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B.5 Financial models

1. (a)

We want to simulate from f(z) = A 1Ce ™Moz Y=1 1 > 1. Take h(z) =
ve~"@=1) 2 > 1. Then we can use the rejection method if there is ¢ > 0 such
that h(z) > cf(z), so we calculate
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For v > M, the ratio decreases to zero as x — oco. For 0 < v < M, the

function
h(z) — Aye? P (M=)
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is increasing on (1, 00), so the minimum is attained at x = 1. We obtain
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and this is maximised for v = M. The number of trials is geometric with
parameter ¢(M), so the expected number of trials is 1/c¢(M).

Let A(a,b) = f g(x)dx. For an interval (a,b], we can use h(z) = 1/(b—a) to
simulate from flx) = )\(a, b)Ce Megp=Y=1 g < 2 < b. Since f is decreasing,
we obtain h(x) > cf(z) fo
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To simulate a CGMY process, select 1 = a1 > ... > ap = €. Simulate a

compound Poisson process P() according to (a) and compensated compound
Poisson processes PY) according to (b) applied to (a,b) = (a;,a;11), 1 < j < k.
Similarly, simulate N© according to (a) NV according to (b) with M replaced
by GG. Then
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is an approximation of X with jumps of sizes smaller than € thrown away.
This is bookwork.

Wo = To+ Uy + Vo, Wi(w1) = Toe® + UgBy" + Vo Oy, Wi(wa) = Toe® +UpBy® +
VoCdown Wy (w3) = Toe® + Up BEv™ + VO and Wi (wy) = Toed + Uy Bovm +
‘/OCiiown.
By general reasoning, there is arbitrage if one asset is uniformly better than
another asset. In particular:
o If By(w;) < Ay, then (1, —1,0) is an arbitrage portfolio, since Wy = 0 and
W1 Z 0 with Wl(u}3) = Wl(w4) > 0.
o If A) < Bj(wy), then (—1,1,0) is an arbitrage portfolio, since Wy = 0 and
Wy >0 with Wl(wl) = Wl(CUQ) > 0.
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e Similarly (1,0, —1) or (—1,0, 1) are arbitrage portfolios if C}(w;) < A; or
Al S Cl (w4).
These can also be deduced from the standard two-asset binary model (A, B) or
(A,C). Now let Bi® > A; > Bf"n and C}* > A; > Cd". Since the model
(A, B) has no arbitrage, there is no arbitrage portfolio of the form (7g, Uy, 0).
Assume that (7o, Uy, 1) is an arbitrage portfolio. Then 0 = Wy =Ty + Uy + 1,
Wl(wl) > Wl(WQ) Z 0 and Wl(u)g) > Wl(W4) Z 0.
o If Uy > 0, then we have 0 < Wi(wy) = T1A; + UpBL"™ + Ciovn <
(Ty + Uy + 1)A; = 0, which is a contradiction.
o If Uo S O, then we have 0 S Wl(u)g) = T1A1 + U()Bilp + C?OWH < (Tl +
Up + 1)A; = 0, which is a contradiction.
Similarly, now assume that (Tp, Uy, —1) is an arbitrage portfolio, then 0 =
Wo=To+ Uy — 1, Wl((UQ) > Wl(wl) >0 and Wl((U4) > Wl(CU3) > 0.
o If Uy > 0, then we have 0 < Wy(w3) = Ty Ay + U B — C1P < (T +
Uy — 1)A; = 0, which is a contradiction.
o If Uy <0, then we have 0 < Wi(w,) = T1 Ay + Uy B;* — C{* < (T1 + Uy +
1)A; = 0, which is a contradiction.
So there is no arbitrage portfolio.

The contingent claim Wi(w;) = 1, Wi(ws) = Wi(ws) = Wi(wy) = 0 cannot be
hedged, since we would require

0 = ThAi + UpB® + VO
— TOAI 4 UOBiiown + ‘/OCiiown — TOAI 4 UOBiiown + ‘/E]Cilpu
for wo, w3, wy, and these imply Ty, = Uy = Vy = 0, but then the fourth equation
1= TOAl + U()Bilp + VE)CTP fails.

Since the contingent claim does not change as ) varies, we should consider
portfolios of the form (7, Uy, 0). Since the model (A, B) with scenarios “up”

and “down” is complete, the contingent claim W (up) = Wi(w;), Wi(up) =
Wi (ws) can be hedged. Specifically,

Wl (up) = T(]Al + U()Bilp and Wl (dOWl’l) = T(]Al + U(]Biiown
has solution

Wi (down) B — W, (up) Bdown Wi (up) — Wi (down)

0 Al(Bilp _ Biiown) an 0 Bilp _ Biiown ’
and so we read off from
. Al _ B(liown __ Bilp _ Al __
Wo=1To+ Uy = W Wi (d 1
0 0 + 0 Al (Bilp _ Biiown) 1(U.p) + Al(Bilp _ B?own) 1( OWII) ( )
that
A — Bdown
g =P(By = B{*) = ———— € (0,1).

T pup down
Bl - Bl
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The martingale property is equation (1) for the contingent claim W;(down) =
Bfovn and W, (up) = B}®. The martingale probability gz is unique and does
not depend on Wj.

By symmetry, contingent claims of the form Wj(w;) = Wi(ws), Wi(ws) =
Wi (w4) can be hedged and priced as e °E(W;), where

Y A — Cdown
g =PC, =C") = W € (0,1).
1 1

The process e %C,, t = 0,1, is a martingale under these probabilities.

In order for both e™%B, and e %C, to be martingales, we need
gp =P(B1 = B\",Cy = C{") + P(B; = B|”,C}y = C{™) = p1 + ps
and
go = P(B1 = B)*,Cy = C\*) + P(By = B{™™, B1 = B{™™") = p1 + 3.
Together with p; + ps + p3 + ps = 1, we have three equations (of rank three)
for four unknowns, so there is a one-dimensional solution space.

The range of arbitrage-free prices Wy = e~°p; depends on g and g as follows.

o If gg + qc < 1, then p; can be arbitrarily close to zero, and then W, will
be arbitrarily close to zero.

o If gg+qc > 1, then gg+qc = 2p1+p2+ps < p1+1andsop; > qgp+qc—1
and so Wy > 6_5(613 +qc—1).

e Clearly p; < min{gg, qc} and so Wy < e~ min{qp, qc}.

So we get W, € (max{0, ¢z + qc — 1}, min{gg, gc}). Note that this range is
always non-empty.

The direct proof is to calculate the moment generating function of XZ-(E)

E(e1) = oo 4 I (1 - e3) = e (1 (1 — e ) (¢ — 1))

and to see

Y [t/e]
E(e’ys[(:/)g]) _ e—'y,us[t/e} (1 + [t/E](l —€ 8)(67 — 1)) _ e—fyuteA(e'Y—l)t
[£/€]
which we recognise as being the moment generating function of X; = N, — ut.

This is a special case of the n-step generalisation of the two-asset model (A, S)

on two scenarios. Since Ay = Sy = 1, we have no arbitrage if and only if
Sfown) < A; < S®. Here, this is

e < el = —pu<d<l/fe—p.

and the model is then also complete since the general binary n-step model is
complete.
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(c) We need
3 3
l=e% = E (% )= (e"(1—q) + €' q.)
and so
665 — e He e,ue+5€ -1
q& —_= — —_=
e (e —1) e—1

S(e . .
We can now check that (e ))nZO is a martingale.

(d) This is in complete analogy to (a). We deduce this from the Poisson limit

theorem considering 7, ) = g 4 nue, a Bernoulli random walk with success
probability ¢.. Noting that

1 I e 1 §+pu
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= 0
cET T £ e—1 ase L0,

we obtain T[S)d — N, in distribution, as required. Now, clearly [t/e]pe — pt,

and taking differences in the two limit results completes the argument.

(e) Note from the moment generating function of the Poisson distribution that

N Stp (o
E(eNt) _ eteil(e 1 eét—l—ut

and so M, = e et~ is a martingale, because for s < t

E(M|F,) = B(e N me oM ulon| 5
e_éseﬁs_“Se_(5+“)(t_s)E(6ﬁt_Ns) = M.

Given N, = k or N, = k, the two processes (eﬁs_‘us)ogsgt and (eMNe7H) oo o
have the same conditional distribution, since the k jump times of N and N
occur at independent uniform times on [0,¢]. Since also P(N; = k) > 0 if
and only if P(Nt = k) > 0, the same paths are possible for the two processes.
Since the discounted process e~teN—ht
probabilities for the equivalent process e

is a martingale, it provides martingale
Nt—ut.
(f) (Ni)i>0 only has jumps of size 1, all other jumps are impossible, and the only

Lévy processes with this property are Poisson processes with drift. If (V)0
is a Poisson process with drift —vt, then we have

P((e™)o<s<1 € D) = 1.

Since D, N D, = & for u # v, we must have u = v in order that e has the
same possible paths as e ~#. We can now check that of all intensities A > 0
of Y, only A = (6§ + ) /(e — 1) is such that M, = e~%e* is a martingale:

E(M,|F,) = E(e *e¥e0t=s)¥e=Ys| F))
e—&seYse—cS(t—s)E(eK:—YS) — Mse—(é—l—p)(t—s)—l—)\(e—l)'




