost of” minus the cost of the minimum
terminal node spanning tree on the unionfofand 7. This is illustrated in Fig. 3.

Apart from the obvious gain of updating a partial solutiorthwa full compo-
nent, there is also a potential loss. If the Steiner nodesefull component do
not coincide with the Steiner nodes of the optimal Steinee,twe will incur an
extra cost of connecting these to the rest of the solutioris iBhcaptured by the
lossfunction, wherdoss (K) is the minimum cost of connecting the Steiner nodes
of K to the terminal nodes oK. That is,loss (K) is the cost of a minimum cost
forest onK where each tree in the forest is required to contain a teimo@e. This
is illustrated in Fig. 4. The algorithm greedily adds thd @@dmponent maximising
the ration between gain and loss until there are no full camepts resulting in a
further gain.



Figure 3: The left hand illustration shows a minimum spagrtiee treel’ (solid
edges and nodes) on the terminal nodes in the right hand gifalpiy. 2 and the

full componentK on the nodes 2, 3, and 6 (dashed edges and hollow node). The
minimum terminal node spanning tree on the uniorifoind K is shown to the
right; the gain of addind{ to T" (gain, (K)) is the cost ofl’ minus the cost of this
tree.

Figure 4: The left hand illustration shows a full componéaton five terminal
nodes with the loss edges shown with dashed lines. TherevarSteiner nodes in
the connected component of terminal node 2 and one Steideringhe connected
component of terminal node 5. With the annotated edge weligii (K ) = d+e+

g. The right hand illustration showKoss-contractedVith the edge weights inherited
from the non-loss edges &f.

The main improvement of the algorithm results from not fixarg entire full
component that is chosen, but only fixing the loss edges. @mwbntracting a full
componenfX it is not contracted into a single node. Instead, the nodeadi con-
nected component, i.e. the loss edges, are contracted.eShkimg K\oss-contracted
is a spanning tree on the terminal nodegoWith two nodes connected if the two
connected components they were the terminal nodes in wexetlgiconnected by
an edge. This is illustrated in Fig. 4. The cost of the lossesdgss (K), was
offset against the gaigain, (K'), when the full component was chosen. Conse-
qguently, we only need to maintain the costs of the non-loge®th K|oss-contracted
— if some of the edges df|oss-contracte@Ppear in the final solution, adding the loss
edges and Steiner nodes removed by the contracting costssatass (K). This



is also illustrated in Fig. 4.

k ‘ 2 4 8 16 32 64 128 256 512 1024
rati0‘1.88 180 174 171 168 167 165 164 163 1.63

Table 1: Dependence of approximation ratiokon

The approximation ratio of-LCA is py,(1 + 5 In(;- — 1)) wherep, < 1+

m is the worst-case ratio of the cost of the optirhalestricted Steiner tree
and t%]e optimal Steiner tree (the numbering may be off by dheestricted Steiner
trees are spanning trees that are only guaranteed to cosisatwice as much as

Steiner trees, not + m = 1.5 times as much). This clearly converges to

1+ 1“73 ~ 1.55 for k — oo. However, it is easily clear that the convergence is
rather slow, with asymptotic growth @(log log k/log k). The ratios computed
for the first ten relevant powers of 2 are shown in Tab. 1.

As each full component in the alignment case requires a pielalignment
computed, it is probably unrealistic assumikdo be more than four and five in
cases with many sequences. Withsequences the brute force approach would be
to compute all multiple alignmerit®f k sequences, i.€7) alignments. Multiply
this by the time it takes to aligh sequences using statistical alignment and it is
evident thatt has to be set to well less than infinity. However, the appraxiom
ratio is a worst-case performance, and in real cases we nm&aw seuch better
approximation even for small values bf

A reasonable outline of the project is as follows.

e Implement and test brute force approach wherég:atkstricted full compo-
nents, i.e. alignments of subsetsiafequences, are enumerated. This should
address the problem of interfacing between the statistiggthment program
and the Steiner tree approximation program. Furthermoitbowt too much
work it should allow us to test how well the approximation k®won the
largest possible data sets that can be handled exactlyebhefoceeding.

e Determine rules for when a full component can be ignoredaipiThis may
be difficult, for one thing because we would have to estalilist the gain
of all remaining full components are zero to safely termentiie algorithm.

1we will actually need the phylogeny including branch prdbities rather than any alignment,
but for brevity will refer to the input from the statisticalignment subprocess as alignments; once
the Steiner tree approximation has been computed, it shHmeilcklatively easy to stitch a global
multiple alignment together from e.g. the most probablalatignments of the sequences in the full
components



e Develop and test heuristics not guaranteed to preserveppexmation
guarantee. One obvious thing to explore is a good stoppiitgrier Given
the incremental nature df-LCA, where a partial solution is continuously
improved until no further improvement is possible, stogpirematurely
will not render the work done so far useless. For every itenathe partial
solution is guaranteed to improve.

However, it should be remembered that computingcaistricted full com-
ponents is likely to be the dominant term in the time used foil@xecution.
So if this is done already in the first iteration there is ptalipavery little to
gain from a stopping criteria. In light of this, a good hetidgor estimating
gaing (K) /loss (K') without actually computinds would be tremendously
helpful.

The outline above is based on the assumption that we wantt@rcguality of
the solution produced. In many cases it will be more realistiassume a certain
amount of time is available. Again the incremental naturehef approximation
algorithm makes it easy to prematurely terminate the ii@nasind report the solu-
tion constructed so far. However, in cases where a time Isrspecified it would
probably be a good idea for the implementation to decide pipecgriate value of
k, compromising between the increased power of lafggersus the increase in
running time, rather than require the user to specify this.

The k-LCA start from a spanning tree and adds Steiner nodes toowvepthe
solution. An alternative would be to start from a Steineettepology and itera-
tively contract edges to terminal nodes (thereby bringivegt in as internal nodes)
until the resulting tree ig-restricted. Bioinformatics has a long tradition for infer
ring phylogenies from data. Starting from e.g. a neighoimning tree this would
provide a very fast method of obtainingkarestricted Steiner tree, assuming the
edges to contract are determined reasonably efficientt choosing the shortest
branch ending at a terminal node would probably not work teil,vas we may
perform numerous superfluous edge contractions in sequeusters before get-
ting to the edge contractions making the part of the treeridesg old speciations
k-restricted. A somewhat slower approach would be for evelyeeincident to
a terminal node to compute the neighbour-joining trees efrtew subsets of se-
guences corresponding to full components that are obtaatesh contracting the
edge, and then choose the edge that increases the ovetdhedsast.

A disadvantage of the last method proposed, i.e. contaetiges in a neighbour-
joining tree, is that the topology to a large extent is fixedhmyoriginal neighbour-
joining tree. Contrary to thé-LCA this means that the method will be quite poor
for phylogeny reconstruction, and would probably mostlyuseful for data prob-
ability approximation and constructing a global alignmé&om local most prob-
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able alignments. However, it is likely to be much faster, se could imagine a
two-stage method, where the neighbour-joining based ithgoiis used initially to
estimate optimal evolutionary parameters. Once the eeolaty parameters have
been fixed, &-LCA based method is then applied once to reestimate phgjoge
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