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Introduction

The problem of explaining the rich spectrum of different patterns exhibited by animals has
a long history. In a controversial paper [1] Turing proposed a Reaction-Diffusion (RD)
model to explain at a macroscopic level the process of pattern formation by the occurrence
of what he called a diffusion-driven instability. The simplest and most typical Turing system
consists of two chemical species, usually referred to as activator and inhibitor, reacting in
such a way that their steady state is stable to small perturbations in the absence of diffusion
but, under certain conditions, can be driven unstable in the presence of diffusion. In Turing’s
original model, he assumed that the chemicals reacted with each other in a linear way and
this meant that if the steady state became unstable then the chemical concentrations would
grow exponentially. From a biological point of view, this is clearly unrealistic. A number
of models have been proposed since then, where the chemicals react with each other in a
much more complicated way by means of nonlinear terms. By introducing these nonlinear
terms, it is found that when the uniform steady state is driven unstable it is bounded and
may evolve to a spatially, non-uniform, steady state, i.e. a spatial pattern. It is supposed
that if one of the chemical concentrations goes above or below some threshold value,
usually taken to be the steady state value, then the cells differentiate accordingly and hence
in this way we may observe a spatial pattern. Even though these proposed models have
different chemical motivation and derivation, most of them are capable of generating spatial
patterns. In [2] Maini et a/ classify the different ways in which the models are derived:

(1) phenomenologically, (ii) to model a hypothetical reaction and (iii) empirically. Several
examples include the Gierer-Meinhardt model [3], the Gray-Scott model [4], the Lengyel
and Epstein model [5], the Schnakenberg model [6] and the Thomas model [7]. In this
project we have focused on the Schnakenberg model, which is an example of (ii); it is based
on a cubic autocatalytic process. The main reason we chose this model is because it has the
fewest parameters and therefore the analysis will be the simplest. Even so, as will be seen, a
wide range of patterns are easily generated.

The next stage of this project will be to introduce some evolutionary process in our RD
model by allowing the parameters in the model to evolve. It turns out that this is not too
difficult to accomplish if we assume that our parameters evolve by Brownian motion Once
we have defined our evolutionary model it should, in principle, be possible to construct
a maximum likelihood phylogeny. Here is a schematic illustration of how we intend to
accomplish this:

Observe _ | Associate | dentify - I nfer
patterns Turing patterns parameters phylogeny

Firstly, we need to observe a set of patterns. Rather than looking at real data, we
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will produce the patterns ourselves by simulating our evolutionary model. Then we

shall associate these patterns to specific Turing patterns that our model generates. With
the analysis we intend to carry out on our RD model, we should then be able to iden-

tify the values of the parameters in our model which produce these Turing patterns. By
assuming that our parameters (or characters) have evolved by Brownian motion, we

can then apply existing methods to calculate a maximum likelihood phylogeny. There

is much literature on the estimation of evolutionary trees from quantitative charac-

ters (which can be found, for example, in [8], [9] or [10]) and the key assumption of

all these methods is that each character evolves independently according to Brownian motion.

In chapter one, we examine the Schnakenberg model in detail, and ascertain what
effects the parameters have on pattern selection. Throughout this examination, our analysis
will be verified with numerical simulations, which, in general, play a crucial part in our
understanding of the pattern formation process.

Once the effect of the parameters has been adequately understood, in the next chapter
we seek to develop a stochastic evolutionary model for the evolution of our Turing system
that accounts for evolutionary randomness directly at the phenotypic level. This model will
only apply to the phenotypic level and will make no statement about the underlying genetic
mechanism. Here, we assume that patterns are produced by means of a Turing mechanism.
To achieve evolution between the realized phenotypes (e.g. between spotted patterns and
striped patterns) we will let our parameters evolve in time by simple Brownian motion; as the
parameters vary in this way we will see that transitions are made between different patterns.
In fact, for the sake of simplicity, we will only allow one of our parameters to evolve in this
way. Thus, this chapter will be devoted to how to let the parameters evolve by Brownian
motion in our RD model and to which parameter we should choose to evolve in this way.

With the stochastic dynamics defined on the parameters in this way, this should allow
us to run along the branches of the phylogenetic tree. It is to this phylogenetic tree that we
turn our attention in the concluding chapter. Focusing on the three-species case, we try to
construct a maximum likelihood phylogeny for a given tree topology, supposing that we are
given the patterns at the tips of the tree. This can be achieved by firstly inferring the values
of our parameters from the patterns at the tips, and secondly, assuming that these parameters
have evolved by Brownian motion, by using a restricted maximum likelihood (REML)
estimate. By using an REML estimate, we can obtain estimates for the branch lengths of the
given tree. The REML approach to this type of problem was first introduced by Felsenstein
in [9]. As a final step, we simulate the evolution of one of the parameters in our RD model
and produce a three-species phylogeny. We will then take this phylogeny and try to infer the
branch lengths of the tree (assuming that we know the tree topology).



Chapter 1
Analysis of the Model

1.1 The Model

We begin by giving a brief derivation of our RD model which is based on the hypothetical
Schnakenberg reaction [6]. It is possible to derive the following equations for reaction
diffusion mechanisms (see [11], chapter 9, for such a derivation):

0x

— =f(x)+ DV’x

=) ,

where x is the vector of morphogen concentrations, f represents the reaction kinetics and D
is a diagonal matrix of (positive) diffusion coefficients. Since we are using the Schnakenberg
model, we will only be concerned with two morphogen concentrations, X (r,¢) and Y (r, t),
in which case the system becomes:

%—f = F(X,Y) + DaV?X,
Y
837 = G(X,Y)+ DpV?Y, (1.1)

where F' and G are the nonlinear kinetics. The Schnakenberg reaction, which is
one of the simplest but chemically plausible reactions for two chemical concentrations, is
based on the following reactions:

K

X = A BE:yYy ox+v%sx (1.2)
4

where X and Y are the two chemical species, A and B are another two chemical
species, assumed to be maintained at a constant concentration, and the K s are the rates of
reactions. If we write X* = [X], etc., to denote the concentration of these chemicals then,
using the Law of Mass Action, this leads to the kinetics (on dropping the asterisks):

F(X,Y) =k — ko X + k3X?Y |

G(X,Y) =ky — k3 X%Y , (1.3)

where k1 = K A, ks = Ky, ks = K3 and ks = Ky;B. Before we
go any further, we must nondimensionalise the reaction diffusion equations
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Section 1.2 Linear Stability Analysis

with the reaction kinetics above. Let L be a typical length scale and set

s ks L

X =(3 /20, Y= (3 W2y, t=t* x=Lx"
3 3
ky ks ky k3o Dg L%k,
= 1= b= —2(2)V2 d=22 4= . 1.4

Dropping the asterisks for algebraic convenience, the dimensionless reaction diffusion
system is then
up = y(a — v+ uv) + Vu,

vy = (b — u*v) + dV?v. (1.5)
Which we now also write, for future convenience, as

uy = vf(u,v) + V3u,

v = vg(u,v) + dV3v. (1.6)

where f(u,v) = (a — u + v?v) and g(u,v) = (b — u?v).

1.2 Linear Stability Analysis

For any steady state to be driven unstable in the presence of diffusion, there are certain
conditions which must be satisfied. We now find out what these conditions are; this
discussion follows [11], chapter 14, pp. 380-384. To formulate the problem mathematically
we need to specify initial conditions and boundary conditions. We take these to be given
initial conditions (which will be small perturbations about the steady state) and zero flux
boundary conditions. Therefore the mathematical problem is

upy = vf(u,0) + Vu, v =yg(u,v) + dV>v,

u(r,0),v(r,0) given, (n-V) Cf) =0 for r and B, (1.7)

where 0B is the closed boundary of the domain B in which we are solving the
system, and n is the unit outward normal to 0B. In our case, we are only concerned with two
dimensional patterns on animals. Therefore, we will be working in two space dimensions
and our two dimensional domain will be a square and have a fixed size for simplicity.

In the absence of diffusion any homogenous (positive) steady state must be linearly
stable. It is only in the presence of diffusion that we want this steady state to be driven
unstable. With no diffusion terms, we have

Ut = ’Yf(ua U)a Ut = 'yg(u,v) (18)



Chapter |  Analysis of the Model

It can be derived (again, see [11], chapter 14) that linear stability is guaranteed if

fu+gv <07 fugv_fvgu >07 (19)

where the partial derivatives of f and g here, and from now on, are taken to be evaluated at
the steady state (us, vs).
Now let us find the steady states of our diffusionless system (1.8) by putting
fu,v) =0 =g(u,v). .
a
W) =0=2v=——+ —.
f(u,v) v » + ”

glu,v) =0=v=—.

u2
Therefore,
a 1 b
w2 ou u?’
Hence, the unique steady state is:
b
u:us:aer, 'U:'Uszm. (110)

Thus, it is clear that the linear stability conditions above will put restrictions on the parameter
ranges of a and b. The exact restrictions will be explicitly shown later. We are also only
concerned with positive solutions for the steady states and therefore we have the following

b>0, a+b>0. (1.11)

Firstly, we need to look at the full reaction diffusion system and linearise about the steady
state again. This will give us further conditions on the parameters. Set

U — Us
w = <v—vs>' (1.12)
Then linearising our system about the steady state which is now w = 0, for |w| small, we
get
_ 2 _ fu fv _ 1 0
w; = YAw+DV*w, A= (gu gv) , D= <0 d> . (1.13)

We can solve this system of equations with zero flux boundary conditions by first
defining W (r) to be the time independent solution to the eigenvalue problem

VAW + E*W =0, (n-V)W=0  forrondB, (1.14)

where k is the eigenvalue. In this context, it is a measure of the wave-like pattern and will
therefore be referred to as the wavenumber. There is a discrete set of wavenumbers when
the domain is finite, which ours is. Let W(r) be the eigenfunction corresponding to the
wavenumber k. Because the problem is linear, we can now solve it by writing

w(r,t) = che’\twk(r)7 (1.15)
k

8



Section 1.2 Linear Stability Analysis

where the constants ¢; can be found by a Fourier expansion of the given initial conditions
in terms of W (r). So depending on the sign of the eigenvalue ), the eigenfunctions will
either tend to zero over time, or grow exponentially, implying instability of the steady state.
We now find A and show that it is actually a function of k. To do this we start by substituting
(1.15) into (1.13). Therefore, for each k we have, on cancelling the e terms and using
(1.14), the following:

AW, = yAW,, + DV?*W,,

=~vAW}, — DE*W,,

This is now of the form Bx = Ax, where B = yA — DE? is a matrix, x = W, is
an eigenvector and A is the corresponding eigenvalue. Hence the A are roots of the
characteristic polynomial

|vA — DE? — M| = 0.

If we evaluate this determinant with A and D given from (1.13) we get

A+ AR (L+d) = v(fu+ g0)] + h(E*) =0, (1.16)

h(k?) = dk* — y(df. + go)k* + 7% |A], (1.17)

where |A| = fug9y — fogu. We require Re A(k) > 0 for some k& # 0 for expo-
nential growth in (1.15) and hence for the steady state to now be unstable (note that if £ = 0,
then we would be back to the diffusionless system given by (1.8)). The coefficient of A in
(1.16) is positive since we already have the restriction f,, + g, < 0 from (1.9) for linear sta-
bility when there is no diffusion present. Therefore, it is only possible to have Re A(k) > 0
if h(k?) < 0 for some k. Since d > 0 and we require |A| > 0 from (1.9), the only way that
h(k?) < 0 is if the constant coefficient of A(k?) in (1.17) is negative. Thus, we now have
the additional restriction

dfu +gu > 0. (1.18)

Because f, + g, < 0, this means that f,, and g, must have opposite signs. It also
implies that d # 1, for otherwise it would be impossible to satisfy both inequalities. Re-
membering that d is the ratio of the two diffusion coefficients, this means that D4 # Dpg
and therefore the two chemicals cannot be diffusing at the same speed.

Inequality (1.18) is a necessary condition for h(k?) < 0, but it is not quite enough. For a
sufficient condition we require the discriminant of the quadratic equation given by (1.17) to
be positive so that the minimum of h(k?), for some k, is negative:

[y(dfu + g0))° — 47%d|A] > 0

= (dfu + g0)° > 4d |A| (1.19)

9



Chapter |  Analysis of the Model

This is the final condition for diffusion driven instability. Notice that 4d|A| > 0,

so the last condition encapsulates condition (1.18) as well. When the minimum of h(k?) is
zero, we have a bifurcation of stability and this happens when the discriminant is zero. The
partial derivatives of f and g are functions of the kinetics parameters, and so if they are fixed
we can define a critical diffusion coefficient ratio d. as the appropriate root of

V(defu + g0)]2 — 47%d. |A| = 0
= (defu + 90)* — 4de(fugo — fogu) =0

= d2f2 4 2d.(2fvgu — fugv) + g2 = 0. (1.20)

For d > d, there are values of k for which h(k?) < 0 and hence for which
Re X > 0. Figure 1.1 illustrates this.

—d<dc
—d=dc
—d>dc
=
3 -
go o <0
¥ / \
o
/ \ —d<dc
/ \ ——d=dc
——d>dc
/
(a) (b)

Figure 1.1(a), (b). (a) Plot of Re(\(k?)) using the largest of the eigenvalues from (1.16). We see
that when the diffusion coefficient ratio d passes beyond the critical value d,. there is a range of values
of k for which Re(\) > 0 and hence the steady state can be driven unstable. (b) Plot of h(k?) de-
fined by (1.17). When d > dc there are values of k for which h(k?) < 0.

1.3 An Illustration of Diffusion Driven Instability

Now let us illustrate these diffusion-driven instability conditions and the critical diffusion
coefficient with a concrete example using our system (1.5) with the steady state given by

10



Section 1.3 An Illustration of Diffusion Driven Instability

(1.10). We write the conditions, the kinetics and the steady state again here for the sake of
reference:

fut 9o <0, fugo— fogu >0,  (dfu+g,)* >4d|A], (1.21)
flu,v)=(a—u+ u?v), glu,v) = (b— u2v), (1.22)
u=us=a+b V=105 = b b>0 a+b>0 (1.23)
- s — b - s — (a+b)27 b) M .
Now,
b—a 9 2b 9

— — e —— = — 1.24
fu b a fo=(a+0b)" gu iy (a+b)%, (1.24)

so using (1.21),
futg,<0 = (a+b)3 > (b—a), (1.25)

fugo = fogu >0 = (a+b)? >0, automatically satisfied,  (1.26)
(dfu + g0)* > 4d | A| = [d(b—a) — (a+b)*]* > 4d(a + b)™. (1.27)

Remember that f,, and g, must have opposite signs and since g, is always negative
f. must be positive and hence

b> a. (1.28)
If we choose kinetics parameters as follows,

a=005  b=14,

so that the inequalities (1.23), (1.25) and (1.28) are all satisfied, it only remains to find the
appropriate d so that inequality (1.27) is also satisfied. This can be done via (1.20), which
gives us the value for the critical diffusion coefficient d. = 13.85. For d > 13.85, Re A > 0
and inequality (1.27) is indeed satisfied as one can easily varify. Hence if d > 13.85,
then our values for a, b and d lie inside the so-called Turing space, the domain in (a, b, d)
parameter space within which we can expect to observe diffusion-driven instability (as long
as v is large enough, see section 1.4), as the figures below indicate. The figures below are
from numerical simulations of the full nonlinear RD system (1.7) with our kinetics on a
square domain. The equations were solved on a grid with 30 x 30 sites by a simple Euler
method. A very small time step was used to ensure numerical stability and the calculation
time was taken so that the patterns were stable. The calculations were achieved by using
MATLAB and the actual code which we used can be found in the Appendix. For further
methods on solving partial differential equations numerically, you may refer to [12]. All of
our numerical simulations were carried out in this way.

11



Chapter |  Analysis of the Model

u at t=10 u at t=10

-
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(@) (b)

Figure 1.2(a), (b). Numerical simulations of the full nonlinear reaction diffusion system given

by (1.7) with kinetics (1.22) and with the initial conditions as small perturbations from the steady
state. Both simulations have parameter values @ = 0.05, b = 1.4 and v = 400. (a) d is chosen as
d=d,+ 1= 14.85 so that d > d.. We can see that a spatial pattern forms. (b) d is now chosen as
d = 12.85 so that it is below the critical diffusion value d. = 13.85. Now we see that u settles back
down to the spatially homogenous steady state.

Finding a and b so that inequalities (1.23), (1.25) and (1.28) hold is not difficult.

For example, any b > 1, b > a > 0, will work, since, for this particular choice, (1.23) and
(1.28) are clearly satisfied and (a + b)® > b > (b — a) so (1.25) is satisfied too. There are of
course other choices that can be made. (For different kinetics, it may not be possible to sat-
isfy (1.23), (1.25) and (1.28) so easily). However, different choices will result in drastically
different critical diffusion values,

a=001, b=1 =  d.=6.2
a=05 b=15 =  d,=792
a=1, b=10, =  d.=996.8

and it may, for example, be unreasonable to have the two chemicals diffusing at such
different speeds. It is possible to determine the parameter space where spatial patterns can
be generated for our kinetics analytically, and this has been done (for example, see [11]).
However, the algebra is messy, and in general this is only possible for simple kinetics, such
as ours.

12



Section 1.4 The Range of Unstable Modes

1.4 The Range of Unstable Modes

There remains one parameter that has not yet been discussed, which plays a crucial role in
the pattern formation process: . To see how v comes into the picture, we must return to the
wavenumbers k and the function h(k?) = dk* — y(df, + g,)k* + 72 |A], given by (1.17).
When d is greater than d.., we know from earlier that h(k?) < 0 and hence we can determine
the range of unstable wavenumbers k? < k? < k2 for which h < 0 by calculating the roots
k? and k3 of h = 0. Explicitly,

B = {(dfu + 90) = [(dfu + 0)* — 44| A} } < &2

<A dfu + go) + [(dfu + g0)% — 4d |A| 7} = K2. (1.29)

Therefore
k3 = vA(a,b,d) < k* < yB(a,b,d) = k3, (1.30)

since the partial derivatives are functions only of the kinetics parameters a and b. The effect
of ~y is quite clear now: if we increase or decrease -y, we increase or decrease respectively
the range of possible unstable wavenumbers. Since there is a discrete set of wavenumbers in
a finite domain, (1.30) implies that if a,b, and d are fixed (and lie inside the Turing space)
and +y is sufficiently small, then there may be no wavenumbers &k which lie in this range and
hence no eigenfunctions will be driven unstable. This means that even if the parameters a,b,
and d lie inside the Turing space, it is possible that all the eigenfunctions in (1.15) will tend
to zero exponentially and the steady state will remain stable in the presence of diffusion. On
the other hand, when -y is large enough, several wavenumbers will lie inside the range given
by (1.30) and hence, for large ¢, (1.15) implies that

k2

w(r,t) =Y cxexp[A(K )W (r), (1.31)

k1

since all the other modes tend to zero exponentially. Clearly there will be a fastest growing
mode in this summation for a wavenumber k,, where Re A(k2,) takes the largest possible
value. This wavenumber can be located by first finding the value of k& where Re A(k?)
attains its maximum (or equivalently, where h(k?) attains its minimum), and then finding
the wavenumber k,,, closest to this value of k. Although these eigenfunctions, or spatial
patterns, in (1.31) are linearly unstable and grow exponentially with time, what actually
happens is that these eigenfunctions are eventually bounded by the nonlinear terms in the
reaction diffusion system found in the kinetics, given by the functions f and g. Hence a
steady state spatially non-uniform solution (i.e. a spatial pattern) emerges, as indicated in
figure 1.2. We expect the fastest growing mode to dominate and hence give the realized
spatial pattern but this is not always the case as we shall see below.

We now return to our model and find out what the wavenumbers actually are. We choose
a square domain defined by 0 < x < 1,0 < y < 1 and let B denote the square boundary.

13



Chapter |  Analysis of the Model

So (1.14) is now

VAW + E*W =0, (n-V)YW=0  for(x,y) ondB, (1.32)

and therefore the eigenfunctions are

W(z,y) = Cpmcosnmazcosmny, k2 =n2(n? +m?), (1.33)

where n and m are integers. Now, if n = 0 or m = 0, then we can expect to see a striped
pattern emerge since there will only be spatial variation in one direction. However, if n # 0
and m # 0, then we can expect a spotted pattern to emerge. The problem arises when
is sufficiently large so that both striped and spotted modes lie within the range of unstable
wavenumbers. It is not necessarily the fastest growing mode that dominates, and there is a
battle between the mode selection of stripes versus spots which, in fact, depends on which
parameter values you use from the Turing space. The underlying reasons for this mode
selection process is a complicated one and much research has been done in this field. For a
complete understanding of this process, a full nonlinear analysis is required. The papers by
Ermentrout [13] and by Nagorcka and Mooney [14] indicate that the crucial factor in the
pattern selection process is the type of nonlinearity present. Moreover, it has been shown
that cubic terms favour stripes while quadratic ones favour spots, once the reaction diffusion
equations have been transformed via (1.12) so that the uniform steady state is (0, 0).

1.5 Spots vs Stripes in our Model

In [15] there is an extremely useful figure (figure 1.3), created by numerical simulations,
showing the parameter space of our kinetics for fixed d (d = 20) with the regions where
different patterns are exhibited. ~ was chosen large enough so that many modes can be
driven unstable. Spotted patterns emerge in a large area of the Turing space, as indicated by
the filled circles. In the upper part of the Turing space, striped patterns may be observed,
as indicated by open circles. (In the very narrow region between the upper boundary of
the Turing space and the striped area, reversed spotted patterns emerge, as indicated by the
squares combined with dots, but we will not concern ourselves with this region).

14



Spots vs Stripes in our Model

Section 1.5
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Figure 1.3. Turing space indicating the regions where spots and stripes are formed in our model for

d

20 and v = 10, 000. For an explanation of the different regions refer to the text. This figure is

taken from [15].

To illustrate this the following figures are, once again, of numerical simulations us-

ing parameter values where we can expect to observe these different patterns (based on the

above figure), with v sufficiently large so that several modes lie within the range of unstable
wavenumbers. Again, the calculation time was taken such that the patterns were stable.
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Chapter |  Analysis of the Model

u at t=10 u at t=10

Figure 1.4 (a), (b). Simulations carried out with parameter values a = 0.05, d = 20 and

~ = 600.Depending on the value of b we may observe spotted patterns or striped patterns; as pre-
dicted by figure 1.3. (a) b = 1, so that we lie in the spotted region of the Turing space given by figure
3.1. (b) b = 1.6, so that we now lie in the striped region.

1.6 Mode Selection - Further Analysis

As shown above, while it is reasonably straight forward to produce striped and spotted
patterns from our model by choosing the parameters appropriately, we still do not know
how many stripes or spots we can expect to observe. To understand this, we must return
to the range of unstable wavenumbers given by (1.29) and (1.30), and the wavenumbers
themselves given by (1.33). The following table lists the wavenumbers of the first several
unstable modes in ascending order using K7 ,, = 7%(n* + m?) - of course n and m can be
interchanged.
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Section 1.6 Mode Selection - Further Analysis

K}y |n=1,m=0] 987

K%’l n=1m=1]| 19.74
K3, |n=2m=0| 39.48
K3, |n=2m=1/| 49.35
K3, | n=2m=2| 7896
K2,|n=3m=0| 8883
K3, |n=3m=1] 9870
K2, | n=3m=2] 12830
K2, |n=4,m=0| 15791
K2, |n=4m=1]167.78
K2, | n=3m=3/|177.65
K2, | n=4m=2|197.39
Kisg | n=4,m=3| 246.74
K2, | n=5m=0|246.74

Table 1.1

Clearly (1.30) implies that it is not just -y that affects the range of unstable wavenumbers;
we could affect the range by changing a, b and d as well. Recall that for fixed a and b, we
can find a critical diffusion coefficient d. via (1.20) such that if d > d., Turing instability
occurs. Thus we can choose d = d,. + ¢, where 0 < ¢ << 1 so that h(k?) < 0 for a very
small range of wavenumbers (see figure 1.1) and therefore isolate a single mode. Then, by
using -y, we can position this range of wavenumbers to choose the mode so desired, and
thus force a particular pattern to arise; even forcing a striped pattern to emerge in the region
of the Turing space where typically spotted patterns emerge, and vice versa. For example,
a = 0.05, b = 1.4, gives d. = 13.85. Choosing d = 13.86 and v = 230 gives the range
86.84 < k? < 92.41, thus isolating the mode given by K3, = 88.83, whereas v = 250
gives the range 94.39 < k? < 100.45, which isolates the next mode given by K3 ; = 98.70.
However, choosing d in such a way does have some drawbacks. Firstly, a problem arises
when trying to produce the patterns given by K4 3 and K5 o, which have the same wavenum-
ber but induce different patterns: the former gives spots while the latter gives stripes. In
these cases it would be difficult to forecast which mode would be selected, and we would
have to return to the choice of a and b, look at the Turing space and find out where any bifur-
cations occur. Secondly, the resulting patterns have a very low amplitude, since d is so close
to d., and it would be preferable to produce patterns which are more pronounced.

Now, for fixed d, we know (e.g. from figure 1.3) that the values of a and b are restricted
(for diffusion driven instability to occur), and we can only change them by a relatively small
amount. It can be seen numerically that the allowed changes do not affect the range much;
for a given +y it may be possible to change the range enough to switch between two close by
modes, but that is all. Therefore, to really change the range of unstable wavenumbers by a
significant amount, v must be used.
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Chapter |  Analysis of the Model

If we fix a and b, choose (and fix) an appropriate d > d., we may then use -y to select
the specific mode we want to dominate in the pattern regime. With a = 0.05, b = 1.4 and
d = 13.86, we run into the problems mentioned above plus the additional fact that many
values of 7 result in a range of wavenumbers such that no mode lies within that range and
hence no mode is driven unstable. For example, v = 70 gives the range 26.43 < k? < 28.12,
which is a long way from the two closest modes K ; and K3 o. To reduce the number of
values of v for which no mode is selected, it is simply a matter of choosing d appropriately:
we find that, for a = 0.05 and b = 1.4, choosing d = d. + 1 = 14.85 has the desired effect
for the first few modes. This also avoids using a value of d so close to d., and hence the
patterns will indeed be more pronounced. In fact, in what follows, we will only look at the
first four modes for simplicity and thus we need not concern ourselves with the problem of
mode selection in the case where different patterns have the same wavenumbers, such as
with modes K4 3 and K .

There still remains one more issue with this choice of a, b and d. We find that for
97 < v < 143 (using only integer values for ), mode K>  is no longer isolated and mode
K5 1 becomes available as well. A similar thing happens to mode K> ; when v = 154;
mode K> 5 also becomes available. If we assume that the fastest mode will dominate (see
below), in both cases, then we can find the range of values of v for which we can expect to
observe each pattern using (1.30),

k2 = {(dfu + go) — [(dfu + g0)% — 4d A2} < K2

<A{(dfu + g0) + [(dfu + 90)% — 4d| A7} = k2.

Now A(k?) attains its maximum half way between k? and k2, i.e. at (k? + k2)/2, and
hence whichever mode is closest to the mid-point of k% and k3 will be the fastest growing
mode, and will dominate. From numerical simulations, it turns out that this assumption
that the fastest mode will dominate is actually correct for these simple modes. It appears
that the interaction caused by the nonlinearities is much more complex with the higher
modes than when only the simpler modes are linearly unstable. As we are only dealing
with the first four modes, we need not worry about bifurcation diagrams such as figure 1.3;
as long as a and b lie inside the Turing space, for a fixed d, we can predict which patterns
will be produced as v changes. The table below shows the ranges of « (again, using only
integer values), where we can expect to see the different patterns obtained from the first four
modes, as observed from numerical simulations and as predicted by linear theory, assuming
that the fastest mode dominates. Figure 1.4 shows the patterns (obtained from numerical
simulations) corresponding to these first four modes. It should be mentioned that the patterns
are not unique in the sense that they may have a different orientation or polarity. The exact
orientation and polarity of the patterns depends on the initial conditions.
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Mode Selected

Predicted by Linear Theory

From Numerical Simulations

no mode
Kip

no mode
Kiq

no mode
Ksp
Ko

1<y<19

20 <y <35

36 <y <38
<yl
72 <y <76
T <y <112
113 < v < 162

Table 1.2
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Chapter 2
Stochastic Dynamics

2.1 Understanding the Model

Now that we understand the effects that the parameters have on the pattern selection process,
we turn our attention to developing a stochastic evolutionary model of our Turing model
that accounts for evolutionary randomness. Here we make the assumption that patterns are
created by means of a Turing mechanism - our Turing mechanism. Morphogenesis is a
complex dynamic process and there are, of course, many levels of the patterning process,
each with its own dynamics. We do not attempt to model the dynamics of the underlying
random genetic mutations; our dynamics will only apply to the phenotypic level. Put most
simplistically, random mutations will result in a change in our parameters which, in turn, can
result in transitions between different phenotypes, i.e. different patterns, as has been seen in
the previous chapter. Therefore, we seek to model the dynamics at the phenotypic level by
the evolution of our parameters in our Turing system, to account for the transitions between
different patterns that can, for example, be observed in the real world. We accomplish this
by allowing the parameters to evolve by a stochastic process in the way described in the
following section. In fact, to keep things as straightforward as possible in chapter three, we
wish to choose only one of the parameters to evolve in this way.

2.2 How Do We Implement Stochasticity?

As an illustration, let’s consider fixing d (d = 20) and -y (with ~ large) so that the transition
between spots and stripes can be made quite easily by letting a and b explore the Turing
space (see figure 1.3). Or, easier still, by fixing a as well and just allowing b to vary. If we
fix a = 0.05, d = 20 and v = 600, numerical simulations show that b = 1.41 produces a
spotted pattern while b = 1.42 produces a striped pattern and hence there is a bifurcation at
around b = 1.41. In dimensional terms we have from (1.4)

ks L

ko
X = (22, v = V2 t=_——t* z=Lz",
) ) -
ki ks ki ks 1) Dp L%k,
@ k’g(kg) kg(l{ig) ’ DA’ 7 DA’ ( )

and hence a variation in the rate of reaction k4 will result in a variation of the dimensionless
parameter b, whilst all other parameters remain unchanged. By using this feature we can
develop a stochastic model of the evolution of our RD model which accounts for evolutionary
randomness and allows transitions across the Turing space, from spotted regions to striped
ones. For the sake of simplicity, suppose that we keep all the parameters fixed except b, and
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Chapter 2 Stochastic Dynamics

let b evolve in time by simple Brownian motion b = b(T") = by + =(T") where by is the
initial value of b at T = 0 and =(T") is a random variable, normally distributed, with zero
mean and delta correlation in time, (i.e. we assume that the noise is white). The time scale
on which b evolves is much greater than the time scale on which the pattern evolves: we
assume that the generated pattern is set out in the early stages of embryonic development,
whereas it is only down the generations of a particular species that different patterns may
be induced by changes in b. Therefore, it is logical to let the changes in b be discrete and
write by = by + x where by and x are as above, and so the successive values by represent
values of b at successive generations. Then for each value by, we evaluate the RD system
and find out what pattern is induced at that generation. In this case, however, we already
know when a spotted or striped pattern will arise as b changes, since we know that there
is a bifurcation at b =~ 1.41. Therefore, by suitably choosing by and the standard deviation
of x, we can generate a sequence of values by such that we will obtain a spotted pattern
for several generations, followed by a striped pattern for several generations, etc. This also
includes the possibility that bp lies outside the Turing space for several generations and
hence no patterns arise. The following table gives a list of values br (to 2 decimal places)
generated by numerical methods (by MATLAB) using by = 1.50 and = with mean zero
and standard deviation 0.05, demonstrating how it is possible to make a transition between
different patterns. Of course it is possible, for example, that if by = 1 and « has a very low
standard deviation, then it would take a long time for b to pass beyond the bifurcation point
b ~ 1.41 and hence it would take a very long time for a transition to be made from spots to
stripes.

bo = 1.50
by=149 | by =145
by =1.49 | byo =1.40
by = 1.51 | by = 1.41
by =1.48 | by = 1.37
bs = 1.47 | bys = 1.40
be = 1.45 | by = 1.43
by =1.45 | by = 1.42
bs = 1.52 | bys = 1.32
bo = 1.49 | byo = 1.32
bio = 1.43 | by = 1.40

Table 2.1

2.3 Choosing which Parameter to Evolve

We can see that by fixing d and v, as above, and by either fixing a and letting b vary or by
fixing b and letting a vary, a transition can easily be made from spots to stripes. However, as
has been noted in section 1.6, we do not know how many spots or stripes would be present
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Section 2.3  Choosing which Parameter to Evolve

if we chose to do this, and this information is actually essential to our problem in chapter
three. As is probably clear from our analysis in section 1.6, it is -y that we choose to evolve.
We can see from (2.1) that a change in y results from a change in L, ks or D 4, but that
only a change in L will leave the other parameters unchanged. Therefore, it makes sense to
interpret a change in v as a change in the domain size L.

Now if we fix a = 0.05,b = 1.4and d = d. + 1 = 14.85, as we did earlier in section
1.6, then we know precisely which values of  give rise to the patterns given in figure 1.4
by using table 1.2. It will be clear in section 3.1 that this is exactly what we need to know.
It should be noted that although this choice of a, b and d is more or less arbitrary, since this
model is based on a hypothetical reaction, we may well choose the parameter values in order
to simplify matters. Thus, we will assume that a, b and d are fixed as above, and that only ~y
evolves by Brownian motion in the way discussed earlier. By choosing ~y,, and the standard
deviation of x appropriately, as v evolves over time we can expect different patterns to be
observed corresponding to the first four modes, shown in figure 1.4.
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Chapter 3
Constructing a Maximum Likeli-
hood Phylogeny

3.1 The Problem

By letting « evolve in our RD model according to a Brownian motion process, we can
expect a phylogenetic tree to be formed where different patterns are produced at the tips
corresponding to different values of +. In this chapter, we will only focus on the simple
patterns given by figure 1.4. Now, supposing that we are just given these patterns (from
figure 1.4) with no knowledge of how they were produced, we would like to construct

a maximum likelihood phylogeny for these patterns. This can be done by using the the
following strategy. Given the patterns, we assume that they were generated from our Turing
mechanism. Furthermore, we assume that it is «y that has evolved in a random way (and
hence is responsible for the resultant phylogeny), by the process of Brownian motion, whilst
all other parameters remain fixed. The next step is to identify these patterns with our Turing
patterns by referring to figure 1.4. We will then be able to infer the values of v from which
the patterns are formed by using table 1.2. Once we have inferred the values of y at the
tips of the tree, we can construct a maximum likelihood phylogeny by using the REML
approach, which is based on v evolving by Brownian motion. It is to this inference problem
that we devote the remaining sections.

3.2 Maximum Likelihoods and the REML Approach

Now, let us consider the evolution of « by Brownian motion. Each displacement of
7 is independent with mean zero and variance o2, and the variance of each individual
displacement is the same regardless of what the value of 7 is. The net displacement is the
sum of the individual steps, and the total variance is the variance of this sum. This, in turn,
is equal to the sum of the individual variances since the individual steps are independent.
Therefore, if 02 is the variance that accumulates per unit time, then the variance of the net
displacement after time ¢ will be o>t. If the total displacement of ~ along a branch is the
sum of a large number of independent quantities then this means that the total displacement
is, in fact, normally distributed. Therefore, we know that the total displacement along a
branch of length ¢ is taken from a normal distribution with mean zero and variance o%¢,
and furthermore, since the small steps along different branches are all independent, the
displacements in different branches of a tree are independent.

By assuming that the character v evolves by Brownian motion, we can calculate the
likelihood for any given tree quite easily since the changes in each branch are independent
and normally distributed. We will focus on the three-species case and use the restricted
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Section 3.2 Maximum Likelihoods and the REML Approach

maximum likelihood (REML) as explained by Felsenstein in [16] for a three-species model
with multiple characters. By using the REML approach we can find maximum likelihood
estimates for the branch lengths but not for the root node or any interior nodes. We now
go through the details of the method for the simple case where we only have one character,
namely ~. Figure 3.1 shows a three-species evolutionary tree with the root node (0), and the
interior node - or branch point - (4), labelled as well. The v; next to each branch of the tree
is the amount of variance (i.e. 02t) expected to accumulate during evolution along that part
of the tree (we refer to the v}s as branch lengths).

Figure 3.1. A three-species tree that has resulted from the evolution of the character . For an expla-
nation of the notation, refer to the text.

The first thing we need to examine is the joint distribution of 7, ¥4, 75 and v, given .
Now the values of v, v, and 75 are

Y1 = (v1 = 74) + (V4 —Y0) +70s

Y2 = (72 = 74) + (Y4 — Y0) + V05
Y3 = (Y3 — Y0) + Vo

So 7, is the sum of three terms, the first two of which are normally distributed

with mean zero and variances v and vy. Therefore, v, is normally distributed with mean
7o and variance v, + v4. Similarly, 7, is normally distributed with mean ~y, and variance
v2 + v4, and 5 is simply normally distributed with mean ~y, and variance vs3. Now ~; and
75 have a covariance due to their common term (v, — 7y,), which will be the variance of
this common term, namely v4. The covariance of vy, with ~; is clearly zero, as is the co-
variance of v, with 5. Thus, the three observed values for v, v, and 5 are expected to
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Chapter 3  Constructing a Maximum Likelihood Phylogeny

be multivariate normally distributed with means zero and with variances and covariances as
mentioned above - i.e. the covariance matrix is

V1 + Vg Vg 0
on vot+uvg O
0 0 U3

Now, to calculate likelihoods, the REML approach says that we should look at the
differences between the ;s and by doing this, we find that the calculation is greatly
simplified. The difference v; — v, has mean zero and variance given by

Var[y; — o] = Var[y;] + Var[ys] — 2Cov[vy,7,]
= (v1 + U4) + (112 + v4) — 20y

= V1 + Vg

To simplify the calculation of the likelihood, our next strategy is to compute a

weighted average of v in the two tips such that this average is independent of v; — 5. By
doing this, we can effectively split the tree into two independent trees, since -4 is indepen-
dent of v; — v, as well. We can then calculate the likelihoods of the two trees independently
and multiply them together to obtain the likelihood of our original tree. Suppose that the
weighted average is fy; + (1 — f)7,. We want the covariance of this average with v; — v,
to be zero:

Cov[fyr + (1= f)v2, 71— 72

= fCov[yy, 11] = (1 = f)Cov[yg, Yo + (1 = 2f)Cov[vy, 2]

= fVarly;] = (1 = f)Var[ys] + (1 = 2f)Cov[yq, 7]

= f(v1 +va) = (1= f)(v2 +v4) + (1 = 2f)vs

= for = (1= fo
If this is to be equal to zero, then we require that

f(’l)l +’02) — V2 :O
:>f:112/(’U1 +U2)
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Section 3.2 Maximum Likelihoods and the REML Approach

Hence, the weighted average of 7y is

V21 + V179
V1 + V2

Vi= 3.1

where we treat v/, as the value of y at the interior node 4 in the sense that it is inferred from
its descendants. This value /) has zero covariance with v; — 7, and also has zero covariance
with 7y, since

Covlvy, v3) = Cov[fyy + (1 = f)va, 73l

= fCovlyy,73] + (1 = f)Covlyy, 73]

=0.
Hence, the three values (7; — 7o, 74, ¥3) are independently normally distributed
with means (0, 7, 7). For an REML estimate, we can ignore the values ) and 5 and use
only their difference v, — -3, which is normally distributed with mean zero and variance

equal to vs + Var[vy}]. We may calculate Var[v}] using (3.1) and it turns out that

Var[yy] = vy = vs + v1va/(v1 + v2). (3.2)

Hence 7}, — 5 has variance v3 + v4 + v1v2/(v1 + v2).

Figure 3.2. Using the pruning method we can effectively split our three-species tree in figure 3.1 into
two independent trees. These two trees, when taken together, have the same restricted likelihood as the
tree in figure 3.1. 7/ and v)) are defined in the text.
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Chapter 3  Constructing a Maximum Likelihood Phylogeny

This process whereby nodes 1 and 2 are effectively replaced by the fictional value +/ is
known as "pruning" the tree and is an idea that was first introduced by Felsenstein in [9].
Thus, when making an REML estimate, the likelihood of the tree in figure 3.1 is exactly
the same as the product of the likelihoods of the two trees in figure 3.2. This method can
quite easily be extended to a situation where many species are involved (see [16]). Now, the
likelihoods of the two trees in figure 3.2 are

— 1 (71 — "/2)2
e o= s e (T (33)
and
Ly = 1 (V4 —73)? L (G4

[2(vs + va +v1v2/(v1 + v2))]1/2 Pl 2(v3 + vg + v1v2/ (V1 + v2))

since y; — 74 and ), — 75 are both normally distributed, both with mean zero and
variance v, + vg and vz 4 v4 + v1ve/(v1 + vo) respectively. Therefore, the likelihood

L = Ly L, only depends on v3 and v, through their sum v5 = v3 + v4. This means that we
cannot find a maximum likelihood for each of these branch lengths individually, but only
for their sum. It also means that as far as REML estimation is concerned, the tree in figure
3.3 is exactly the same as the tree in figure 3.1, in that they both have the same restricted
likelihood. Hence, we may assume that we are in the case of figure 3.3, and find maximum
likelihood estimates for 01, U2 and ¥3 (dropping the asterisk on vs3).

95

Va=VsatVv,

g

i)

Figure 3.3. This tree has exactly the same restricted likelihood as the tree in figure 3.1.
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3.3 Finding the Exact Maximum Likelihood Estimates for the
Three-Species Case

By applying the pruning process to the tree of figure 3.3 we get the likelihood L = L1 Lo
where L, and Ly are defined by (3.3) and (3.4) with v; = vs + v4. On dropping the asterisk
on v and using (3.1) we get

1 (71— 72)°
L= exp[- L2
[27 (v1 + vg)]1/2 *p| 2(v1 + v2)
U291 T V172 _ ]2
1 . 7
exp|— 102 ] (3.5

27 (v3 + v1va/ (v1 + v2))] /2 2[vz + v1v2/(v1 4+ va)]

Which has log-likelihood

I 1 1 1 ( 1 )2)2
. 2 Il( ) 2 H(U1 UQ) 2 (7}1 + ’Uz)

V271 + V172 B ]2
1 V1 + V2 3
2 [1]3 + ’Ul’Ug/(Ul + ’1}2)]

1 1
75 111(27T) — 5 111[’[)3 + ’Ulvg/(’l)l + UQ)] —
This expression can be simplified by

In(vy + v2) + Infvs + v1v2/(v1 + v2)] = In(vivs + v1v3 + Vav3),

and by
V271 +U172 - ]2
(71 — 72)2 V1 + U2 3
(v1 +v2)  [vs +vrve/(v1 + v2)]
VoYq + V1Y
v3(71 = 72)? + [o1va/ (V1 + )] (7 = 72)? + (01 + V) [T — 5]
_ V1 + V2
V102 + V1U3 + V23
Now, we can continue to simplify the numerator as follows:
U271 + U1y
v3(71 = 72)® 4 [orva/ (01 + 02)] (71 = 72)" + (1 + Uz)[ﬁ — 73]
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(vay; + v175)?

2

=v3(y; —72)° P, (71 —72)* + v1 + vg —273(v2yy Fv179) + (V1 +v2) A3
2.2 | 2.2

2 VU2 . o oy | V37T H Vi3 2 2

=v3(y; —72)" + vt v (v —72)+ Toitue 2027173 — 2017273 + V1A + V273

)2 + 0271 (v1 + v2) n v175(v1 + v2)

— 2v —2v + v A2 4 w9 A2
o1 + v o1+ 0 27173 17273 113 213

= v3(7; — 72

=v3(7, —72)% +va(y1 — v3)> + v1(72 — ¥s)°

Using these simplifications we see that the log-likelihood is
1
InL =—In(27) — 3 In(v1vg + vivs + vav3)

Cu3(r = 72)? F v = 73)* H (v —7s)?

3.6
2(1}1’02 + V1U3 —+ ’U2’03) ( )
For convenience we write this as
1 S
InL=—-—In2r) — =InT — — .
n n(2m) 5 In 5T 3.7
where
S =w3(71 —72)* +v2(1 — 75)° + v1(v2 — 75)%
T = v1vg + v1v3 + VoU3.
Now to maximize the likelihood we can differentiate this log-likelihood with re-
spect to the branch lengths and put all these derivatives equal to zero:
OInL  (va+ws) (v2—73)°  S(v2+ws)
o 2T o7 T a2 (38)
OlnL  (vy+wvs) (vp—73)?  S(vi+ws)
ovy 2T o7 T apr (39)
OlnL (v1+wv2) (77 —79)% . S(vi+wv2)
=— — =0 3.10
Ovs 2T 2T + 2772 (3-10)
If we multiply the first equation by 27"/ (vs + v3) we get
(2 —78)* | S
11— +Z2 -0 3.11
(1}2 + ’Ug) T ( )
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Similarly, for the other two equations we get

(=73 S
e +—==0 3.12
(1 tvs) | T (3.12)
(1—7)* | S
—1- +==0 3.13
('Ul —+ ’UQ) T ( )
Also if we calculate the sum v1(3.8) + v2(3.9) + v3(3.10), we find that
S S
122
2T * T 0
S
2 _9
= T s
and hence (3.11)-(3.13) can be written as
vy +v3 = (72 — 73)° (3.14)
v14vs = (71 —73)° (3.15)
(3.16)

v+ vz = (7, — 72)%

From which we can now easily obtain the following maximum likelihood estimates

@1’ 7./)2 and ’lA)gl

0 = %[(71 — )2+ (11 —73)% — (2 — 13)?]
By = %[(71 —72)% + (72 —73)* — (71 —73)°]
b5 = 5[ = 70)? + (72 = 0 = (1 = 12)7)

which can be written slightly more simply as

01 = (1 —72) (71 — 73) (3.17)
02 = (v2 = 71) (72 — 73) (3.18)
(3.19)

o3 = (71— 73) (72 — 73)-
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3.4 Applying an REML Estimate to Our Model for a Three-Species Tree

3.4.1 Simulating the Phylogeny

In this concluding section, we create a three-species tree - using sensible values for v,

and the v/s - which has the same topology as the tree in figure 3.1 by letting v evolve by
Brownian motion. Referring to table 1.2 (using the ranges from the numerical simulations),
we then note which patterns will be produced at the tips. We then work backwards, and try
to infer the v}s which maximize the likelihood of that particular tree by using an REML
estimate. Of course, this means that we cannot estimate v3 and v4 individually but only their
sum.

First of all, let us take v, = 118, i.e. the value of v where there is a bifurcation between
modes K5 and K. Now we want to choose the v} s such that it is highly probable that - will
still lie within one of the ranges given in table 2.3 after it had evolved. By using computer
software such as MATLAB, we find that taking v3 and v, as 302 and 402 are sensible enough
choices. So we simulate the evolution of 7y, along the first two branches with v ~ N (0, 30%)
(where v ~ N(u, 0%) means that +y is normally distributed with mean y and variance o2),
and v ~ N(0,40?) and obtain the two values 130 and 77 for 7. It makes sense to assign
v3 = 130 and v, = 77, on figure 3.1, since we expect that a branching will be more likely
to occur at v, = 77, given the ranges where the different patterns occur in table 2.3. Now
we let v, = 77 evolve along the next two branches with suitable choices for v; and vs.
Simulating this evolution with v ~ N(0,5?) and v ~ N (0, 15?), we obtain the values 81
and 62 for +, and assign v; = 62 and v, = 81 just so that ,, v, and 5 are in ascending
order with y; = 62, 75 = 81 and ~y3 = 130. Therefore, at the tips we observe the patterns
given by y; = 62, 7, = 81 and y3 = 130 which are, respectively, the patterns obtained from
modes K9, K3 and K4 (refer to figure 2.1 for these patterns).

3.4.2 Inferring the Phylogeny

By assuming that we know the tree topology and have been given these patterns at the tips,
we can infer the branch lengths via an REML estimate as follows. Given one of the patterns
from figure 1.4, we know, from table 1.2, that there is a distinct range of possible values of
~ that could give rise to that pattern. We can, therefore, infer the values of v by using table
1.2. However, to use an REML estimate, we must work with discrete values. We could take
any value of v from the possible range of values, and any value we take would be perfectly
reasonable. Since we need to make a choice, we will simply assume that y takes the value at
the mid-point of the particular range of values that are possible.

If we apply this to our patterns given by modes K, K3 and K4, we obtain y; = 56, v5 =
98 and y5 = 142. Using (3.17)-(3.19) we have the following maximum likelihood estimates
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Section 3.4  Applying an REML Estimate to Our Model for a Three-Species Tree

By = 3612
By = —1848
b3 = 3784,

where 05 = 03 + 04. Clearly, negative values are not desirable, as they make no
biological sense, and therefore we impose the constraint that each ©; > 0. Putting v, = 0,
we now return to equations (3.17)-(3.19) to get the maximum likelihood estimates for 9; and
03 . If D = 0, then (3.18) implies that

Y5 — 71Y2 — V23 + 7173 =0
= 7173 = 1172 + V273 — V3.

Putting this into equations (3.17) and (3.19), we get

O = (72 — 71)2

Hence, for our values of v we obtain the estimates

0y = 422
92 =0
03 = 442,

It is clear that these estimates are quite different to the actual values. Of course

one of the main reasons for this is because we have assumed that given a pattern, there is
only one  which corresponds to it, whereas in reality we know that there is a wide range
of values that are permissible. However, another concern is the estimate 9o = 0. Having
05 = 0 essentially means that to maximize the likelihood of our tree, we must take v, as the
phenotype of node 4 on figure 3.1, which implies that the phenotype y; is a direct descen-
dent of the phenotype 5. This is not what we were looking for, but in actual fact, this was
inevitable since we were only using one character to infer the branch lengths. This becomes
apparent if we look back at equations (3.17)-(3.19). Suppose that the -y, are all distinct and
that, without loss of generality, (7; — 75) > 0. To make sure that 9; > 0, (3.17) forces
(71 —3) > 0. (3.19) in turn forces (5 — v5) > 0 to keep 05 > 0, but now we can see from
(3.18) that we cannot maintain v > 0 since we already have the conditions (y; — 75) > 0
and (5 — 7v3) > 0. Hence, one of the 9}s will always be negative. However, if multiple
characters are used to infer the phylogeny, then this is not necessarily the case. When p
characters are used, say, then it can be derived (see [16]) that
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Chapter 3  Constructing a Maximum Likelihood Phylogeny

0= (w1j = 22 (w1 — 35)/p (3.20)
J

On =) (w2 — w15) (w2 — w35)/p (3.21)
J

0y = ) (w35 — wy) (@) — 22)/p, (3.22)

J
where z;; is the value of character j in species 7. Clearly the more characters that
are used, the more reliable our maximum likelihood estimates will be. For our particular
model this means letting our other parameters a, b and d evolve by Brownian motion, too.
We would also have to try and construct a table similar to that of table 2.3, which involves
all the parameters and not just . Although this may be difficult - we have seen the subtle ef-
fects of changing the parameters in the earlier chapters - in principle it should be possible, at
least by using numerical methods if not analytical ones.
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Concluding Remarks

We have shown that it is actually possible to make a maximum likelihood inference of
phylogenies (for the three-species case), the phylogenies of which represent the evolution of
RD patterns - via the evolution of the parameters by Brownian motion - by using the REML
approach. Although starting off with a simple model is extremely revealing, in order for this
inference procedure to have any real biological meaning, we should use reaction kinetics
which are empirically based instead. In this way, we could find out the actual ranges of
values for the kinetics parameters and the ratio of diffusion coefficients, rather than just
choosing values more or less arbitrarily to make the analysis as simple as possible. We
should then analyse this more realistic model in the same way we analysed our model,
discussed above. In doing do, we should not restrict ourselves to the patterns produced only
by the simple modes, but also consider the richer patterns produced by the more complex
modes. Next, we should use this more realistic model and allow for several of the parameters
to evolve by Brownian motion in such a way that a phylogeny consisting of these richer
patterns can be realised. It should then be possible to look at real data, which generally
consists of these richer patterns (rather than simulated data used in this study), and apply an
REML estimate to this real data in the same way described in this report.

When applying an REML estimate to this data, we know that the estimate will be much
more accurate when several characters are utilized. Therefore, in the evolutionary RD
model, we should allow as many of the paramaters to evolve as possible so that when it
comes to the inference problem, we can treat each of these parameters as a character in the
REML estimate. Finally, it is important to remember that the REML estimate that we have
employed requires us to know the tree topology in advance, which we may or may not be
able to infer from other data. It also assumes that the character states are discrete, and uses
discrete values to obtain the maximum likelihood estimates. However, we have seen that the
character states are actually continuous and therefore other methods may be more suitable to
obtain the estimates being sought. (For further discussion on making maximum likelihood
inferences of phylogenies when continuous characters evolve by Brownian motion see [17]).
In principle, then, it should be possible to obtain a reasonably accurate maximum likelihood
phylogeny which refers to real data by using the methods described in this project, and by
implementing the suggestions outlined above.
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Appendix A
MATLAB Code

To solve the Reaction-Diffusion Equations, given by (1.7), with reaction kinetics given by
(1.22), numerically, we used MATLAB. A simple Euler method was implemented by using
the following code.

function [|=RDzeroflux(N,a,b,d,gamma)

% defining the mesh

N =30;

h=1/N; % step size in x and y

x = h*(0:N); % x coordinates of grid

y = h*(0:N); % y coordinates of grid

[xx,yy] = meshgrid(x,y); % 2D x and y mesh coordinates
dt=.01¥h"2; % time step - usually small

% parameter values

a=.05;
b=1.4;
d=14.85;
gamma = 400;

% Initial data at t=0:

us = (atb); % u steady state
vs = b/us"2; % v steady state
u = (a+b)*ones(size(xx)); % u steady state
v = (b./u2); % v steady state
u=u+.l*randn(size(xx)); % add small perturbations about the steady state
v =v + .1*randn(size(xx)); % add small perturbations about the steady state

% Time-stepping:

t=0;
tmax = 10;
nsteps = round(tmax/dt); % number of time steps
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for n = 1:nsteps % main time-stepping loop

t = t+dt;

uE =u(;,[2:N+1 N]);
uW =u(;,[2 1:N]);
uN =u([2 :N],:);
uS =u([2:N+1 N1,:);
VE = v(;,[2:N+1 N]);
vW =v(;,[2 1:N]);
vN =v([2 1:N],:);
vS =v([2:N+1 N1],:);

% finite difference formula

u2v =u2.*v;

u=u+ gamma*dt*(a - u + u2v) + dt*(uEtuW+uN-+uS-4*u)/h"2;
v =v + gamma*dt*(b - u2v) + d*dt*(VE+vW+vN+vS-4*v)/h"2;
end

% plot solution:

colormap(’gray’)

surf(x,y,u)

title([’u at t = > num2str(t)],”fontsize’,16)

zlim([0 4])
shg
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