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Hidden Markov models (HMMs) have found wide spread use innifiiomatics.
In short, an HMM consists of a set of states; each state haskapitity distribution
over what state to move to next when being in this state (&gteAlMM is drawn as a
directed graph with nodes representing states and edgesnghtvansitions from one
state to another with non-zero probability, cf. e.g. Fidllyeand a probability distri-
bution over what symbol is emitted whenever the state igads{unless the state is
silent, in which case no symbol is emitted when the statesised). In bioinformatics
and other areas where we are mainly interested in finiteggriHMMs will usually be
equipped with a start state and an end state. One can nowdhinkHMM as a string
generating stochastic machine that starts in the stag;staiong as the current state is
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Figure 1: The transition structure of two simple HMMs withufcand five states, re-
spectively, are shown to the left and at the bottom. The ttiansstructure of an HMM

‘combining’ them is shown above and to the right, with statewhich it is not possi-
ble to get from the combined starts state or from which it ispassible to get to the
combined end state faded. Blue states are start statescntites are end states.



not the end state, a symbol is emitted according to the custates symbol emission
probability distribution and the next state is chosen adicgy to the transition proba-
bility distribution of the current state; when the end stateeached, the sequence of
symbols emitted is the generated string. Standard uses d¥isikte for annotating
strings, where each symbol in the string is annotated wighstiate emitting it in the
most probable way the HMM can generate the string, and fesiflang strings, where
the total probability of the HMM generating the string is d$e assess whether it be-
longs to the class of strings modelled by the HMM. Efficiegioaithms, known as the
Viterbi algorithm and the forward algorithm, exist for solg the annotation and the
classification problems. For a more extensive descriptfoldMMs and their use in
bioinformatics cf. [2].

Sometimes it is desirable to model more than one featurelsimeously. For ex-
ample one could imagine modelling both secondary stru@undesurface accessibility
for protein sequences. The purpose of this will usually berprove the modelling
power by taking more features into account at the same tiotesdn also be to simply
study dependencies — or lack of same — between two featuhesaiin of this project
is to investigate whether we by using standard techniquesifitultaneous modelling
of two or more features may inadvertently introduce artificlependencies between
these features.

In many such situations, HMMs modelling each of featuresviddally will usu-
ally exist or at least be more readily obtained than a contbimedel. It is then natural
to apply standard techniques from finite automata to obtainrabined model from
the two individual models. Assume that we have HMMs and M,. To create the
states and transition structure defining a combined mbfigl, we in essence take the
Cartesian product: ifp; is a state inM; andp, is a state inMs, (p1,p2) becomes
a state inM; «o; iff a transition betweem; andq; is possible inM/; and a transition
betweerp, andg, is possible inM/,, then a transition betwedm, , p2) and(q1, g2) is
possible inM; «. This is illustrated in FigurEl1.

This defines the general transition structure of the contbimedel, but not the
actual probability distributions. If we have the probahililistributions of the individ-
ual models, assuming independence there is again a natayabwombine things: we
simply need to multiply probabilities from the two individimodels. So iPr (p1 — ¢1)
is the probability of choosing; as next state when in state in M andPr (p2 — ¢2)
is the probability of choosing, as next state when in stape in M, then the prob-
ability of choosing statéq;, g2) when in statgp;, p2) in M2 is simply defined as
Pr ((p1,p2) — (q1,92)) = Pr(p1 — q1)-Pr(p2 — ¢2). Thisisillustrated in Figurgl2.

One problem one can immediately spot with this approachnaxining probability
distributions is that it does not always yield a probabititgtribution in the combined
model. For example the all-green state in the combined modégurel2 has probabil-
ity of only 1/3 of emitting a symbol and probability/9 of choosing a next state. The
problem stems from the loss in probability mass of ‘meargagl events, like emitting
a symbol that is at the same tirm@ndb and from the eliminated non-reachable states.
Yet again we know of a simple natural way to resolve this pgoblnormalise the coef-
ficients of the individual choices by their total sum to ohtaiprobability distribution.
This is illustrated in FigurEl3.

So it may seem that we have now described a rigorous way of icdmgbtwo
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Figure 2: The HMMs from FigurEl 1 when probabilities are irt#d and assumed inde-
pendent. Non-reachable states (i.e. then ones faded indFlyunave been completely
eliminated in this illustration. The start and end statiensj while the remaining states
emit eithera or b in the ‘vertical’ HMM and always emia in the ‘horizontal’ HMM.

HMMs, assuming independence of the features they modeteTitiguist one problem:
by normalising we may inadvertently have messed up the orglef the different an-
notations of a string. Take for instance the stragg It has two possible annotations in
each of the two individual HMMs. In the vertical HMM eithertha’s will be emitted
by the green state or botlis will be emitted by the yellow state. In the horizontal
HMM either botha’s will be emitted by the green state or the fiesstvill be emitted
from the yellow state and the secoadwill be emitted from the purple state. The
probabilities of any combination of these two pairs of amtions (also corresponding
to the ‘probability’, or perhaps more correctly designasedre, of the four possible
annotations in the unnormalised combined HMM of Fiddre Zhiswn in the lefthand
side of Figuré¥. However, when scoring the annotations bytbbabilities of the nor-
malised combined HMM of Figuild 3 we get the probabilitiesvghan the righthand
side of Figurd¥. A very undesirable effect of using the s&addechniques for com-
bining finite automata, combining independent probab#itind normalising to obtain
a probability distribution is that the ordering of annotats can be completely reversed.
This was initially observed for combining an HMM with a slifjhmore complex type
stochastic models known as stochastic context-free gramim{il].

That the ordering of annotations is reversed when not justrdnsition structure
but also the probability distributions are attempted eatidver to the combined model
may not be to much of a concern. If all we wanted to do was moslelfeatures
independently, there wouldn’t be a point in combining thededs in the first place.



3
Figure 3: The HMMs from Figuriel2 with the values of the combineodel normalised
to obtain proper probability distributions.

The standard approach to obtain probabilities for HMMs wirtfiormatics is not based
on theoretical considerations, but rather on estimatingrpaters from existing data —
this is also known as training the HMM, and the data is usualigrred to as training
data. So the important question really is whether we stillugeexpected behaviour of
annotations when parameters of the combined model can secliely.

The aim of this project is to investigate whether the firspsté combining two
models using the standard techniques from finite automatseltf introduces undesir-
able artifacts — whether the mere act of combined modelliaggen capturing actual
independence impossible. As is obvious from the many fadetsitions and states
in Figure[d, combining models does introduce some anomalidether these can be
offset by the freedom we have in choosing parameters is an gpestion. So in a
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Figure 4: Probabilities of the four possible pairs of antiotss of the sequencaa
when multiplying annotation probabilities from the indivial HMMs and when us-
ing the probabilities of the normalised combined HMM of Figu Observe that the
ordering of the annotations is completely reversed.



nutshell the project is to find a pair of HMMs for which therenizs way to parametrise
the combined model such that all sequences have the santingrdétheir possible

annotations in the two individual models and in the combimexdiel, or to prove that
it is always possible to parametrise the combined model pritiper probability distri-

butions in such a way that annotation orderings is presen@deven stronger result
would be to find a pair of HMMs for which there is no way to pararse the combined
model in such a way that all sequences have the same moshearaotation pair in

the combined model as in the two individual models, as we argtlyninterested in the
most probable annotation.

Please note that this project comes with an author’s warriiigre are not really
any simple stepping stones to proceed by — the success ofdfexipessentially de-
pends on being able to discover a crucial insight for segttime key question of the
project.

References

[1] J. Davies. Combining different grammars to make muétiphnotations of a single
sequence. @ Year Dissertation, 2006.

[2] R. Durbin, S. R. Eddy, A. Krogh, and G. MitchisoBiological Sequence Analysis:
Probalistic Models of Proteins and Nucleic Acids. Cambridge University Press,
1998.



