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1. Random walks and continuous-time limits
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Definition 1 Let Y3, £ > 1, be i.i.d. Then
mn
Sn — Z Yk, n & N, 0
k=1
. -4
IS called a random walk. 5 5 16

Random walks have stationary and independent increments
Y, = Sk — Sk—1, k> 1.

Stationarity means the Y;. have identical distribution.

Definition 2 A right-continuous process X;, ¢t € Ry, with
stationary independent increments is called Lévy process.
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What are S, n >0, and Xy, t > 07

Stochastic processes; mathematical objects, well-defined,
with many nice properties that can be studied.

If you don't like this, think of a model for a stock price
evolving with time. There are also many other applications.
If you worry about negative values, think of log’'s of prices.

What does Definition 2 mean?

Increments X — X¢, ,, k= 1,...,n, are independent and
th _th:—l ~ th_tk—l’ Ek=1,...,.nforall 0 =t <... <tpn.
Right-continuity refers to the sample paths (realisations).
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Can we obtain Lévy processes from random walks?
What happens e.g. if we let the time unit tend to zero, i.e.

take a more and more remote look at our random walk?

If we focus at a fixed time, 1 say, and speed up the process
SO as to make n steps per time unit, we know what happens,

the answer is given by the Central Limit Theorem:

Theorem 1 (Lindeberg-Lévy) Ifo? = Var(Yy) < oo, then

Sp — E(Sy)
NG

. Z ~ N(0, c?) in distribution, as n — oo.



Theorem 2 (Donsker) Ifc2=Var(Yy) <oo, then fort >0

x(m — St} = B
NG

Furthermore, X(") — X where X is Brownian motion with

. X; ~ N(0,0°t) in distribution.

diffusion coefficient o.
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It can be shown that X has continuous sample paths.



We had to put the condition Var(Yy) < oco. If it fails:

Theorem 3 (Doeblin) If a = sup{8 > 0: E(|Y1|?) < oo} €
(0,2] and E(Y1) = 0 for « > 1, then (under a weak regu-

larity condition)

Sn
nl/ag(n)

for a slowly varying ¢. Z has a so-called stable distribution.

> / in distribution, as n — oo.

Think £ = 1. The family of stable distributions has three
parameters, o € (0,2], cx € Ry, E(|Z)°) < 00 <= B < a
(or aa = 2).



Theorem 4 If o = sup{8 > 0 : E(|Y1|°) < =} € (0,2] and
E(Yy) =0 for « > 1, then (under a weak regularity cond.)

S
)(gn) L [nt] . X,

— in distribution, as n — oo.
nl/ag(n)

Also, X(") s X where X is a so-called stable Lévy process.
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One can show that (X.t)¢>0 ~ (c}/*Xt)¢>0 (scaling).



To get to full generality, we need triangular arrays.
Theorem 5 (Khintchine) Let V"), k=1,...,n, be i.i.d.
with distribution changing with n > 1, and such that

v{" 0,  in probability, as n — co.

Ir S,,g”) — 7 in distribution,

then Z has a so-called infinitely divisible distribution.

Theorem 6 (Skorohod) In Theorem 5, k>1, n>1,

xi™ =s{") — X, in distribution, asn — oo.

Furthermore, X(") — X where X is a Lévy process.



Do we really want to study Lévy processes as limits?

No! Not usually. But a few observations can be made:
Brownian motion is a very important Lévy process.
Jumps seem to be arising naturally (in the stable case).
We seem to be restricting the increment distributions to:

Definition 3 A r.v. Z has an infinitely divisible distribution
if Z:SW for all n > 1 and suitable random walks S(7).

Example for Theorems 5 and 6: B(n,pn) — Poi(\) for
npn — A IS @ special case of Theorem 5 (Yk(”) ~ B(1,pn)),
and Theorem 6 turns out to give an approximation of the
Poisson process by Bernoulli random walks.



2. Examples

Example 1 (Brownian motion) X; ~ N(O,t).
Example 2 (Stable process) X; stable.
Example 3 (Poisson process) X; ~ Poi(t/2)

To emphasise the presence of jumps, we remove the verti-

cal lines.
16 1024 8
0 0 4 -
-16 -1024 0

0 128 256 0 128 256 0 8 16
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3. Classification and construction of Lévy proc.
Why restrict to infinitely divisible increment distrib.?

You have restrictions for random walks: n—step increments
Sn, must be divisible into n iid increments, for all n > 2.

For a Lévy process, X¢, t > 0, must be divisible into n > 2
lid random variables

n
X¢ = kzl(th/n — Xi(k—1)/n)>
since these are successive increments (hence independent)

of equal length (hence identically distrib., by stationarity).
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Approximations are cumbersome. Often nicer direct argu-
ments exist in continuous time, e.g., because the class of
infinitely divisible distributions can be parametrized nicely.

Theorem 7 (Lévy-Khintchine) A r.v. Z is infinitely divis-
ible iff its characteristic function E(e'*4) is of the form

. 1 - .
where B3 € R, 2 > 0 and v is a measure on R* such that

/R*(l A $2)V(d$) < 00, [v(dx) ~ f(x)dx.]

‘Only if’ is hard to prove. We give an indication of ‘if’ by
constructing the associated Lévy processes.
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The hidden beauty of this abstract parametrization can
only be appreciated when interpreted for the Lévy process
with given infinitely divisible increment distribution.

Theorem 8 (Lévy-Itd) Let X be a Lévy process, the dis-
tribution of X1 parametrized by (8,02,v). Then X decom-

oses
P X; = Bt + 0By + J, + M,

where B is a Brownian motion, and AX; = Xy— X4, t > 0,
an independent Poisson point process with intensity mea-

Jo = > AXslyax,>1)
s<t

sure v,

and M is a martingale with jumps AM; = AXy1oax, <1}
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4. Examples

7 >0 «— E(e ) = exp {—5’/\ _ /(O,oo) (1 _ e—M) y(da;)}

Example 4 (Poisson proc.) 3 =0, v(dz) = M\d1(dz).
Example 5 (Gamma process) 3 =0, v(z) = f(x)dz with
f(z) = az—texp{—bz}, x > 0. Then X; ~ Gamma(at,b).
Example 6 (stable subordinator) 8/ =0, f(z) = cx—3/2




Example 7 (Compound Poisson process) 8 = o2 = 0.
Choose jump distribution, e.g. density g(z), intensity A > 0O,
v(dx) = Ag(x)dx. J in Theorem 8 is compound Poisson.

Example 8 (Brownian motion) 3 =0, ¢2 >0, v = 0.

Example 9 (Cauchy process) 8 =02 =0, v(dz) = f(x)dx
with f(z) =272, = >0, f(z) = |z|72, z < 0.
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5. Poisson point processes and simulation

What does it mean that (AX;);>0 is a Poisson point pro-

cess with intensity measure v?

Definition 4 A stochastic process (H;);>o0 in @ measurable
space £ = £* U {0} is called a Poisson point process with

intensity measure v on £* if
Ne(A) =#{s<t:Hse A}, t>0,ACE* measurable

satisfies

e N:(A), t >0, is a Poisson process with intensity v(A).
e For Aq,..., A, disjoint, the processes N:(Aq),..., N:(Ap),

t > 0, are independent.
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N{(A), t > 0, counts the number of points in A, but does
not tell where in A they are. Their distribution on A is v:

Theorem 9 (Itd) For all measurable A C £ with M =
v(A) < oo, denote the jump times of Niy(A), t > 0, by

Th(A) = inf{t > 0: N:(A) = n}, n>1.

Then
Zn(A) — HTn(A)7 n > 1,

are independent of N:(A), t > 0, and iid with common
distribution M~1v(-n A).

This is useful to simulate H¢, t > 0.
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Simulation of (AX;):>0

Time interval [0, 5]

e>0small, M =v((—e,¢)°) < 0

N ~ Poi(5v((—¢&,e)%))

T1,...,Tn ~U(0,5)

A X ~ M~v(-n(=¢,€)°)
J
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Corrections to improve approximation

First, add independent Brownian motion Gt + o B;.
If X symmetric, small £ means small error.
If X not symmetric, we need a drift correction —~t
_ —( C
N = /Am[—l,l] xv(dx), where A = (—¢,¢)°.
Also, one can often add a Normal variance correction 7C%

72 :/( )xQV(dx), C' independent Brownian motion
—E,€

to account for the many small jumps thrown away. This
can be justified by a version of Donsker's theorem and

E(X1) =08+ /[_ wv(dz), Var(Xy) =0+ /R* 2v(dx).

1,1]
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Decomposing a general Lévy process X

Start with intervals of jump sizes in sets A, with

U An — (O, OO), A—’I’L — _An, U An — (_OO, O)
n>1 n<—1

so that v(A, + A_,,) > 1, say. We construct X%, n e Z*,
independent Lévy processes with jumps in A, according to
v(-N Ayp) (and drift correction —ynt). Now

X, = Y xM, where X9 = gt + 0B,
nel

In practice, you may cut off the series when Xt(”) IS small,

and possibly estimate the remainder by a Brownian motion.
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A spectrally negative Lévy process: v((0,00)) =0

o2 =

8

v(dx) = f(z)dx,

f(a) = || ~>/2,
x € [-3,0),

B = 0.845

71 =0,

Y03 = 1.651,
Y0.1 = 4.325,

Y0.01 = 18,
Ye T oo as € | O.

4

S

0F

eps=1

15

).
1".. s 1
%,4 il 7 ot w,’f"
| N
i o hy

0 5 10

eps=0.01

4

/
/ & 7

v /
///// //,/ ///// Cy /
’ 7/ Wy
y / /// ///

/ |

s
4
/

eps=0.3

10

15

P
/h//%/ /‘,/
%

!

i
Lo
/’f/ 1ot '//

/ /f

/
///W/,

A

t /] 4

i
ik .
u//// //’/ | /"’/ _,:/‘///
i

]
/J" /-
i Iy Ji

‘ pal

10

24

15



Another look at the Lévy-Khintchine formula

E(eMX1) = (exp {i)\ 5 Xf’”}) — 1] (A1)

nez, nez

can be calculated explicitly, for n € Z* (n = 0 obvious)

-y v (1) N
]E(e"/\Xl ) =E (exp {7)\ <—’Yn + > Zk> })
k=1
o
— o _ iNZ1y) "
= exp{ i /Anﬂ[—l,l] xu(dw)} mzo P(N = m) (E(e ))
\ |
= &XxXp {/An <€Z T — 1_2)‘331{|:13|§1}) V(dx)}
to give for E(e!*¥1) the Lévy-Khintchine formula

1 : .
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Summary

We've defined Lévy processes via stationary independent
iIncrements.

We've seen how Brownian motion, stable processes and
Poisson processes arise as limits of random walks, indi-
cated more general results.

We've analysed the structure of general Lévy processes and
given representations in terms of compound Poisson pro-
cesses and Brownian motion with drift.

We've simulated Lévy processes from their marginal distri-

butions and from their Lévy measure.
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