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Prerequisites

Part A Probability is useful, but not essential. If you have not done Part A Probability,
make sure that you are familiar with Mods work on Probability.

Aims

This unit is supported by the Institute of Actuaries. It has been designed to give the un-
dergraduate mathematician an introduction to the financial and insurance worlds in which
the practising actuary works. Students will cover the basic concepts of risk management
models for investment and mortality, and for discounted cash-flows. In the examination,
a student obtaining at least an upper second class mark on this unit can expect to gain
exemption from the Institute of Actuaries paper CT1, which is a compulsory paper in
their cycle of professional actuarial examinations. An Independent Examiner approved
by the Institute of Actuaries will inspect examination papers and scripts and may adjust
the pass requirements for exemptions.

Synopsis

Uncertain payments, corporate bonds, fair prices and risk.

Simple stochastic interest rate models, mean-variance models, log-normal models.
Mean, variance and distribution of accumulated values of simple sequences and payments.

Stability of investment portfolios, analysis of small changes in interest rates and Red-
ington immunisation.

The no-arbitrage assumption, the law of one price, and arbitrage-free pricing. Price
and value of forward contracts. Effect of fixed income or fixed dividend yield from the
asset. Futures, options and other financial products.

Single decrement model. Present values and accumulated values of a stream of pay-
ments taking into account the probability of the payments being made according to a
single decrement model. Annuity functions and assurance functions for a single decrement
model. Risk and premium calculation.

Liabilities under a simple assurance contract or annuity contract. Premium reserves,
Thieles differential equation. Expenses and office premiums.

Reading

All of the following are available from the Publications Unit, Institute of Actuaries, 4
Worcester Street, Oxford OX1 2AW

e Subject 102[CT1] Financial Mathematics Core Reading Faculty & Institute of Ac-
tuaries.
Subject CT5[105] Contingencies Core Reading Faculty & Institute of Actuaries.
J.J. McCutcheon and W.F. Scott: An Introduction to the Mathematics of Finance.
Heinemann (1986)
e H.U. Gerber: Life Insurance Mathematics. 3rd edition, Springer (1997)

e N.L. Bowers et al: Actuarial mathematics. 2nd edition, Society of Actuaries (1997)
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Lecture 1

Revision of MT material and
introduction to HT material

Reading: Michaelmas Term notes

The material last term was largely deterministic in the sense that it was generally assumed
that cash-flows as well as interest rates were known, not necessarily constant, but with
variability given by a time-varying rate or force of interest. In practice, such situations
arise when analysing the past or when doing a scenario analysis of the future. In the last
few lectures you saw a few pointers at random models. One elementary example that
was aimed at analysing the future was the discounted dividend model for pricing equity
shares, where ezpected future dividend payments appeared. This can be expanded by the
specification of probability distributions for the amounts of dividend payments. A more
sophisticated example was the brief discussion of risk, particularly the notion of pooling
of independent risks.

This term, we will look more generally at random models for cash-flows and interest
rates, and have a particular focus on the important special case, where the randomness
depends on a single random time, which can model an individual’s time of death, but
also a company’s insolvency time.

In this lecture we recall the basic setup from last term and introduce the directions
we take this term.

1.1 Cash-flow and interest rate models

The overarching framework was and is that of a cash-flow ¢ in an interest rate model 9.
More specifically, we often deal with

e cash-flows discrete ¢ = ((¢,¢;),1 < j <n) and continuous ¢ = (¢(t),t > 0)

e in a constant interest model of an interest rate ¢ > —100%, equivalently a constant
force of interest § = log(1+14) € R, in which we express present (discounted) values

Valy(c) = Z c;ju(t)) and, respectively, Valg(c) = / c(t)v(t)dt,
0

where v(t) = vt = (1 +i) "t =e® and v = (1 +4)~! = e are discount factors,

1
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e or in a time-varying interest model of interest rates ¢; for the jth year, j > 1, so
that v(n) = (14+4;)" - (1 +14,) 7",

e or in a time-varying interest model of forces of interest §(¢) at time ¢, ¢t > 0, so that

o(t) = exp {—/Oté(s)ds};

e regular cash-flows where ¢t; = j/p, 1 < j <n =mp, and ¢; = 1/p in the constant-
t-model have

(p) 1—o™ 'l(p) P
a?’ = Valg(c) = ——, where (14— ) =141
m| Z(P) p

and L am 1
s®) = Val,,(c) = Valo(c)(1 + i)™ = d+im-1

m i@
For any cash-flow ¢ with inflows ¢; > 0 and outflows ¢; < 0, which we can see as an
investment deal or loan scheme, we define the yield to be the constant interest rate i for
which Valy(c) = 0, provided that such ¢ > —1 exists and is unique; otherwise the yield
remains undefined.

1.2 Random cash-flows and stochastic interest rate
models

In practice, at least some part of a cash-flow is unknown in advance, or at least subject
to some uncertainty. The following definition provides a suitably general framework.

Definition 1 A random vector ((7},C;),1 < j < N) of times T; € [0,00) and amounts
C; € R possibly with random length N is called a (discrete) random cash-flow. A random
locally Riemann integrable function C : [0,00) — R of payment rates C(t) at time t > 0
is called a (continuous) random cash-flow.

Similarly, future interest rates are often subject to change.

Definition 2 A sequence of random variables [;, j > 1, with P(I; > —1) = 1, is
called a stochastic interest rate model. A random locally Riemann integrable function
A :[0,00) — R of forces of interest is called a stochastic force of interest model.

We can associate random discount factors V(n) = (1 + 1) -+ (1+L,) or V(t) =
exp{— f(f A(s)ds} and specify random values as before:

Difficulties arise both in specifying (joint!) distributions of random cash-flows and stochas-
tic interest rates, and in analysing such models. We postpone the discussion of stochastic
interest rates to week 2 and suppose for the remainder of this week that we are given a
(constant or time-varying) rate of interest i or force of interest d.
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1.3 An example

Every company has a (usually small) risk of default that should be taken into account
when assessing any corporate investments. This can be dealt probabilistically.

Example 3 Suppose, you are offered a zero-coupon bond of £100 nominal redeemable
at par at time 1. Current market interest rates are 4%, but there is also a 10% risk of
default, in which case no redemption payment takes place. What is the fair price?

The present value of the bond is 0 with probability 0.1 and 100(1.04)~! with proba-
bility 0.9. The weighted average A = 0.1 x 0 + 0.9 x 100(1.04)! ~ 86.54 is a sensible
candidate for the fair price.

1.4 Fair premiums and risk under uncertainty

Definition 4 In an interest model 6(-), the fair premium for a random cash-flow (of
fixed length)

C == ((Tl, Cl), ceey (Tn, Cn))
(typically of benefits C; > 0) is the mean value

A =E (DValy(C)) = iE (Cjo(Ty))

j=1

where v(t) = exp{— fot d(s)ds} is the discount factor at time t.

Example 5 If the times of a random cash-flow are deterministic 7} = ¢; and only the
amounts C; are random, the fair premium is

A= ZE(CJ)U(tj)

and depends only on the mean amounts, since the deterministic v% can be taken out of
the expectation. Such a situation arises for share dividends.

Example 6 If the amounts of a random cash-flow are fixed C; = ¢; and only the times
T; are random, the fair premium is

A= cB((T))

and in the case of constant § we have E(v(T})) = E(exp{—dT}}) = E(v’7) which is the
so-called Laplace transform or (moment) generating function. Such a situation arises for
life insurance payments, where usually a single payment is made at the time of death.
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The fair premium is just an average of possible values, i.e. the actual random value
of the cash-flow C' is higher or lower with positive probability each as soon as DValy(C')
is truly random. In a typical insurance framework when C; > 0 represents benefits that
the insurer has to pay us under the policy, we will be charged a premium that is higher
than the fair premium, since the insurer has (expenses that we neglect and) the risk to
bear that we want to get rid of by buying the policy.

Call A, the higher premium that is to be determined. Clearly, the insurer is concerned
about his loss (DValy(C) — A, )", or expected loss E (DValg(C) — A, )™. In some special
cases this can be evaluated, sometimes the quantity under the expectation is squared
(so-called squared loss). A simpler quantity is the probability of loss P(DValy(C') > A, ).
One can use Tchebychev’s inequality to demonstrate that the insurer’s risk of loss gets
smaller with the larger the number of policies.

1.5 Overview
This term’s material will be organised as follows.

e In Lecture 2, we will discuss corporate bonds under risk of default and thereby
recall some Probability that will also serve later in the course.

e In Lectures 3 and 4, we will discuss stochastic interest rate models.

e In Lectures 5-8, we discuss arbitrage-free pricing and immunisation against changes
in interest rates in a framework of asset management to meet fixed liabilities.

e Lectures 9-14 or so will be on life insurance, where randomness enters via lifetimes.
We will discuss life tables and their use to price life assurances, life annuities and
related life products. We will also take the insurer’s perspective, include expenses
and office premiums, as well as associated risk. We will discuss premium reserves
and liabilities.

e The last lecture or two will draw together some threads related to risk and premium
calculation.



Lecture 2

Corporate bonds and insolvency risk

2.1 Uncertain payment

Before discussing pricing issues specific to corporate investments, we set out a general
framework. The following is an important special case of Example 5.

Example 7 Let ¢; be fixed and

16 with probability p;,
77 0 with probability 1 — p;.
So we can say C; = Bjc;, where Bj is a Bernoulli random variable with parameter p;,
ie.
B — 1 with probability p;,
J 0 with probability 1 — p;.

For the random cash-flow C' = ((¢1, Bic1), . .., (tn, Bncy)), we have
A=Y "E(Bjeu(ty) = > cu(t;)B(By) =Y picju(t).
j=1 j=1 j=1

Note that we have not required the B; to be independent (or assumed anything about
their dependence structure).

2.2 Pricing of corporate bonds

Let
c=((1,DN),...,(n—=1,DN),(n, DN + N))

be a simple fixed-interest security issued by a company. If the company goes insolvent,
all future payments are lost. So we may wish to look at the random cash-flow

((1, DNBy),...,(n—1,DNB,_1), (n,(DN + N)B,)),
where B; = I(T > j) and T is a random variable representing the insolvency time;
pj =P(B;=1) =P(T > j) = Fr(j).
5
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Here and in the sequel, we will use the following notation for continuous probability
distributions: let 7" be a continuous random variable taking values in [0, 00), modelling
a lifetime or insolvency time. Its distribution function and survival function are given by

Fr(t)=P(T <t) and Fp(t)=P(T >t)=1- Fr(t),
while its density function satisfies

fT(t) = %FT(t) = —%FT(t), FT(t) = /0 fT(S)dS, FT(t) = /too fT(S)dS.

Definition 8 The function

specifies the force of mortality or hazard rate at (time) t.
1

Proposition 9 We have =P(T' <t +¢|T > t) — pr(t) as e — 0.
€

Proof: 'We use the definitions of conditional probabilities and differentiation:

IPT>t,T<t+e) 1P(T<t+e)-P(T <)

1
PT<t+elT>1t) =

£ P(T > t) ¢ P(T > t)
_ U B+ -Fr()  Fr() _ fr(®) _ 0
Frlt) c Fot)  Fr) TV

|

So, we can say informally that P(T" € (t,t + dt)|T > t) = pr(t)dt, i.e. pp(t) represents
for each t > 0 the current “rate of dying” (or bankruptcy etc.) given survival up to ¢.

Example 10 The exponential distribution of rate p is given by

_ —ut
Fr(t)=1—¢, Fp(t)=e™ fr(t)=pe™ pr(t)="—r =p constant.
e
. t
Lemma 11 We have Fr(t) = exp (—/ ,uT(s)ds) :
0
Proof: First note that F'7(0) = P(T > 0) = 1. Also
d, - Fr(t)  —fo(t
Doy Fp(ty = L2 _ Sr0

dt Fr(t)  Fp(t)

So
t t
log F'r(t) = log F'1(0) +/ %logFT(s)ds =0 +/ —pur(s)ds.
0 0
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Let ¢ be a deterministic cash-flow on [0,00) and consider cjory, the cash-flow “killed”
at time T all events from time 7" on are cancelled. If 7" is random, cp7) is a random
cash-flow.

Proposition 12 Let 6(-) be an interest rate model, ¢ a cash-flow and T a continuous
msolvency time, then

E (6-Valy (cfo,r))) = 0-Valy(c)
where §(t) = 6(t) + pr(t) and p(t) = fr(t)/Fr(t).
Proof: Let ¢ = ((tj,¢;),7 > 1). Then

£y
0-Valy(c Z c;v( where v(t;) = exp (—/ 5(s)ds) ,
0

j>1
and
5\/&10 C[OT ZC] T>t)
j>1
so that
E (6-Valo(cory)) ch I(T > t;)), where E(I(T >t;)) =P(T > t;) = Fr(t;).

j>1
By the previous lemma, the main expression equals

chexp( / 5(8)d$)exp(— /Ot ) chexp( / 5(s)ds)=S-va10(c).

j>1 j>1
O

The important special case is when ¢ and p are constant and ¢ is a corporate bond
whose payment stream stops at the insolvency time T.

Corollary 13 Given a constant 6 model, the fair price for a corporate bond C' with
insolvency time T ~ Exp(u) is

A = E(6-DValy(C)) = 6-DValy(c)
where 6 = 6 + 1.

Often, problems arise in a discretised way. Remember that a geometric random
variable with parameter p can be thought of as the first 0 in a series of Bernoulli 0-1
trials with success (1) probability p.

Proposition 14 Let ¢ be a discrete cash-flow with t,, € N for all k = 1,...,n, T ~
geom(p), i.e. P(T =k)=p" Y1 —p), k=1,2,.... Then in the constant i model,

E (i—valo(C[QT))) = j—ValO(c)
where j = (1 41— p)/p.
Proof: P(T > k) = p*. Therefore

n

E (i-Valo(cpr)) = Y p*en(l+4) 7"

k=1
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2.3 Expected yield

For deterministic cash-flows that can be interpreted as investment deals (or loan schemes),
we defined the yield as an intrinsic rate of return. For a random cash-flow, this notion
gives a random yield which is usually difficult to use in practice. Instead, we define:

Definition 15 Let C be a random cash-flow. The expected yield of C'is the interest rate
i € (—1,00), if it exists and is unique such that

E(NPV(i)) = 0,

where NPV (i) = i-Valy(C) denotes the net present value of C' at time 0 discounted at
interest rate ¢.

This corresponds to the yield of the “average cash-flow”. Note that this terminology may
be misleading — this is not the expectation of the yield of C', even if that were to exist.

Example 16 An investment of £500,000 provides

e a continuous income stream of £50,000 per year, starting at an unknown time S
and ending in 6 years’ time;

e a payment of unknown size A in 6 years’ time.

Suppose that

e S is uniformly distributed between [2years, 3years| (time from now);

e the mean of A is £700,000.

What is the expected yield?
We use units of £10,000 and 1 year. The time-0 value at rate y is

6
—50 + / 5(1+y) %ds + (1 +y) °A.
s=S
The expected time-0 value is

—50 + /i P(S < 5)5(1 +y) *ds + (1 +y) °E(A)

=2

Set f(y) = 0 and find
£(10.45%) = 0.1016...  and  £(10.55%) = —0.1502...
So the expected yield is 10.5% to 1d.p. (note that we only need to use the mean of A).

= —50+/3 (s—2)5(1+y)_5ds+/:5(1+y)_sd5+(1+y)_670 =: f(y).

As a consequence of Proposition 14, we note:

Corollary 17 If T ~ geom(p) and c a cash-flow at integer times with yield y(c), then
the expected yield of cjo.ry is p(1 +y(c)) — 1.

Proof: Note that y(c)-Valy(c) = 0, and by Proposition 14, we have E(i-Valy(cjo,r)) = 0,
if yle) = 1+i—p)/p, ie. 1+i=p(l+y(c)), as required. Also, this is the unique
solution to the expected yield equation as otherwise the relationship 1+ ¢ = p(1 + j)
would give more solutions to the yield equation. O



Lecture 3

Stochastic interest-rate models 1

Reading: McCutcheon-Scott Chapter 12, CT1 Unit 14

So far, we usually assumed that we knew all interest rates, or we compared investments
under different interest rate assumptions. Any uncertainty of investment proceeds was
expressed modelling cash-flows by random variables. In practice, interest rates themselves
are uncertain, and we model here interest rates by random variables.

3.1 Basic model for one stochastic interest rate
We start off with an elementary example.

Example 18 Suppose, you invest £100 for 1 year at an interest rate I not known in
advance. Say, interest rates are at 3% at the moment, you might expect one of three
possibilities, a rise by 1%, no change or a fall by 1%, each equally likely, say:

P(I =2%) =PI =3%) =PI =4%) =1/3
Then the investment proceeds R = 100(1 + I) at the end of the year are random, as well
P(R=102)=P(R=103) =P(R=104) =1/3

You can calculate your expected proceeds E(R) = 1/3(102+ 103+ 104) = 103 and think,
well, this can be calculated using the average interest rate E(I) = 3%, and there is not
much reason to study any further.

However, this only works for a term of 1 year. If the term is, say ¢ € (0,00) years,
t#1, we get R=100(1+ 1)

P(R = 100(1.02)") = P(R = 100(1.03)") = P(R = 100(1.04)") = 1/3
and E(R) = 100/3((1.02)! 4 (1.03)" + (1.04)") # 100(1.03)".

Assuming that I can only take 3 values is of course an unnecessary restriction, and we
can take as stochastic interest rate any random variable I that ranges (—1, 00), discrete
or continuous.
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Proposition 19 Given a stochastic interest rate I. Invest ¢ at time 0. Then its expected
accumulated value at time t is given by

E(R;) = E(I-Val,((0,¢))) = E(c(1 + I)").
Let \=E(I) and P(I # X\) > 0. Then
o ift <1, then E(R;) < A-Val,((0,¢)),
o ift > 1, then E(R:) > A-Val((0,¢)).
Proof: The proof of the inequalities is essentially an application of Jensen’s inequality

(see following lemma) for the function f(z) = (1 4+ )" which is convex if ¢ > 1 and
concave if ¢ < 1, so that then —f is convex. O

Lemma 20 (Jensen’s inequality) For any convex function f : R — R and any ran-
dom variable X with E(X) € R, we have

FEX)) < E(f(X)).

If f is strictly conver and P(X = E(X)) < 1, then the inequality is strict.

The result is still true if f is only defined on the interval (inf supp(X), sup supp(X))
and any boundary value a with P(X = a) > 0.

Proof:  Recall that for (strictly) convex functions f(z) > f(zo) + (x — x¢) fl(zo) for all
z,x9 € R (strict inequality for  # z), where f/ is the right derivative of f. Applying
this, we obtain

E(f(X)) 2 E (f(E(X)) + (X = E(X))f/(E(X))) = f(E(X))

by linearity of E. O

Obviously, instead of modelling the interest rate I, we could model the force of interest
A = log(1l 4+ I). This is particularly useful since valuation of cash-flows then requires
only knowledge of the so-called Laplace transforms E(e~*2) of A.

3.2 Independent interest rates

The model in the previous section is artificial, particularly for long terms. It is natural
to allow the interest rate to change. The easiest such model is by independent annual
(or monthly) interest rates.

Definition 21 An idid interest rate model is a collection of independent identically dis-
tributed (iid) random interest rates [;, 7 > 1, taking values in (—1,00), rate I; being
applied the jth year (or month).
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Proposition 22 Given an iid interest rate model, any simple cash-flow (s, c), s € N has
an expected value at time t > s, t € N given by

t

E(Val,((s,c))) = ¢ [] 1 +E(I})) = c(1 + E(I))"

j=s+1

and at time t < s, t € N, given by
E(Valy((s,c))) = ¢ H E((1+1)™) =c(B(1+ L))"

Proof:  For the first statement we calculate

E(Valt((s,c))):E< IT a+1) ) (H E(1 + I )

j=s+1 j=s+1

by linearity of E and by the independence of the (14 ;) factors; remember that E(XY') =
E(X)E(Y) for independent random variables X and Y. Each of the ¢t — s factors is now
equal to (14 E([;)) since the I; are identically distributed.

The second statement is analogous. Note that E(1 4+ I;) = 1 + E(I;) above, but
E((1+ I;)~") cannot be simplified, in general. O

As just seen, expected accumulated values can be computed fairly easily. Also similar
formulas for variances exist, as one measure of risk. Useful formulas for loss probabilities
as another measure of risk are only available in special cases. A very popular family of
distributions for modelling interest rates is the log-normal distribution.

Definition 23 A random variable X is said to have a lognormal distribution if Z =
log(X) is (well-defined) and normally distributed. The log-normal distribution logN (s, o2)
has two parameters ;1 = E(log(X)) and % = Var(log(X)).

Proposition 24 If 1 + I ~ logN(u,0?), then
M :=FE(I) =exp(p+0?/2) — 1

and
52 = Var(I) = ¥+ (¢7" —1).

Proof: We need the moment generating function of A ~ N(u, o?):

< 1 T —p)?
E(etA) — Wet:v exp <_%) dzx

Y S S N C el U a2 WY VU i)l G B
) V2702 P 202 P 207

o? ,
= exp ut+?t .

So E(1+ 1) = E(e?) = exp(u + 02/2) and
Var(I) = Var(1 + I) = Var(e®) = E(e*?) — (E(eA))
= exp(2u + 20%) — exp(2u + 02) = 277 (e — 1),
O

2
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Note that if 1+ I has a lognormal distribution, then A = log(1 + I) is normally
distributed.

Example 25 Let 1 + I1,...,1 + I, be independent lognormal random variables with
common parameters p and o2, We can calculate the distribution of the accumulated
value at time n of a unit investment at time 0.

Sy = H(l +1;) =exp {ZA } logN(npu, no?)

J=1

since sums of independent normal random variables are normal with as parameters the
sums of the individual parameters.

Assume that © = 0.04, 0 = 0.02 and n = 5. If we want to accumulate at least
£600,000 with probability 99%, we have to invest A where

0.99 = P(AS, > 600,000) = P(log{S,} > log{600,000/A})
_p (Z - log{600,000/A} — n,u)

no?

log{600,000/A} —
L 933 — lood \/ﬁ; Py 600,000 exp{2.33/m0 — npd = 545, 187.90

Here we used that P(Z > —2.33) = 0.99 for a standard normal random variable Z.

In practice, models for annual changes interest rates are too crude, but by switching
to the appropriate time unit, this problem can be easily overcome.

If 1 4 I; are ii.d. but not lognormal, we can approximate by the Central Limit
Theorem. We have

Su=(1+L)1+1D) - (1+1,) =exp(Ay + -+ Ay).

So, let p = E(A;) = E(log(1+1;)) and 02 = Var(A;). Then A;+- - -+A,, is approximately
N(nu,no?), so S, is approximately logN(nu, no?), for large n.



Lecture 4

Stochastic interest-rate models 11

Reading: McCutcheon-Scott Chapter 12

In this lecture we study some more realistic interest rate models.

4.1 Dependent annual interest rates

In practice, interest rates do not fluctuate as strongly as in the iid model. In fact, when
interest rates are high, the next period is quite likely to show another high interest rate,
similarly with low rates. In fact, the Monetary Policy Committee of the Bank of England
meets every month to decide on changes to the Base Rate to which many commercial
bank rates are coupled. Often, the rate remains unchanged: e.g.

e in 2000, 2002 and also more recently in 2010, there were no changes to the base
rate, at all;

e in 2001, there were 6 reductions of 0.25%, 1 reduction of 0.5% and 5 meetings with
unchanged rates;

e between October 2008 and March 2009 the monthly changes were -0.5%, -1.5%,
-1.0%, -0.5%, -0.5%, -0.5% to reach a hard lower boundary of a base rate of 0.5%.

This can be modelled by centering the new interest rate around the current interest rate,
or between the current and a general long term mean interest rate.

Example 26 (Random walk) Let Ag = p, A; =log(1+1;) = Aj_; +¢;, where ¢; are
i.i.d. N(0,0?), so
Aj=p+e+-+e ~N(ujo?)

and
Aj+- -+ A, = nptne +(n—1)ey+- - +26, 1+, ~ N(np, 0 (1+4+- - -+ (n—1)>+n?)).

The effect of random shocks €; on the interest rate is permanent. The variance of A,
grows like n, the variance of A; + - -+ + A, grows like n3.

13
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Example 27 (Autoregressive model) Let Ay = p, A; = 0A;_1+(1—0)u+e;, where
6 € [0,1) induces some “mean reversion”. Conditional on A;_;, we have

Aj ~N (A1 + (1 —0)p,07).
This can also be expressed as (A; — ) =0(A;_1 — p) + ¢4, say D; =0D;_1 +¢;. Now

Dy = &, ~N(0,0?)
D2 = 951 + &9 ~ N(O, (1 + 92)0'2)
D3 = 0% +0z9+25 ~N(0,(1+ 6%+ 0")05°)

D, = 0" ey +0" %0+ 05,1 4+, ~NO, (1467 +--- + 62" D)5?)
Di+-+D, = 140+ - +0" ey +(1+0+---+0"Heg+ -+ 2, ~ N0, 72)

where 12 < no?/(1 —6?), since 1 +60 +---+ 6" = (1-6")/(1—-0) <1/(1—6). In
particular, the variance of A,, is now of constant order and the variance of A; +---+ A,
grows at rate n.

Both these models were Markov chains: the distribution of A; depended on previous
(Ay,...,A;_;) only through A,_;.

4.2 Modelling the force of interest

When reducing the time unit, one can also pass to continuous-time limits. In fact, on
credit markets, where credit is traded, market interest rates fluctuate much more than
e.g. the Base Rate of the Bank of England. Such market rates react directly to supply
and demand.

First note that our previous models can be viewed as models with piecewise constant
forces of interest. We started with a single random force of interest A, constant for all
time. We then considered forces of interest that were constant A; during each time unit
( —1,4]. For the last two examples, we can get interesting limits as we let our time unit
tend to zero.

E.g., in the random walk model, we had Ay = p and A, = A, + ¢, for iid.
en ~ N(0,0%). We can model pthly changing forces by setting Agp ) = u and for n > 1

2
A(ﬂp) = A& + é(ﬂp), 6(5) ~ N (0, U—) independent,
P b

p p P

where we understand that Ailp/)p is to apply during ((n—1)/p,n/p). Note that the models

are consistent in that AY) ~ A, for all n, p. In the limit p — oo we get Brownian motion
(Ay)i>0 (let time unity tend to zero). Brownian motion is a continuous Markov process
such that B(t) ~ N(u,o?t) for all t > 0. See Figure 4.1 for a simulation of Brownian
motion.

Similarly, we can get continuous processes as limits of the mean-reverting walks. These
are described by appropriate stochastic differential equations.
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Figure 4.1: Brownian motion

4.3 What can one do with these models?

e Pricing of derivative contracts (derived from interest rates);

e assessment and quantification of interest rate risk in portfolios.
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Lecture 5

The no-arbitrage assumption and
forward prices

Reading: CT1 Unit 12

Arbitrage is a risk-free trading profit. We will work under a very general assumption
of no arbitrage. For the next three lectures we will explore this framework to price
derivative securities, i.e. securities that in some way depend on another, “underlying”,
security whose price evolution we model. In practice, arbitrage opportunities do exist,
but they are usually very quickly eliminated, since markets are driven by supply and
demand and particularly financial markets are highly efficient: whenever there is an
arbitrage opportunity, arbitrageurs buy a product at a cheap price in one market, this
extra demand meets the cheapest supply thereby increasing the remaining supply price;
they sell the product at a higher price typically in another market, this extra supply meets
the highest demand thereby decreasing the remaining demand price; arbitrageurs exploit
such opportunities until all supply prices exceed all demand prices. With arbitrageurs
constantly removing arbitrage opportunities, all other market participants act in virtually
arbitrage-free markets. In our models, we will assume equal supply and demand prices.

5.1 Arbitrage and the law of one price
The usual definition of arbitrage is as follows:

Definition 28 We say that an arbitrage opportunity exists if either

e an investor can make a deal giving an immediate profit, with no risk of future loss,
or

e an investor can make a deal that has zero initial cost, no risk of future loss, and a
non-zero probability of a future profit.

We postpone a discussion of the second bullet point to when we discuss stochastic
models that give a precise mathematical meaning to the notion of “non-zero probability”.
An important consequence (that only relies on the first bullet point) is that no arbitrage
implies the Law of One Price. Its proof can be seen as an illustration of the exploitation
of arbitrage opportunities.

17
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Definition 29 The Law of One Price (LOOP) stipulates that any two assets with iden-
tical cash-flows in all possible scenarios must trade at the same price on all markets.

Proposition 30 An assumption of no arbitrage implies the Law of One Price.

Proof: Assume that there are two assets with identical cash-flows, but different prices
A < B, say. An arbitrageur will buy for A and sell for B. An immediate profit is made,
the net future cash-flow is zero leaving no risk of future loss — this is arbitrage. O

The Law of One Price was implicitly or explicitly applied all the time last term. We
have now shown that failure of the Law of One Price implies arbitrage. In a mathematical
model, arbitrage essentially means 0 = 1, and there is no point going any further from
there. But we will present some powerful developments when arbitrage is not possible. We
do not claim in this generality that the Law of One Price implies no-arbitrage — we would
have to be more precise about the class of mathematical models under consideration.

No-arbitrage arguments are fundamentally deterministic. However, “scenarios” refer
to different possibilities that we ought to collect in a set 2 of all scenarios. We will see
later several ways of connecting the ideas of no arbitrage with stochastic models. The first
way is to set up a stochastic model for security prices that, in particular, identifies the
possible scenarios. The second (and more subtle) way is the calculation of arbitrage-free
prices as expectations under a very specific (so-called risk-neutral) stochastic model.

Example 31 Last term, the concept of a forward rate of interest was introduced. To
recall this, suppose here that zero-coupon bonds of just two terms t and t4r are currently
priced at Po(t) and PO(HT), respectively. We want to invest 1 at time ¢ and agree now on
an appropriate amount I of interest payable at time t 4 r, i.e.

A: Pay 1 at time t and receive 1 + I at time ¢t + r.

Compare this with the following transactions:

B: Sell a term-t zero-coupon bond at time 0 to receive P\, and pay (1 + )P to

buy 1+ I units of the term-(¢ + r) zero-coupon bond at time 0.

The future cash-flows under A and B are equal. If LOOP holds, they must have the same
price at time 0, so that 0 = P\” — (1 + )P ie. 141 =PY /P,

By definition, the forward rate f;, is the annual effective interest rate earned on an
investment between times ¢ and t + r, as implied by current zero-coupon bond prices
B and Py ie. f, such that (1+ f,)" = 1+1 = P{/PY. We will capture
the important detail of “agree now” or “implied by current prices” in the concept of a
forward contract. Note that the argument is robust to changes to the term structure of
interest rates.

5.2 Standard form of no arbitrage pricing argument

Pricing a derivative security under an assumption of no arbitrage usually makes use of
replicating portfolio arguments, as in Example 31. We consider two portfolios involving

A: the derivative security (plus other assets on the market, e.g. riskfree),

B: a portfolio of underlying securities (plus other assets on the market, e.g. riskfree),

where B is constructed to provide exactly the same cash-flow as A in every scenario.
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Under the no-arbitrage assumption, which implies the Law of One Price, A and B must
have the same price at any time. But we know the price of portfolio B as it is a weighted
sum of assets we know the prices of. This gives the price of the derivative security.
Sometimes, the unknown is not the price of the derivative security but some other quantity
associated with the derivative security/cash-flow in portfolio A, which will then also
appear in the replicating portfolio B, and LOOP gives us an equation for the unknown.
An example for this is the a priori unknown [ in Example 31.

In practice, there are transaction costs to buy derivative securities, fulfil the derivative
security contract, buy or sell the underlying security. We ignore transaction costs to
focus on the key part of the no-arbitrage argument. We also assume that we can hold
any positive or negative, integer or fractional number of units of any asset on the market.

5.3 No-arbitrage computation of forward prices

Example 32 (Forward contract to buy a security with no income) Let

e S; be the market price of the underlying security at time 0 < ¢t < T'; consider as
known the present market price Sy, but not future market prices Sy, 0 <t < T,

e 0 a known constant force of interest on risk-free investments over the term of the
contract; we may think of a bank account that pays/charges interest at force 4,

e K the forward price to be determined, i.e. the price agreed at time ¢ = 0 to be paid
at time t = T" to purchase the underlying security at time ¢t = T,

Note that under the forward contract, no money changes hands until time ¢ =T, i.e. the
forward contract has no initial cost, it’s just setting a price K at time ¢t = 0 for a purchase
at time ¢t = T'. To compute the (unique arbitrage-free) forward price K, consider

A: enter into the forward contract to buy asset S with forward price K maturing at
time T; buy Ke™®" units of the risk-free asset at time t = 0;

B: buy one unit of the asset S at the current market price Sy at ¢t = 0.

Then the only cash-flows occur at time 7', where under A, the forward contract is worth
St — K, and there is K risk-free; under B the asset is worth S7, so the net cash-flows are
the same, no matter what the value of St is, i.e. in all scenarios for the evolution of S.
By LOOP, A and B must have the same price at time ¢ = 0, hence 0 + Ke 9T = S, i.e.
K = Sye?”. Note that we have not made any assumptions on the distribution of Sy, other
than stipulating no-arbitrage. In particular, K does not depend on such distributional
assumptions on St, which is surprising at first sight.

What if an actual forward price Kaeua exceeds K = Spe?T? Arbitrageurs would buy
B and sell A. Supply/demand adjustments would quickly lead to Kycpua = K.

More generally, it is not necessary to assume a constant force of interest. All we
needed to work out K = Spe®” was a discount factor from time ¢t = T to time ¢t = 0. In
practice, this discount factor is reflected in the time-0 price PO(T) of a zero-coupon bond
maturing at time 7" paying £1. This is our risk-free asset with which portfolio A is set

up by buying K units at price K PO(T). Reasoning as above, we obtain K = Sy/ PO(T).
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Since 1/ PO(T) is the associated accumulation factor from time ¢ = 0 to time ¢ = 7', we can

read K = Sy/ PO(T) as the current price Sy of the asset accumulated using the risk-free
accumulation factor.

Example 33 (Forward contract to buy a security with fixed income)
Suppose that the security underlying the forward contract provides a fixed amount ¢; at
time t; € (0,7 to the holder. With notation as in the previous example, consider

A: enter into the forward contract to buy asset S with forward price K maturing at
time T; invest Ke™°T 4 c;e % into the risk-free asset at time t = 0;

B: buy one unit of the asset S at the current market price Sy at t = 0. At time ¢y,
invest the income of ¢; in the risk-free asset.

Note that both portfolios have zero net cash-flow on (0,7"). At time T,
A: Forward contract: Sy — K; risk-free holding: K + c;edT—1);

B: Asset S: Sp; risk-free holding from coupon: c¢;e?—*),

By LOOP, A and B have the same price at ¢t = 0:
04+ Ke T 4™ =8, = K =S — ¢ ),

More generally, K = (Sy — F)e’T, where F is the present value at time ¢t = 0 of the
fixed income payments due during the term of the forward contract.

Example 34 (Forward contract to buy a security with known dividend yield)
Suppose that the security underlying the forward contract pays dividend continuously at
rate D. Such income is not fixed since the dividend rate is applied to the market price
S; that varies with ¢ and is unknown for ¢ € (0,7). If we set up portfolios as before,
but now reinvesting dividend in the security, the accumulated holding at time 7" would
be ePT units of the security, since the number of units of the security held as t varies
behaves like a bank account that accumulates interest continuously at rate D. Instead,
consider

A: enter into the forward contract to buy asset S with forward price K maturing at
time 7T'; invest Ke ™" into the risk-free asset at time ¢ = 0;

B: buy e PT units of the asset S at the current market price Sy at ¢t = 0. Reinvest
dividend income in S immediately when it is received.

Note that both portfolios have zero net cash-flow on (0,7"). At time T,
A: Forward contract: Sp — K; risk-free holding: K
B: Asset S: ePTe PTSy = Sy
By LOOP, A and B have the same price at ¢t = 0:
0+ Ke 9T = SpePT = K = Gyl DT,

Note, we can work out K if fixed income is reinvested in the risk-free asset and income
proportional to S is reinvested in S.



Lecture 6

Arbitrage-free prices and values of
securities

Reading: CT1 Unit 12

In this lecture we introduce two more ideas connected to arbitrage-free pricing. The
first is that a forward contract (or other derivative security) has a no-arbitrage value at
any given time ¢ between issue and maturity (and can hence be considered itself as an
underlying security for higher-order derivative securities). The second is the systematic
calculation of arbitrage-free prices of options and other derivative securities.

6.1 Values of forward contracts

The standard form of the no-arbitrage pricing argument introduced in the last lecture can
also be applied to assign a no-arbitrage value to certain derivative securities. Forward
contracts again provide natural first examples. We use the same framework as in Example
32 of a security S and a risk-free asset accumulating at a force of interest ¢.

Example 35 (Forward contract to buy a security with no income) The forward
contract initially changes hands at no cost V; = 0 to either party. The sole purpose is to
fix the forward price K. However, at maturity 7, the contract is worth Vpr = Sy — K to
the buyer (and —Vr = K — St to the seller). What about intermediate times? Let us
denote by V, the value of the forward contract at time r < T

A: At time r, pay V, to enter the existing forward contract to buy asset S at time T
for a forward price of K;

—0(T=7) rigk-free.

B: at time r, buy asset S for S, and borrow Ke
Both portfolios have zero cash-flow in (r,7"). At time 7',

A: Forward contract: Sy — K

B: Asset: St; risk-free holding — K.
By LOOP, A and B have the same price at t = 7:
V.=8, —Ke®T—" =g _ Soel” since K = Spe®” by Example 32.

Similar reasoning can be applied to work out values of forward contracts with fixed
or dividend income.

21
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Terminology and warning

1. A forward contract legally binds two parties to act, respectively, as seller and buyer
of the underlying asset at a given future time for a given price. Since the forward
contract has no money value at issue, the parties “enter” the contract, they do
not “buy” the contract. It is important to clearly specify and distinguish the two
parties. We adopt the usual jargon that the party committing to buy enters a
“long” forward contract and the party committing to sell enters a “short” forward
contract. This is because the buyer holds the asset in the long term (after the
agreed sale), whereas the seller holds the asset in the short term (before the agreed
sale). The similar term “short-selling” refers to selling stock not actually owned
but borrowed. It is mathematically convenient to allow short-selling. In practice,
short-selling is also possible, but there are some legal restrictions.

2. We have assigned arbitrage-free values to an existing contract at intermediate times.
It is instructive (but neglecting some legal issues) to think of the long (or the short)
contract as a piece of paper that someone else can “buy”, but be aware that the
value may well be negative so that the term “buying” can be misleading. It is
more appropriate to “take over” the contract, meaning to take over the long (or
the short) position of the contract. Again, the specification of short/long is crucial
and can only be omitted if the context makes the side absolutely clear.

6.2 Arbitrage-free pricing in discrete state spaces

Let us now approach arbitrage-free pricing in a more systematic way — forward contracts
are very special derivative securities, others include European call options with value
Pr = (St — K)* = max(Sy — K,0) at maturity 7', when the underlying asset S may
be bought at the strike price K; in certain models, there is a replicating portfolio and a
unique arbitrage-free time-0 value F, in others there is no replicating portfolios and a
whole range of possible prices F, that each does not lead to arbitrage. To avoid serious
technical complications and to focus on the no-arbitrage reasoning, we consider discrete
markets only, with a finite number of time steps as well as a finite number of scenarios.

As a basic building block, consider a one-step model, where the time-0 picture is fixed,
and at time 1 it will be in one of n scenarios. Assume that

e there are m assets available at time 0, the price at time 0 of asset ¢ is X(gi);

e asset X is worth Xl(i) (7) at time 1 if scenario j occurs;

e there are no arbitrage opportunities.

This last point needs to be checked in specific models. Recall that the definition of arbi-
trage distinguishes immediate risk-free trading profits and risk-free zero-value portfolios
with positive probability of future positive value. Note that the former can be turned into
the latter kind as soon as there is an asset with non-negative values in all scenarios, by
investing the immediate trading profit into that asset. In that case, we assume that there
is a risk-free zero-initial-value portfolio with positive value in one scenario, and deduce
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a contradiction by identification of a negative value in a different scenario violating the
risk-free assumption.

Under what conditions can we price an asset Y paying Yi(7) at time 1 if scenario j
occurs?

Definition 36 An Arrow-Debreu security is a security that pays one unit in a particular
scenario and zero otherwise.

In our model above, let us denote by A®) the Arrow-Debreu security for scenario k, i.e.
the asset paying
®, | 1 ifk=j,
A0) _{ 0 otherwise.

Then, we can clearly represent the n-vector X 1(i) in the standard basis ( Agl), o Ag")) as
X0 =3 xPkAaP ),  1<i<m.
k=1

A simple no-arbitrage argument based on portfolios
A: Xl(i)(k:) units of A® for 1 < k < n;
B: one unit of asset X @);

yields that at time ¢ = 0, we have

Y xP AP =xP,  1<i<m.
k=1

In matrix notation this is

AW
X' xP@ e xw) [ Xg"
XMW XM e xMm )\ w xg"
0

How does this help to price an asset Y7 As it stands, we have shown that if we can price
all Arrow-Debreu securities, then the asset prices Xy can be expressed in terms of the
Arrow-Debreu security prices Ag as Xy = X7 Ag.

If m = n and the matrix X; is invertible, then we find the unknown A4, = X;' X,
from given Xy and X;. Another simple no-arbitrage argument yields for any asset Y

AP

A(2)
Yo= (Y1) Yi(2) - Yi(n) ) [ 77 | =Vido = ViX{ X,
AV

If X, is not invertible, we apply standard linear algebra. First, if X; has rank n, we
can drop rows to obtain an invertible n x n submatrix. This corresponds to dropping
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assets whose values at time 1 are linear combinations of other assets. Note here, that the
assumption that there are no arbitrage opportunities implies that values at time 0 follow
the same linear combinations and so rk(X;) = rk(X;|Xy), where (X;|Xy) is the matrix
X augmented by the vector X as a further column.

If rk(X;) < n, we cannot express all Arrow-Debreu securities as linear combinations
of the m assets (we may not be able to uniquely price any Arrow-Debreu securities). We
can uniquely price an asset Y if Y] is in the row space of X;. Specifically, Y1 = C Xy, i.e.

' XY@ e xVm)
(Vi) vi(2) - Yi(n) ) =(CW ... ¢t E : :
XU xMe o X" m)
implies, by a standard no-arbitrage argument that
XV

Yb:CXO:(C(l)...C(m)) :
x5
The vector C', or rather, the associated asset holdings, are referred to as a portfolio. The

vector Y] is called the payoff of asset Y, while the scalar Yj is called the price of asset Y.
If Y7 is not in the row space of X7, there is an open interval of arbitrage-free prices.

Example 37 Suppose m =n = 2. We call the assets R and S, the scenarios u and d.

Asset | time-0 price | time-1 price (u) time-1-price (d)
a) R 6 7 5
S 11 14 10

There is an arbitrage opportunity: buy 1 unit of S and sell 2 units of R.

Asset | time-0 price | time-1 price (u) time-1-price (d)
b) R 5 7 3
S 11 14 10

There is no arbitrage opportunity, because assets have positive values, and any
zero-initial-value portfolio is a multiple of either C_ = (—11,5) or C;, = (11, —5),
and these produce negative values

Vo(u)=-11x7+5x14=-7 and Vi(d)=11x3-5x10=—1T7.

The matrix X; of time-1 prices is invertible. We can price every asset Y paying
Y (u) in scenario u and Y (d) in scenario d as

Yo=(Y(u) Y(d)) ( n )_1 ( : ) _ ;—;Y(u) + 2—78Y(d).

Recall that the coefficients are also the Arrow-Debreu security prices Aéu) =17/28
and A" =7/28 = 1/4.



Lecture 7

No-arbitrage and risk-neutral
probabilities

In this lecture we give re-express the valuation formulas derived in the last lecture, as
expectations in a framework of “risk-neutral probabilities”.

7.1 Arrow-Debreu securities and risk-neutral prob-
ability measures

In the m-asset model with invertible X, suppose that one of the assets is a risk-free asset
with a payoff 1 irrespective of the scenario, traded at e™" at time 0 so that r can be seen as
the force of interest that applies to investments into the risk-free asset (“bank account”).
Note that holding one unit of every Arrow-Debreu security also gives a guaranteed payoff
of 1 at time 1, so that r is determined by

n

S St
k=1

k=1

If we let g, = A(()k)er, then Y ,_, qx =1 and
Yo=e"Y Yi(k)gr = e "Eg(V1),
k=1

where P, is a probability measure on {2 = {1, ..., n} that assigns probabilities P,({k}) =
qr and Y7 : © — R can be considered as a random variable of payoffs at time ¢ = 1. This
measure P, is called the risk-neutral probability measure. Hence, the arbitrage-free price
for Y is the discounted expected payoff under the risk-neutral probability measure.

Arbitrage-free pricing is often done in the context of a stochastic model for the assets
XWX which assigns probabilities P,({k}) = pi to the n possible scenarios (with
large n, to be realistic). Note that the construction of the risk-neutral measure P, was
only based on the possible scenarios (independent of P,, of course) and is the unique
measure that provides arbitrage-free prices. In general, we will therefore have P, # P,,.

25



26 Lecture Notes — BS4b Actuarial Science II — Oxford HT 2011

7.2 The binomial model

As an example, consider the situation where

e S, is the price of a non-dividend paying stock at discrete times t = 0 and t = 1,
where 5] is random with

P(S; = Sou) = p, and P(S; = Sod) = pq, where d < u and py = 1—p, € (0, 1);

e B, is the amount at times ¢ = 0 and ¢ = 1 of risk-free asset (“bond”) per unit of
cash at ¢t = 0; with the associated force of interest r, we have B, = e'!;

e there are no trading costs, no minimum or maximum units of trading, stocks and
bonds are only bought and sold at discrete times t = 0 and ¢ = 1.

Let us study arbitrage in this model. First note that by just trading the bond and
the stock at time 0, we cannot make an immediate profit. By arbitrage, we therefore
mean deals of zero initial cost, no risk of future loss, and a non-zero probability of a
future profit. Furthermore, deals of zero initial cost can only consist of borrowing and
selling bonds to buy stock or borrowing and selling stock to buy bonds. This model is
arbitrage-free if and only if d < €" < u, since

e for u > d > ¢€”, borrowing and selling the bond to buy the stock gives arbitrage,
e for d < u < e, borrowing and selling the stock to buy the bond gives arbitrage,

e for d < e" < u, borrowing and selling the bond to buy the stock gives a profit of
Sou — Spe” > 0 or a loss Syd — Spe” < 0, both with positive probability, and so does
borrowing and selling the stock to buy the bond: Spe” —Sou < 0 and Sye” —Spd > 0.

Let us now assume no-arbitrage, i.e. d < e¢” < u. Consider a derivative which pays ¢, if
the price of the underlying goes up, ¢, if down. What is V{, the price of the derivative at
time ¢ = 07 We can work this out “on foot” by constructing a replicating portfolio, i.e.
a portfolio (¢, 1)) of units of (stock, bond) at time 0. At time 1

Vi — @Sou + Ye” if stock price went up,
! @Sod + pe” if stock price went down.

We want (¢,1)) to be a replicating portfolio, i.e.

¢SOU + ¢er = Cy Cy — Cq

B cqu — C,d
PSod + pe" = ¢y - ¢= So(u — d)

and Y =e 4

Therefore, Vo = ¢Sy + ¢ = e "(qey + (1 — q)cq), where ¢ = (" — d)/(u — d). Note that
the no-arbitrage condition implies 0 < ¢ < 1. In terms of the payoff V| of the derivative
at time ¢t = 1, we can write

Vo = e7"Ey(V1),

where P (57 = Sou) = ¢ and P,(S; = Spd) = 1 — ¢q. Note that ¢ depends only on u, d
and r, not on the real world probabilities p, and p, or the derivative payoffs ¢, and c,.
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Alternatively, we can apply the general machinery developed last time: we have n = 2,

1 el e
%:(Cd,cu), XO:(S())’ Xl:(S@d Sou)’

so that
X = L [ Sou _fr
e"So(u—d) \ —Sod e
and
_ Sou — Spe”) + ¢, (—Sod + €"Sp) e’
V. X1y, — Cd( 0 0 _ r_ i
Vo=ViX] Xo e S0l — ) u_d((e d)e, + (u—€")eq)

= e "(gcy + (1 —q)ca).

7.3 Futures, options and other financial products

Last term’s material included a brief overview of the main derivative securities, i.e. fi-
nancial products whose value depends on an underlying asset. Suppose that we have an
arbitrage-free model for a stock price S; and also a risk-free asset B, = e"*. Then we
consider the following derivatives:

e Forward contracts: Agreement at time 0 to buy (sell) the stock at time T at the
(arbitrage-free) forward price K = Spe'?, see Example 32. No money changes
hands at time 0. The actual value of the stock at time T, at maturity, is St, so the
long position (buyer’s position) in the forward contract is worth Vp = Sy — K at
time T'. By construction, the contingent claim V7 can always be hedged and gives
zero value Vy = 0 at time of issue. In a complete model (where all Arrow-Debreu
securities can be priced), this can also be confirmed by checking that the expected
discounted payoff vanishes under the risk-neutral probabilities.

e A futures contract is a slight modification of a forward contract, where a third
party (clearing house) overseas the execution of the contract and collects certain
margins (payments) from the two parties. Specifically, if the stock price drops
below (respectively rises above) the bond price, the buyer (respectively seller) has
to deposit the difference. This ensures that both parties honour the contract. With
the contracted transaction, the deposit is returned. For the buyer, it is the amount
(K — S7)* that he had to pay above the current stock price. For the seller, it is the
amount (Sp — K)* that he received below the current stock price. If these deposits
accumulate at the same risk-free rate as the bond and as long as they are counted
towards the depositor, they do not affect the intermediate values of the contract, as
long as the contract is honoured. In practice (in the presence of transaction costs),
the margins do not trace each stock price movement, but are updated at a fixed
frequency and only if amounts exceed certain thresholds.

e Options come in various flavours. Standard wvanilla options have a fixed maturity
T and payoffs Vr that only depend on the stock price Sy at maturity, Vy = f(Sr).
In a complete model, they can be priced as Vo = e "TE,(Vr). The prime examples
are FEuropean call options and European put options, which, respectively, give the
right, but not the obligation, to buy or sell the stock at maturity 7" at a strike price
K. The payoff of the call is Vp = (S — K)T, because
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— if S7 > K, the option is exercised, the stock bought for K, sold again for Sp
giving a payoff of Vi = Sy — K;

— if S < K, the option is not exercised and the payoff is Vi = 0.

The payoff of the put is Vi = (K — S7)™. American calls and puts can be exercised
at any time up to and including maturity. Beyond vanilla options, the payoff can
be path-dependent, i.e. dependent on (S;,t < T'), e.g. barrier options that lose
their value if the stock price exceeds a certain barrier b. For such an up-and-out
barrier call option, we have Vp = 1¢g,<p0<t<7) (S — K)T. These are more difficult
to price even in complete models, because expectations are getting more difficult
to evaluate.



Lecture 8

Duration, convexity and
immunisation

Reading: McCutcheon-Scott Chapter 10, CT1 Unit 13

Suppose an institution holds assets of value V4 to meet liabilities of V7, and that at time
0, we have V4 > V. If interest rates applicable for discounting fall (rise), both V4 and V},
will increase (decrease). Under what conditions can we ensure that we still have V4 > V.
under modified interest rates?

Obviously, full matching of our assets to our liabilities would achieve this. In practice
however, full matching is difficult and it is instructive to ask in what circumstances might
a partial match be sufficient?

In this lecture we introduce the notions of “volatility” and “convexity” of a cash-flow
that reflect how present values of cash-flows change when interest rates change. Matching
volatilities and dominating the convexity of liabilities provides a useful partial match.

8.1 Duration/volatility

For simplicity we assume a constant force of interest, i.e. a flat yield curve with y, =
fir =10, Y, =F, =0, forallt <r.
Consider a discrete cash-flow C' = ((tg,cx), 1 <k <n). Let

n 1 ti n
V= = —tk0

be the present value of the payments in the constant-i model or equivalently in the
constant-0 model. We will consider V' to be a function of i or ¢:

Definition 38 For a cash-flow C' with present value V' in the constant interest model,
we introduce the notions of
d(In(V)) 1dV

latilit tive durats ) = ———— = ———.
(a) wvolatility or effective duration v(i) pr Vi

|
(b) discounted mean term (DMT) or MacAuley duration () = —w = —%%
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Note that with 1+ i = €° we have di/dd = €°, or § = log(1 + 1) gives d/di = (1 +i)!

SO
LA AV
7(0) = AT Vd 5 ev(e’ —1) = (14+14)v(i).

1dV et
Furthermore, v(i) = Vi v Z Crly (1 T ) and 7( Ztk .

j 1
where the last formula explains the name “discounted mean term”, since 7(¢) is indeed
the mean term of the cash-flow, weighted by present value, provided that all weights have
the same sign, i.e. provided that the cash-flow has either only inflows or only outflows.
Specifically, it is a weighted average of t, with weights wy, = cpe %% / > i cje % that
clearly sumup to 1 as we sum k=1,...,n.

Example 39 DMT of an n-year coupon-paying bond, annual coupons of D, redemption
proceeds of R, is

D(Ia)z + Rno™
= Ua)s + fino where v = (144)7! = e,

Dam + Ron ’
To see this, note that
V:DZ’U +Rv" = —==D) (=k)v" — Rw" = —D(la)z — Rnv".
k=1 do k=1

Note that for D = 0 and R = 1, we obtain the special case of a zero-coupon bond of
duration n, which has DMT n. Note however, that it is the MacAuley duration, not the
effective duration which equals n. The effective duration is n(1 + )~}

8.2 Convexity

Definition 40 For a cash-flow C with present value A in the constant interest model,
1 d2V

we introduce the notion of convexity c(i) = vV dZ
i

1 tr+2
For a cash-flow C = ((tl’cl), ceey (tn,cn)), this is C( = V ;thk tk + 1) (1 + Z) .

Convexity gives a measure of the change in duration when the interest rate changes.
Example 41 (a) For a zero-coupon bond of duration n, we obtain
Vo=(0149)" = u@()=nl+4)"" and c,(i) =n(n+1)(1+1)"
(b) For the sum of two zero-coupon bonds with V' = (1 4 i)~ 4 (1 +4)~("*™) we

can derive simple expressions as weighted averages of the respective quantities for
zero-coupon bonds, with notation as in (a):

L _ (1+4)™
V) = Vo) Ty s (L

(14+4)~™
(1+i)ym+ (144)™

+ Vn-i-m( )
and

(L+a)™
(I+d)m+ 1+

(1+14)”
(L™ + (1 4+4)=™

3

+ Cn-l-m(i)

c(i) = cpm(i)
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Note in particular that in the relevant case of small ¢ > 0, the largest convexities among
m € {0,...,n} are found for the most spread-out cases of m close to n. Specifically,
note that for fixed n and i | 0, the weights in the averages tend to 1/2, so v(i) — n and
c(i) — n(n+1) +m?2. In the next section, we will see that suitable mixtures of short and
long term assets can provide protection against changes in interest rates.

8.3 Immunisation

Definition 42 Consider a fund with asset cash-flow A and liability cash-flow L. Let Vj
and Vp be their present values. We say that at interest rate iy the fund is immunised
against small movements in the interest rate if Vy(ig) = Vi(i9) > 0 and if there is ¢ > 0
such that V(i) > V(i) for all i € (ig — €10 + €).

o~ | o~ |
— —

difference
difference

T T T T T T T T T T
0.00 0.02 0.04 0.06 0.08 0.00 0.02 0.04 0.06 0.08

Figure 8.1: Plots of the difference of V(i) — V1.(7) for liability cash-flows L; = ((2,10K))
and Lo = ((0,76.7M), (2,500M), (4,90.5M)) and iy = 4%, with matching asset portfolios
of the form A = ((1,a), (3,b)), where immunisation works for b; = 10K *(1.04)/2 = 5.2K
and a; = 10K/2(1.04) ~ 4.8K; similarly by ~ 34.74M and ay ~ 31.98M.

Two examples of immunisation are illustrated in Figure 8.1. In the first case, where
Ly =((2,10K)) and A; ~ ((1,4.8K), (3,5.2K)), immunisation holds, in fact, against any
change in interest rates. In the second case of Ly = ((0,76.7M), (2,500M), (4,90.5M))
and Ay ~ ((1,31.98M), (3,34.74M)), immunisation holds just for small moves in interest
rates (1 € (1.8%,7.1%), so we can choose any € < 2.18%). The following theorem explains
how we can set up asset portfolios.

Theorem 43 (Redington) If Va(ig) = Vi(ig) > 0, va(io) = v(io) and ca(io) > cr(ig),
then at rate ig, the fund is immunised against small movements in the interest rate.

Proof: Consider the surplus S(i) = V(i) — Vi(i). By Taylor’s theorem, we have
S(i) = S(io) + (i —i0)S"(io) + 3(i — i9)>S" (i0) + O((i — i0)*)
= (Valio) = Vi(io)) — (i — i0)(Valio)valio) — Vi(io)vL(in))
+%(Z —ip)* (Vialdo)ealio) — Vi(io)er (o)) + O((i — ip)°)
= 0—0+ (Z—ZQ) VA(ZQ)( ( ) —CL(iQ))+O((i—i0)3) Z 0

for |i — ip| sufficiently small. O
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Example 44 (i) Suppose you have a liability to pay £10K in two years time and can

invest into zero-coupon bonds of duration 1 and 3 years, both yielding ig = 4%.
We wish to immunise against small moves in interest rates by setting up a portfolio
A = ((1,a1),(3,b1)) of a; term-1 zero-coupon bonds and b; term-3 zero-coupon
bonds. Redington’s Theorem suggests to match V4(4%) = Vi,(4%) and v4(4%) =
v (4%), but given the first equation, the second is equivalent to V}(4%) = V/(4%)
or, if we like, —1.04 x V}(4%) = —1.04 x V/(4%). Therefore, we have two linear
equations

a1/1.04 + by /(1.04)3 = 10K /(1.04)? [ @ =10K/2(1.04) ~ 48K
a1/1.04 4 3b,/(1.04)3 = 20K /(1.04)? by = 10K = (1.04)/2 = 5.2K.

Now ca(4%) > cr(4%) iff V{ > V' iff 2a,/(1.04)3 +120b, /(1.04)°> > 60K/(1.04)*. In
numbers this is 59.8 K > 51.3K, so by Redington’s Theorem, immunisation holds.
The left-hand plot of Figure 8.1 illustrates Va(i) — V(i) for i € (—=1%,9%). In
fact, in this example immunisation of the current position holds against any move
in interest rates. However, some of the risks that we identify in the next section
also apply to this example.

Suppose you have liabilities Ly = ((0,76.7M), (2,500M), (4,90.5M)). We leave to
the reader to set up the linear equations to identify the portfolio ((1,as), (3,b2))
that matches present values and volatilities. The solution is as ~ 31.98M and
by =~ 34.74M. Again, convexities can be checked. The right-hand plot of Figure 8.1
illustrates that immunisation does not hold against larger moves in interest rates.

8.4 Limitations of classical immunisation theory

1.

d.
6.

The theory relies on a small change in interest rates. The fund may not be protected
against large changes. In practice, this is not usually a problem as the theory is
fairly robust; only large changes and strange liabilities may lead to problems at this
point; rebalancing helps when interest rates change gradually rather than abruptly.

. The need of constant rebalancing of the portfolio is not unproblematic as this can

be costly, in practice.

. We assumed a constant interest rate now and at future time. This is rather suspect

since yield curves are not flat in practice. On the problem sheet, we even point
out some arbitrage problems under such model assumptions when a flat yield curve
shifts up or down.

The theory is aimed at meeting fixed monetary liabilities, whereas in practice many
liabilities are real. The theory can be adjusted to include inflation by using index-
linked assets, but time lags may be a problem, also when rebalancing.

Assets of suitably long term may not exist.

There may be uncertainties in timing or amount of liability outgo.

What is done in practice? A broader risk management is based on asset-liability mod-
elling using stochastic models with Monte-Carlo simulation, sensitivity analysis and/or
scenario testing.



Lecture 9

Modelling future lifetimes

Reading: Gerber Sections 2.1, 2.2, 2.4, 3.1, 3.2, 4.1

In this lecture we introduce and apply actuarial notation for lifetime distributions.

9.1 Introduction to life insurance

The lectures that follow are motivated by the following problems.

1. An individual aged x would like to buy a life annuity (e.g. a pension) that pays
him a fixed amount N p.a. for the rest of his life. How can a life insurer determine
a fair price for this product?

2. An individual aged = would like to buy a whole life insurance that pays a fixed
amount S to his dependants upon his death. How can a life insurer determine a
fair single or annual premium for this product?

3. Other related products include pure endowments that pay an amount S at time n
provided an individual is still alive, an endowment assurance that pays an amount
S either upon an individual’s death or at time n whichever is earlier, and a term
assurance that pays an amount S upon an individual’s death only if death occurs
before time n.

The answer to these questions will depend on the chosen model of the future lifetime 7T},
of the individual.

9.2 Lives aged x

Recall our standard notation for continuous lifetime distributions. For a continuously
distributed random lifetime 7', we write Frr(t) = P(T < t) for the cumulative distribution
function, fr(t) = Fn(t) for the probability density function, Fr(t) = P(T > t) for
the survival function and pr(t) = fr(t)/Fr(t) for the force of mortality. Let us write
wr = inf{t > 0: Fr(t) = 0} for the maximal possible lifetime. Also recall

Fa(t) = (- | t pr(s)ds ).
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We omit index 7' if there is no ambiguity.

Suppose now that 7" models the future lifetime of a new-born person. In life insur-
ance applications, we are often interested in the future lifetime of a person aged x, or
more precisely the residual lifetime T — x given {T" > x}, i.e. given survival to age
x. For life annuities this determines the random number of annuity payments that are
payable. For a life assurance contract, this models the time of payment of the sum
assured. In practice, insurance companies perform medical tests and/or collect employ-
ment /geographical /medical data that allow more accurate modelling. However, let us
here assume that no such other information is available. Then we have, for each z € [0, w),

P(T'>z+y) Flz+y)
P(T'—x>ylT >x) = = — ) > 0,
(T=e >yl >2) = =5 F(x) Y
by the definition of conditional probabilities P(A|B) = P(AN B)/P(B).
It is natural to directly model the residual lifetime 7}, of an individual (a life) aged x

Fu) = B0 > ) = T g (= [ i) e (- [ -+ o).

We can read off 1, (t) = ur, (t) = u(x +t), i.e. the force of mortality is still the same,
just shifted by x to reflect the fact that the individual aged x and dying at time T} is
aged x 4 T, at death. We can also express cumulative distribution functions

as

Fuly) = 1 - Fa(y) = F(z) —Fé;()x + ) _ F(:cl—l—_y;’zxf(x)’

and probability density functions

{ Fl(y) = flety) _ flaty) <y<w-—u,

1—F(x) F(z)
0, otherwise.

fo(y) =

There is also actuarial lifetime notation, as follows

tdr = Fx(t)a tPe = 11— tdr = Fx(t)> Gz = 19z, Pz = 1Pz Hz = ,U(ZL') = ,UJ;(O)

In this notation, we have the following consistency condition on lifetime distributions for
different ages:

Proposition 45 For all x > 0, s > 0 and t > 0, we have

s+tPz = sPz X tPz+s-

By general reasoning, the probability that a life aged = survives for s + t years is the
same as the probability that it first survives for s years and then, aged z + s, survives
for another t years.

Proof: Formally, we calculate the right-hand side

P(T>z+s)P(T >z +s+t)
P(T>z) P(T>xz+s)

sPx X tPz+s — P(Tm > S)P(Tx+s > t) = = P(Tx > S+ t)

= s+tPz-
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We can also express other formulas, that we have already established, in actuarial nota-
tion:

t t
fa (t) = tPxla+t, tPx = €XP (_/ ,um+sd5) ) tder = / sDzfatsds.
0 0

The first one says that to die at ¢, life  must survive for time ¢ and then die instanta-
neously.

9.3 Curtate lifetimes

In practice, many cash flows pay at discrete times, often at the end of each month. Let us
begin here by discretising continuous lifetimes to integer-valued lifetimes. This is often
done in practice, with interpolation being used for finer models.

Definition 46 Given a continuous lifetime random variable T}, the random variable
K, = [T,], where [-] denotes the integer part, is called the associated curtate lifetime.

Of course, one can also model curtate lifetimes directly. Note that, for continuously
distributed T,

PK,=k)=Pk<T,<k+1)=Pk<T, <k+1)=1Ds X Gur-

Also, by Proposition 45,
P(K, > k) = 1p, = pr

i.e. K, can be thought of as the number of successes before the first failure in a sequence
of independent Bernoulli trials with varying success probabilities py;;, 7 > 0. Here,
success is the survival of a year, while failure is death during the year.

Proposition 47 We have E(K Z kDa-

Proof: By definition of the expectation of a discrete random variable,

[w—x] [w— x} [w—2z] [w—2]
k=1 k=1 m=k
(w—z] m

Example 48 If T is exponentially distributed with parameter p € (0,00), then K = [T]
is geometrically distributed:

P(K=k)=Pk<T <k+1)=ef e ®n —(cmmk(1 —e#)  k>0.

We identify the parameter of the geometric distribution as e™*. Note also that here
pr=e*and ¢, =1 —e* for all x.
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In general, we get

k k-1 zT+j+1
P(K, > k) prﬂ = exp (—/ w(z + t)dt) = Hexp (—/ ,u(s)ds) :
0 j=0 z+j

so that we read off

z+1
Pz = €XDp (—/ ,u(s)ds) , x> 0.

In practice, p is often assumed constant between integer points (denoted fi,1¢.5) or con-
tinuous piecewise linear between integer points.

9.4 Examples
Let us now return to our motivating problem.

Example 49 (Whole life insurance) Let K, be a curtate future lifetime. A whole life
insurance pays one unit at the end of the year of death, i.e. at time K, + 1. In the model

of a constant force of interest 8, the random discounted value at time 0 is Z = e~ 0(Fz+1)
so the fair premium for this random cash-flow is
o o
A;c — E(Z) _ E 6(Kx+1 Ze (5kIP) — k _ 1 Z 1 + Z —m— 1mpxq:c+m>
k=1 m=0

where i = ¢’ — 1 and A, is just the actuarial notation for this expected discounted value.



Lecture 10

Lifetime distributions and life-tables

Reading: Gerber Sections 2.3, 2.5, 3.2

In this lecture we give an introduction to life-tables. We will not go into the details of
constructing life-tables, which is one of the subjects of BS3b Statistical Lifetime-Models.
What we are mostly interested in is the use of life-tables to price life insurance products.

10.1 Actuarial notation for life products.
Recall the motivating problems. Let us introduce the associated notation.

Example 50 (Term assurance, pure endowment and endowment) The fair pre-
mium of a term insurance is denoted by

n—1
1 _ k+1
Ax:ﬁ\ - Z'U EPzqz+k-
k=0

The superscript 1 above the x indicates that 1 is only paid in case of death within the
period of n years.

The fair premium of a pure endowment is denoted by Amzlﬁ[ = v",p.. Here the super-
script 1 indicates that 1 is only paid in case of survival of the period of n years.

The fair premium of an endowment is denoted by Agm = A} + A5, where we could
have put a 1 above both x and n, but this is omitted being the default, like in previous
symbols.

Example 51 (Life annuities) Given a constant ¢ interest model, the fair premium of
an ordinary (respectively temporary) life annuity for a life aged x is given by

vkkpx respectively  azm = Z vkkpz.

1 k=1

00 n
Ay =
k=

For an ordinary (respectively temporary) life annuity-due, an additional certain payment
at time 0 is made (and any payment at time n omitted):

a; =1+ a, respectively dpm =1+ a,7=7.
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10.2 Simple laws of mortality

As we have seen, the theory is nicest for exponentially distributed lifetimes. However, the
exponential distribution is not actually a good distribution to model human lifetimes:

e One reason that we have seen is that the curtate lifetime is geometric, i.e. each
year given survival up to then, there is the same probability of dying in the next
year. In practice, you would expect that this probability increases for higher ages.

e There is clearly significantly positive probability to survive up to age 70 and zero
probability to survive to age 140, and yet the exponential distribution suggests that

P(T > 140) = e 0% = (772 = (P(T > 70))%

Specifically, if we think there is at least 50% chance of a newborn to survive to age
70, there would be at least 25% chance to survive to age 140; if we think that the
average lifetime is more than 70, then p < 1/70, so P(T > 140) > e2 > 10%.

e More formally, the exponential distribution has the lack of memory property, which
here says that the distribution of T} is still exponential with the same parameter,
independent of x. This would mean that there is no ageing.

These observations give some ideas for more realistic models. Generally, we would favour
models with an eventually increasing force of mortality (in reliability theory such distri-
butions are called IFR distributions — increasing failure rate).

1. Gompertz’ Law: u(t) = Bc' for some B > 0 and ¢ > 1.

2. Makeham’s Law: u(t) = A+ Bc' for some A > 0, B > 0 and ¢ > 1 (or ¢ > 0 to
include DFR — decreasing failure rate cases).

3. Weibull: yu(t) = kt’ for some k > 0 and 8 > 0.

Makeham’s Law actually gives a reasonable fit for ages 30-70.

10.3 The life-table

Suppose we have a population of newborn individuals (or individuals aged a > 0, some
lowest age in the table). Denote the size of the population by ¢,. Then let us observe
each year the number ¢, of individuals still alive, until the age when the last individual
dies reaching ¢, = 0. Then out of ¢, individuals, ¢,,, survived age =, and the proportion
ly11/¢, can be seen as the probability for each individual to survive. So, if we set

P = loi1/ls foralla <z <w-—1.

we specify a curtate lifetime distribution. The function z + /¢, is usually called the life-
table in the strict sense. Note that also vice versa, we can specify a life-table with any
given curtate lifetime distribution by choosing 5 = 100, 000, say, and setting £, = £y X .po.
In this case, we should think of ¢, as the expected number of individuals alive at age x.
Strictly speaking, we should distinguish p, and its estimate p, = ¢,.1//,, but this notion
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Figure 10.1: Human lifetime distribution from the 1967/70 life-table — constructed using
advanced techniques including graduation/smoothing; notice in the bottom left plot,
amplified in the right-hand plot, infant mortality and “accident hump” around age 20.

had not been developed when actuaries first did this, and rather leave the link to statistics
and the interpretation of ¢, as an observed quantity, which it usually isn’t anyway for
real life-tables that were set up by rather more sophisticated methods.

There is a lot of notation associated with life-tables, and the 1967/70 life-table that
we will work with actually consists of several pages of tables of different life functions.
We work with the table for ¢,, and there is also a table containing all ¢,, or indeed
dpy =0y — U1, @ <z <w—1. Observe that, with this notation, ¢, = d.//,.

See Figure 10.1 for plots of hazard function (z — ¢,) and probability mass functions
(x — P(K = z)). Note that initially and up to age 35, the one-year death probabilities
are below 0.001, then increase to cross 0.1 at age 80 and 0.5 at age 100.
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10.4 Example

We will look at the 1967/70 life-table in more detail in the next lecture. Let us finish
this lecture by giving an (artificial) example of a life-table constructed from a parametric
family. A more realistic example is on the next assignment sheet.

Example 52 We find records about a group of 10,000 from when they were all aged 20,
which reveal that 8,948 were still alive 5 years later and 7,813 another 5 years later. This
means, that we are given

620 = 10, 000, 625 = 8, 948 and 630 = 7, 813.

Of course, this is not enough to set up a life-table, since all we would be able to calculate
is ) ,
P = — = 0895  and  spgs = —= = 0.873.
620 625

However, if we assume that the population has survival function

Fr(t) = exp(—Axz — Ba?), for some A > 0 and B > 0,

we can solve two equations to identify the parameters that exactly replicate these two
probabilities:

exp(—25A — 25°B)
exp(—20A — 202B)

sp0 = P(T > 25|T > 20) = = exp(—bA — 225B)
pP2s = exp(—bHA —275B).

(More sophisticated statistical techniques are beyond the scope of this course.) Here, we

obtain that
1n(0.895) — In (0. —1n(0.895) — 2258
n(0 895)50 n(0873) _ om0 and 4~ — O 89? 5 _ .0001s,

B—
and we can then construct the whole associated lifetable as
= Lo X 4_20p20 = 10,000 exp(—(x — 20)A — (2> — 20%)B).

The reliability away from x € [20,30] must be questioned, but we can compute the
1mphed 6100 = 89.29.



Lecture 11

Select life-tables and applications

Reading: Gerber 2.5, 2.6

11.1 Select life-tables

Some life-tables are select tables, meaning that mortality rates depend on the duration
from joining the population. This is relevant if there is e.g. a medical check at the
policy start date, which can reject applicants with poor health and only offer policies to
applicants with better than average health and lower than average mortality, at least for
the next few years. We denote by

e [z] the age at the date of joining the population;
® | the mortality rate for a life aged = having joined the population at age x;
® (;+; the mortality rate for a life aged x + j having joined the population at age x;

e ¢.., the ultimate mortality for a life aged = having joined the population at age x;

It is supposed that after some select period of r years, mortality no longer varies signifi-
cantly with duration since joining, but only with age: this is the ultimate portion of the
table.

Example 53 The 1967/70 life-table has three columns, two select columns for ¢, and
qjz]+1 and one ultimate column for g,,. To calculate probabilities for K[, the relevant
entries are the three entries in row [z] and all ultimate entries below this row. E.g.

P(Kpy =4) = (1= qu) (1 = g1 (1 = Gay2) (1 = Got3)Gota-
Using the excerpt of Figure 11.1 of the table for an age [55], we obtain specifically
P(Ks5 = 4) = (1 —0.00447)(1 — 0.00625)(1 — 0.01050)(1 — 0.01169)0.01299 ~ 0.01257.

Example 54 Consider a 4-year temporary life assurance issued to a checked life [55].
Assuming a constant interest rate of i = 4%, we calculate

A[515};z‘ = V(55 T U2p[55}Q[55]+1 + Usp[ss]p[ss}ﬂ%? + U4p[55]p[55}+1p57%8 = 0.029067.

Therefore, the fair price of an assurance with sum assured N = £100, 000 is £2,906.66,
payable as a single up-front premium.

41
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Age [7] la) Qla)+1 Qot2 Age r + 2
53 00376288 .00519413 .00844128 55
54 .00410654 .00570271 .00941902 56
55 .00447362 .00625190 .01049742 57
56 .00486517 .00684424 .01168566 58
57 .00528231 00748245 .01299373 59
58 .00572620 .00816938 .01443246 60
59 .00619802 .00890805 .01601356 61
60 .00669904 .00970168 01774972 62
61 00723057 .01055365 .01965464 63
62 00779397 .01146756 02174310 64

Figure 11.1: Extract from mortality tables of assured lives based on 1967-70 data.

11.2 Multiple premiums

We will return to a more complete discussion of multiple premiums later, but for the
purpose of this section, let us define:

Definition 55 Given a constant i interest model, let C' be the cash flow of insurance
benefits, the annual fair level premium of C' is defined to be

p, _ E(DVal(©))

Ay

This definition is based on the following principles:

Proposition 56 In the setting of Definition 55, the expected dicounted benefits equal the
expected discounted premium payments. Premium payments stop upon death.

Proof: The expected discounted value of premium payments ((0, P,),..., (K., P.)) is
P.i, = E(DValy(C)). a

Example 57 We calculate the fair annual premium in Example 54. Since there should
not be any premium payments beyond when the policy ends either by death or by reaching
the end of term, the premium payments form a effectively a temporary life annuity-due,
i.e. cash flow ((0,1),(1,1),(2,1),(3,1)) restricted to the lifetime Kps5. First

Az = 1 + vppss) + Vs P51 +1 + VP Dss Plss+1PsT & 3.742157
and the annual premium is therefore calculated from the life table in Figure 11.1 as

NA!
o3 — i — Y RY

A[55].7]
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11.3 Interpolation for non-integer ages = + u, r € N,
u e (0,1)

There are two popular models. Model 1 is to assume that the force of mortality p; is
constant between each (x,x + 1), z € N. This implies

z+1
Pz = €XP <_/ ,utdt> = exp (_:U’ac+0.5) = /’l’x-i-% = - hl(px).

Also, for 0 <u <1,

r+u
P(T > x4+ u|T > ) = exp {—/ ,utdt} =exp{—uizio5} = (1 — q)",

and with notation 7" = K + S, where K = [T] is the integer part and S = {T} =
T —[T) =T — K the fractional part of 7', this means that
CP@a<T<z+4u)/P(T'>x) 1—exp{—upizros}

P(S <u|lK=2z)= = 0<u<i1
(S sulK =) = g T ey /(T > 2) ~ 1= expitinros) =t=5

a distribution that is in fact the exponential distribution with parameter fi,1¢.5, truncated
at w = 1: for exponentially distributed F

P(E<u) 1—exp{—tparos}
P(E<1) 1—exp{—ftos}

Since the parameter depends on z, S is not independent of K here.

Model 2 is convenient e.g. when calculating variances of continuous lifetimes: we
assume that S and K are independent, and that S has a uniform distribution on [0, 1].
Mathematically speaking, these models are not compatible: in Model 2, we have, instead,
for0<u<1,

P(E<ulE<1)= 0<u<l.

Fr,(u) = P(T>x+u|T > )
= P(K>z+ 1K >2)+P(S>ulK =2)P(K =z|T > x)
= 1—-¢)+ (1 —-u)g: =1— ugq,.

We then calculate the force of mortality at « + u as

PR 4
Fr,(u) 1—uq,

,um—l—u -

and this is increasing in u. Note that p is discontinuous at (some if not all) integer
times. The only exception is very artificial, as we require ¢,+1 = ¢./(1 — ¢.), and in
order for this to not exceed 1 at some point, we need gy = « = 1/n, and then ¢, =
k=1,...,n—1, with w = n maximal age. Usually, one accepts discontinuities.

If one of the two assumptions is satisfied, the above formulas allow to reconstruct the
full distribution of a lifetime 7" from the entries (¢, ).en of a life-table: from the definition
of conditional probabilities

_a
1—ka’?

<t 1 — e~ t=thhatos
P(S <t- [t”K = [t]) = — - = 1 — e~ Hz+05 in Model 1,
1)) t—[t] in Model 2,
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we deduce that
PT<t)=PK <[t] -1)+P(K =[t)P(S <t - [t]|K = [t]),

and we have already expressed the distribution of K in terms of (¢;).en-

11.4 Practical concerns

e Mortality depends on individual characteristics (rich, athletic, adventurous). Ef-
fects on mortality can be studied. Models include scaling or shifting already existing
tables as a function of the characteristics

e We need to estimate future mortality, which may not be the same as current or
past mortality. Note that this is inherently two-dimensional: a 60-year old in 2060
is likely to have a different mortality from a 60-year old in 2010. A two-dimensional
life-table should be indexed separately by calender year of birth and age, or current
calender year and age. Prediction of future mortality is a major actuarial problem.
Extrapolating substantially into the future is subject to considerable uncertainty.

e There are other risks, such as possible effects of pills to halt ageing, or major
influenza outbreak. How can such risks be hedged?



Lecture 12

Evaluation of life insurance products

Reading: Gerber Sections 3.2, 3.3, 3.4, 3.5, 3.6, 4.2

12.1 Life assurances

Recall that the fair single premium for a whole life assurance is

[e.e]
Ay = E('UKVH) = Z Uk+lkprx+ka
k=0
where v = e = (1 + i)' is the discount factor in the constant-i model. Note also

that higher moments of the present value are easily calculated. Specifically, the second

moment
2Ax — E(U2(K””+1)),

associated with discount factor v?, is the same as A, calculated at a rate of interest
i' = (1 +14)? — 1, and hence

Var(vXe+l) = E(p2Ea+D)) (E(UKZH))? =24, — (A,)2

Remember that the variance as expected squared deviation from the mean is a quadratic
quantity and mean and variance of a whole life assurance of sum assured S are

E(Sv™™) =S4, and  Var(So™ ™) = $?*Var(v*t!) = S?(%4, — (A,)?).
Similarly for a term assurance,
E (S0" o) = SAL, and  Var (S0FH e ) = 87 (PAL — (AL )?)
for a pure endowment
E (Sv"l{k,5n}) = SApay = Sv"ap,  and  Var(Sv"lig,>ny) = S* (A0 — (Apr)?)
and for an endowment assurance

E(Svmin(Kw-i-l,n)) — SAxm and Var(s,umin(Kw-i-l,n)) — 52 (ZAx:m . (Axm)z)
45
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Note that
5% (PAzm — (Aem)?) # 5% (PArmy — (Apm)?) + 5% (A — (A7),

because term assurance and pure endowment are not independent, quite the contrary, the
product of their discounted values always vanishes, so that their covariance —S*Al A L
is maximally negative. In other notation, from the variance formula for sums of dependent
random variables,

Var(Symin(Ke+ln)y — Var(SvK“+11{Kz<n} + Sv" 1k, >n})
= Var(Sv™* ' g, cny) + Var(Sv" g, >ny) + 2Cov(Sv™* M ke oy, SOk, 50p)
= Var(SvK”ll{KKn}) + Var(Sv" g, >ny) — 2E(SUK1‘+1I{Kw@})E(Sv”l{KxZn})
=5 (PALm — (ALm)?) + 5% (PApm — (Ap)?) — S? AL A

12.2 Life annuities and premium conversion relations

Recall present values of whole-life annuities, temporary annuities and their due versions

00 n

k k .. i [

Ay = E UV kPzy, Qgm = g U kP, i, =1+a, and Az:n) = 1+ Qgin—1]-
k=1 k=1

Also note the simple relationships (that are easily proved algebraically)

Gy = UPzAz41 and Qgq) = UPzx0p41:7)-

By general reasoning, they can be justified by saying that the expected discounted value
of regular payments in arrears for up to n years contingent on a life x is the same as the
expected discounted value of up to m payments in advance contingent on a life x + 1,
discounted by a further year, and given survival of z for one year (which happens with
probability p,).

To calculate variances of discounted life annuity values, we use premium conversion
relations:

Proposition 58 A, =1 —da, and Ay = 1 — diym, whered =1 — v.

Proof: The quickest proof is based on the formula iz = (1 — v™)/d from last term

. . 1 — pfetl 1 —E(f+t)  1- A,
ax:E(aWFE( d ): a4

The other formula is similar, with K, + 1 replaced by min(K, + 1,n). a

Now for a whole life annuity,

1— vl Kb\ 1
Var(ag;) = Var < i“ ) = Var <U - ) = Var(w ) = — (24, — (4,)?) .
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For a whole life annuity-due,

Var(lig 7)) = Var(l + ax;)) = S (%A, — (AL)?) .

2
Similarly,
1 — ymin(Kz,n) pmin(Ke+1n+1)
Var(amm( Kx’n)‘) Var ( - ) ar ( y )
1
- ﬁ (2A$ n+l] (Am n+1\)2)
and

Var(am) = Var (1 + am> = 2 (21496:;‘ — (Ax:m)z) .

12.3 Continuous life assurance and annuity functions

A whole of life assurance with payment exactly at date of death has expected present
value

A, = E(v™) :/ vtfx(t)dt:/ Vh Dy o edt.
0 0

An annuity payable continuously until the time of death has expected present value

1 Y % o)
a, =E ( Y ) = / vhypadt.
0 0

Note also the premium conversion relation A, = 1 — da,.
For a term assurance with payment exactly at the time of death, we obtain

A:E:n_\ - E(UTzl{Tﬁgn}) = / Uttpxﬂx-i-tdt-
0

Similarly, variances can be expressed, as before, e.g.

—1

Var(vTxl{ngn}) = 2Am:n_\ - (Zmn_\)2

12.4 More general types of life insurance

In principle, we can find appropriate premiums for any cash-flow of benefits that depend
on T, by just taking expected discounted values. An example of this was on Assignment
4, where an increasing whole life assurance was considered that pays K, + 1 at time
K, + 1. The purpose of the exercise was to establish the premium conversion relation

(IA), = d, —d(la),

that relates the premium (/A), to the increasing life annuity-due that pays k& + 1 at
time k for 0 < k < K,. It is natural to combine such an assurance with a regular
savings plan and pay annual premiums. The principle that the total expected discounted
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premium payments coincide with the total expected discounted benefits yield a level
annual premium (I P), that satisfies

el

Ay

(IP)si, = (IA), = i, — d(Id), = (IP),=1-d

Similarly, there are decreasing life assurances. A regular decreasing life assurance is useful
to secure mortgage payments. The (simplest) standard case is where a payment of n— K,
is due at time K, + 1 provided K, < n. This is a term assurance. We denote its single
premium by

3
—

(DA)alc:ﬁ\ = (n - k)vk+lkpmqgc+k
k=0
and note that
(DA)i:m = Aglg:m + Ai;m\ +oeeet Ai;ﬂ = nAi:m - (IA)QIE%‘,

where (I A)! _ denotes the present value of an increasing term-assurance.

z:n|



Lecture 13

Premiums

Reading: Gerber Sections 5.1, 5.3, 6.2, 6.5, 10.1, 10.2

In this lecture we incorporate expenses into premium calculations. On average, such
expenses are to cover the insurer’s administration cost, contain some risk loading and a
profit margin for the insurer. We assume here that expenses are incurred for each policy
separately. In practice, actual expenses per policy also vary with the total number of
policies underwritten. There are also strategic variations due to market forces.

13.1 Different types of premiums

Consider the future benefits payable under an insurance contract, modelled by a random
cash flow C'. Recall that typically payment for the benefits are either made by a sin-
gle lump sum premium payment at the time the contract is effected (a single-premium
contract) or by a regular annual (or monthly) premium payments of a level amount for
a specified term (a regular premium contract). Note that we will be assuming that all
premiums are paid in advance, so the first payment is always due at the time the policy
is effected.

Definition 59 e The net premium (or pure premium) is the premium amount re-
quired to meet the expected benefits under a contract, given mortality and interest
assumptions.

e The office premium (or gross premium) is the premium required to meet all the costs
under an insurance contract, usually including expected benefit cost, expenses and
profit margin. This is the premium which the policy holder pays.

In this terminology, the net premium for a single premium contract is the expected cost
of benefits E(Valy(C)). E.g., the net premium for a single premium whole life assurance
policy of sum assured 1 issued to a life aged z is A,.

In general, recall the principle that the expected present value of net premium payment
equals the expected present value of benefit payments. For office premiums, and later
premium reserves, it is more natural to write this from the insurer’s perspective as

expected present value of net premium income = expected present value of benefit outgo.

49
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Then, we can say similarly

expected present value of office premium income
= expected present value of benefit outgo
+ expected present value of outgo on expenses

+ expected present value of required profit loading.

Definition 60 A (policy) basis is a set of assumptions regarding future mortality, in-
vestment returns, expenses etc.

The basis used for calculating premiums will usually be more cautious than the best
estimate for a number of reasons, including to allow for a contingency margin (the insurer
does not want to go bust) and to allow for uncertainty in the estimates themselves.

13.2 Net premiums

We will use the following notation for the regular net premium payable annually through-
out the duration of the contract:

P, for an endowment assurance
1
P.m  for a term assurance

P,  for a whole life assurance.

In each case, the understanding is that we apply a second principle which stipulates
that the premium payments end upon death, making the premium payment cash-flow a
random cash-flow. We also introduce

P, as regular net premium payable for a maximum of n years.

To calculate net premiums, recall that premium payments form a life annuity (temporary
or whole-life), so we obtain net annual premiums from the first principle of equal expected
discounted values for premiums and benefits, e.g.

A,
ax:ﬁ\Px:ﬁ\ = Ax:ﬁ\ = Px:ﬁ\ = .
a':c:ﬁ\
AL A A
Similarly, Pr, = ==, P, = ==, ,P, = ——.
Gy Gy Qg7

13.3 Office premiums

For office premiums, the basis for their calculation is crucial. We are already used to
making assumptions about an interest rate model and about mortality. Expenses can be
set in a variety of ways, and often it is a combination of several expenses that are charged
differently. It is of little value to categorize expenses by producing a list of possibilities,
because whatever their form, they describe nothing else than a cash flow, sometimes
involving the premium to be determined. Finding the premium is solving an equation of
value, which is usually a linear equation in the unknown. We give an example.
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Example 61 Calculate the premium for a whole-life assurance for a sum assured of
£10,000 to a life aged 40, where we have

Expenses: £100 to set up the policy,
30% of the first premium as a commission,
1.5% of subsequent premiums as renewal commission,

£10 per annum maintenance expenses (after first year).

If we denote the gross premium by P, then the equation of value that sets expected
discounted premium payments equal to expected discounted benefits plus expected dis-
counted expenses is

Payy = 10,000A49 + 100 + 0.3P 4 0.015Pasg + 10a..

Therefore, we obtain

10,000A49 + 100 + 10a4g
&40 —0.3— 0.015a40 )

gross premium P =

In particular, we see that this exceeds the net premium

10, 000 A4

aq0

13.4 Prospective policy values

Consider the benefit and premium payments under a life insurance contract. Given a
policy basis and given survival to time ¢, we can specify the expected present value of
the contract (for the insured) at a time ¢ during the term of the contract as

Prospective policy value = expected time-t value of future benefits

— expected time-t value of future premiums.

We call net premium policy value the prospective policy value when no allowance is made
for future expenses and where the premium used in the calculation is a notional premium,
using the policy value basis. For the net premium policy values of the standard products
at time t we write

Ve, tvxl;m Ve, Vem, Ve, etc

Example 62 (n-year endowment assurance) The contract has term max{K,+1,n}.
We assume annual level premiums. When we calculate the net premium policy value at
time k = 1,...,n—1, this is for a life aged x + k, i.e. a life aged z at time 0 that survived
to time k. The residual term of the policy is up to n — k years, and premium payments
are still at rate P,.5. Therefore,

kvx:m = Ax—k:n—k| o Pmimax-l—k:n—ld

But from earlier calculations of premiums and associated premium conversion relations,

we have

Aw:ﬁ[ .
Px;m = — and Ay;m =1- day;m,
am:ﬁ[
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so that the value of the endowment assurance contract at time k is

i
x+k:n—k|
Ax:ﬁ\

ka:ﬁ\ = Ax+k:n—k| - i .
T
T Ny a
. . z+k:n—k| z+kn—k|
= 1- dam—l—k:n—k\ o (1 - da$1m>-~7 =1- T’
T:n| T:n|

where we recall that this quantity refers to a surviving life, while the prospective value
for a non-surviving life is zero, since the contract will have ended.

As an aside, for a life aged = at time 0 that did not survive to time k, there are no
future premium or benefit payments, so the prospective value of such an (expired) policy
at such time k is zero. The insurer may have made a loss on this individual policy, such
loss is paid for by parts of premiums under other policy contracts (in the same portfolio).

Example 63 (Whole-life policies) Similarly, for whole-life policies with payment at
the end of the year of death, for k =1,2,.. .,

Ve = Ax-i—k - an':c—i-k = A:c—i—k = T Qpyk = (1 - da’x—i—k) - (1 - dax) -~+k =1- f—i—ka
Ay Ay Qg
or with payment at death for any real ¢ > 0.
Iy A B — T Zx_ o — — _:c—i-t o _x-l—t
tvm — g+t — Pmax—l-t - Am—l—t - a_am—l—t - (1 - 5am+t) - (1 - 6ax) a =1- a .

While for whole-life and endowment policies the prospective policy values are increasing
(because there will be a benefit payment at death, and death is more likely to happen
soon, as the policyholder ages), the behaviour is quite different for temporary assurances
(because it is also getting more and more likely that no benefit payment is made):

Example 64 (Term assurance policy) Consider a 40-year policy issued to a life aged
25 subject to A1967/70 mortality. For a sum assured of £100,000 and i = 4%, the net

premium of this policy can best be worked out by a computer: £100,000P,;35 = £310.53.
The prospective policy values kV;E’m = Aés TR leszm Qs 4 p20—x Per unit sum assured

give policy values as in Figure 13.1, plotted against age, rising up to age 53, then falling.

Temporary life assurance, x=25, n=40, S=£100,000

reserve
4000 6000 8000
1 1
+
+

2000

o H +

age

Figure 13.1: Prospective policy values for a temporary assurance.



Lecture 14

Reserves

Reading: Gerber Sections 6.1, 6.3, 6.11

In many long-term life insurance contracts the cost of benefits is increasing over the term
but premiums are level (or single). Therefore, the insurer needs to set aside part of early
premium payments to fund a shortfall in later years of contracts. In this lecture we
calculate such reserves.

14.1 Reserves and random policy values
Recall

Prospective policy value = expected time-t value of future benefits

— expected time-t value of future premiums.

If this prospective policy value is positive, the life office needs a reserve for that policy,
i.e. an amount of funds held by the life office at time ¢ in respect of that policy. Apart
possibly from an initial reserve that the insurer provides for solvency reasons, such a
reserve typically consists of parts of earlier premium payments.

If the reserve exactly matches the prospective policy value and if experience is exactly
as expected in the policy basis then reserve plus future premiums will exactly meet future
liabilities. Note, however, that the mortality assumptions in the policy basis usually build
a stochastic model that for a single policy will produce some spread around expected
values. If life offices hold reserves for portfolios of policies, where premiums for each
policy are set to match expected values, randomness will mean that some policies will
generate surplus that is needed to pay for the shortfall of other policies. In practice
insurers will usually reserve on a prudent (slightly cautious) basis so that aggregate
future experience would have to be very bad for reserves plus future income not to cover
future liabilities.

If part of the risk of very bad future experience (e.g. untimely death of a large
number of policy holders) is due to specific circumstances (such as acts of terrorism or
war) the insurer may be able to eliminate such risk by exclusions in the policy contract
or by appropriate re-insurance, where the life office passes on such risk to a re-insurance
company by paying an appropriate premium from their premium income. We will get
back to the notion of pooling of insurance policies, which is one of the essential reasons
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why insurance works. On a superficial level, re-insurance can be seen as a pooling of
portfolios of insurance policies.

When calculating present values of insurance policies and annuity contracts in the first
place, it was convenient to work with expectations of present values of random cashflows
depending on a lifetime random variable T, or K, = [T}].

We can formalise prospective policy values in terms of an underlying stochastic lifetime
model, and a constant-i (or constant-0) interest model. A life insurance contract issued
to a life aged x gives rise to a random cash flow C' = OB — CF of benefit inflows C? and
premium outflows —C*. The associated prospective policy value is

E(L|T, > t), where L; = Valt(qﬁm) — C'ft’oo)),
where the subtlety of restricting to times (¢, 00) and [t, 00), respectively, arises naturally
(and was implicit in calculations for Examples 62 and 63), because premiums are paid
in advance and benefits in arrears in the discrete model, so for t = k € N, a premium
payment at time k is in advance (e.g. for the year (k, k + 1]), while a benefit payment at
time k is in arrears (e.g. for death in [k — 1,k)). Note, in particular, that if death occurs
during [k — 1, k), then Ly =0 and Ly = v — P,, where v = (1 +4)7%.

Proposition 65 (Recursive calculation of policy values) For a whole-life assurance,
we have

(Ve + Po)(1 + 1) = Quie + Dotk k+1Va-

By general reasoning, the value of the policy at time &k plus the annual premium for year
k payable in advance, all accumulated to time k + 1 will give the death benefit of 1 for
death in year k+1, i.e., given survival to time k, a payment with expected value ¢, and,
for survival, the policy value ,1V, at time k + 1, a value with expectation p, i rr1 V.

Proof: ~ The most explicit actuarial proof exploits the relationships between both as-
surance and annuity values for consecutive ages (which are obtained by partitioning
according to one-year death and survival)

Apike = Voqk + Vs Apiirr  and  dpqp = 1+ UDpyplopphtr-
Now we obtain

= Voik + VDathApiirr — (1 + VDpgnlagiir) P + Py
= U((Jx+k + px+k(Ax+k+1 - de:c—i-k—i-l)

= U(Qok + Dotk k41 Va)-
O

An alternative proof can be obtained by exploiting the premium conversion relation-
ship, which reduces the recursive formula to d,.r = 1 + vpyyrlrire1. However, such a
proof does not use insight into the cash-flows underlying the insurance policy.

A probabilistic proof can be obtained using the underlying stochastic model: by
definition, ,V, = E(Ly|T, > k), but we can split the cash-flow underlying L; as

C\?k,oo) - O|I[Dk,oo) = ((O> _PSU)’ (]'> 1{1€§Tk<k+1})’ C\?k-‘rl,oo) - C|I[Dk+l,oo))'
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Taking Val, and E( - |T, > k) then using E(1y<r, <ky1y|Te > k) =P(T, < k+ 1|1}, > k)=
Qotk; WE get

Ve = —Pr + 0quik + VE(Lg1| Ty > k) = =Py 4+ 0otk + VPuik k41 Vi,

where the last equality uses E(X|A) = P(B|A)E(X|AN B) +P(B°|A)E(X|A N B°), the
partition theorem, where here X = L;y; =0 on B*={T, < k+ 1}.
There are similar recursive formulas for the other types of life insurance contracts.

14.2 Thiele’s differential equation

In the case of continuous time, the analogue of the recursive formula of Proposition 65 is
a differential equation. In fact, if we write that formula as

1 . )
ki1 Ve —£Ve = ok (0 xVe+ (1 4+0)P — qui(1 — 1 V2)),
T+

it describes the variation of the prospective policy value with time. The term i ,V, +
(14 4)P, just reflects interest and premium payments, while the remainder is an adjust-
ment for the fact that the increase is between two conditional expectations with different
conditions; indeed the denominator p,., = P(T' >z + k+ 1|T > x + k) is for the extra
conditioning needed for 1V, while g, (1 — xV;) is the expected change in policy value
with death occurring in [k, k + 1).

With such interpretations in mind, we expect that for a policy basis

e force of interest 0,
e premiums payable continuously at rate P, per annum
e sum assured of 1 payable immediately on death
we have pp, = 1 for small h > 0, and hence
tnVe — Ve & 6hV, + hP, — (1 — V) (1 — e M),
Dividing by h and letting h | 0, we should (and, by the following theorem do) get

0 — _ _ _
atva‘ =0Vt Py — plare(1 =4V 5).

Theorem 66 (Thiele) Given a policy basis for an assurance contract for a life aged x:
e a force of interest 6(t) at time t > 0,
e force of mortality p, at age x +t,
e a single benefit payment of c(t) payable on death at time t > 0,

e continuous premium payments at rate w(t) at timest > 0,
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the premiums are net premiums if

o] [ee] t
/ w(t)v(t)pLdt = / c(t)v(t) ppse tpdt, where v(t) = exp {—/ 5(5)0[8} :
0 0 0
Furthermore, the prospective policy value V(t) satisfies

V(1) = 6OV (1) + (1) = paselelt) = V(1). (1)

Proof:  The first assertion follows straight from the principle of net premiums to be
such that expected discounted premium payments equal expected discounted benefit
payments; here, the former is

B ([ rwonar) = [ rn0EQ a0 = [ roum
where we used E(1(7,y) = P(T}, > t) = F,(t) = p,, and the latter is
BLIE) = [ o)L= [ uper

- Hz+t tPx gf T:c
F.(t+r)/F,(t) and differentiate
1

T /t T (8)u(s) Fa(s)ds

where we used the probability density function f.(t)
For the second assertion, we note that F,(r) =

— 1

7= /t (5)0(8) s Fo(s)ds —

using elementary differentiation

1 ¢ IR 5(t)
— = d(s)d - (t) = —%
e ([oom) = () o-5
and similarly (1/F,) (t) = ptars/Fo(t), then applying the three-factor product rule (fgh) =
(fg)h+ fgh' = f'gh + fg'h + fgh' and the Fundamental Theorem of Calculus, to get

/

V(t) = (0(t) + past)V (t) — c(t) proge + 7(2).
O

We can also interpret Thiele’s differential equation 1, as follows, in the language of a
large group of policies: the change in expected reserve V() for a given surviving policy
holder at time ¢ consists of an infinitesimal increase due to the force of interest d(¢) acting
on the current reserve volume V(t), a premium inflow at rate 7(¢) and an outflow due
to the force of mortality p,,; acting on the shortfall ¢(t) — V(¢) that must be met and
is hence deducted from the reserve of all surviving policy holders including our given
surviving policy holder. As in the model of discrete premium/benefit cash-flows, actual
reserves per policy here will fluctuate around expected reserves discussed here because
the mortality part will not act continuously, but discretely (at continuously distributed
random times) when the policyholders in the group of policies die; similarly the reserve
of our given policyholder will actually drop to zero at death, the shortfall for the benefit
payment being recovered from the reserves of surviving policyholders in the group (but
remember that V(t) is a conditional expectation given survival to ¢, so V(t) itself will
never jump to zero in a model with continuously distributed lifetimes).



Lecture 15
Risk pooling

Reading: Gerber Sections 6.3

In this lecture we discuss the role of risk as the driver of all insurance.

15.1 Risk

What is risk? We attempt answers at two levels, real life and stochastic models. In real
life, the following provide typical examples of risk and how insurance products respond
to the endeavour of passing on risk to somebody else, typically to an insurance company.

e Risk of death. Particularly untimely death (beyond the emotional dimension) often
cuts income streams that dependants of the deceased rely on. A life assurance pro-
vides a lump sum to replace any/some lost income in the case of premature death,
against regular premium payments while alive. Such products are sold because peo-
ple prefer regular premium payments (for no benefits in the likely case of survival)
to serious financial problems of dependants (in the unlikely case of death).

‘ before retirement H no death before age x +n ‘ death before age x +n ‘

no life assurance no premium serious financial problems
life assurance small premium no financial problems

e Risk of long life. Even the most basic retirement life costs money, any higher
standard of living costs more. Given such cost, typical savings only last for a
certain number of years. A pension pays a regular income for life.

‘ after retirement H no death before age x +n ‘ death before age x +n ‘

savings run out of money leave behind some money
pension regular pension income regular pension income

e Risk of poor health. In some countries, health insurance is voluntary. Without in-
surance, every visit to a doctor/hospital is expensive, the cost over a lifetime highly
unpredictable. With insurance, premium payments are regular and predictable.

‘ H good health ‘ poor health ‘
without insurance cheap expensive /unaffordable
with insurance regular premium regular premium
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We could similarly list home insurance, car insurance, personal liability insurance,
disability insurance, valuable items insurance etc. The principle is usually the same.
Most people prefer regular premium payments (for no benefits in the likely case of no
claim) to “large” personal expenditure (in the unlikely case of a claim). But scale matters;
should you insure your washing machine or even smaller items if you can easily afford
to buy a new one when the old one fails? Since actual premiums exceed net premiums,
you end up paying more premiums than you get benefits, not just on average, but also in
the long term, by the Law of Large Numbers, which applies either for a large number of
small items or for a large number of years. We can/must keep some (financial and other)
risks. Note however that joint failure of several items due to burglary, fire, etc. is covered
by a (useful) home/contents insurance .

It is instructive to consider stochastic models. We have seen stochastic models for life-
times, based on lifetables estimated from actual mortality observations. We can similarly
set up stochastic models for health expenditure, based on suitable observations of actual
health expenditure, etc. In the end, we can specify, for each type of insurance, a random
variable X of expenditure without insurance, and a random variable Y of expenditure
with insurance. Often, Y is a deterministic premium payment or a premium payment
plus a small excess payment when a claim is made. If it is deterministic, the risk of X
has been completely eliminated for payment of Y. In general, E(Y) > E(X), since the
net premium principle ignores expenses etc., but Y has other preferable features, often
the following

e P(Y > ¢) =0, while P(X > ¢) > 0, for some threshold ¢ where hardship starts;
e Var(Y) < Var(X), or maybe more appropriately E((Y —E(X))?) < E((X—E(X))?).

The term “hardship” needs defining. It certainly covers “bankruptcy”, and this is why
some insurances are compulsory (health, car, professional liability insurance for certain
professions, personal liability, etc. — there are, however, differences between countries).
More appropriate would be “loss of lifestyle”.

So, risk is financial uncertainty. In a scenario-based analysis of the real world, we
should try to pass on risk for which there are scenarios that cause financial hardship. In
a stochastic model of the real world, we may decide to pass on risk for which there is
positive probability of financial hardship.

Why would an insurer want to take on the risk? One incentive clearly is E(Y) > E(X),
but there is more.

15.2 Pooling

An individual threshold for financial hardship is smaller than an insurer’s threshold, so
if P(X > cp) > 0 was a problem for a policy holder, we can still have P(X > ¢;) = 0 for
the insurer. But beyond this, the main reason lies in the original idea of insurance that
many pay a little for the big needs of a few, particularly when it is not known at the time
of payment (or agreement to pay) who the few will be. Let us now formalise this pooling
effect.

An insurer takes on many risks Xi,..., X, say. In the simplest case, these can be
assumed to be independent and identically distributed. This is a realistic assumption for
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a portfolio of identical life assurance policies issued to a homogeneous population. This
is not a reasonable assumption for a flood insurance, because if one property is flooded
due to extreme weather that must be expected to also affect other properties.

The random total claim amount S = X; + --- + X,, must be ensured by premium
payments A = Y; + --- 4+ Y, say, to be determined. Usually, the fair premium E(S)
leaves too much risk to the insurer. E.g. the loss probabilities P(S > E(S)) is usually
too high. The following result suggests to set (deterministic) premiums Y such that the
probability of a loss for the insurer does not exceed ¢ > 0.

Proposition 67 Given a random variable X; with mean p and variance o2, representing
the benefits from an insurance policy, we have

g
Plx, >t 2 <
( 1_“+\/«5)_6’

and Ai(g) = p+ o0 /+/c is the premium to be charged to achieve a loss probability below .

Given independent and identically distributed X+, ..., X,, from n independent policies,
we obtain
o
P X, > — <
(; j=n <,u+ Tza)) < g,

i.e. A,(e) = p+ o//ne suffices if the risk of n policies is pooled.

Proof: The statements follow as consequences of Tchebychev’s inequality:

~ o 1 & o
P X > — < Pl |- X —pul > —
Var (% > i1 Xj) o2

= el 2 B nﬁ
e ne

O

The estimates used in this proposition are rather weak, and the premiums suggested
require some modifications in practice, but adding a multiple of the standard deviation is
one important method, also since often the variance, and hence the standard deviation,
can be easily calculated. However, for large n, so-called safety loadings A, (¢) — p pro-
portional to n~'/2 are of the right order, e.g. for normally distributed risks, or in general
by the Central Limit Theorem for large n, when

X 4+ X, — , -
P ( Lt > e > c) ~P(Z > ¢), with Z standard normally distributed.
no

The important observation in these result is that the premiums A,(¢) decrease with
n. This means, that the more policies an insurer can sell the smaller gets the (relative)
risk, allowing him to reduce the premium. The proposition indicates this for identical
policies, but in fact, this is a general rule about risks with sufficient independence and
no unduly large risks.
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15.3 Reserves for life assurances — mortality profit

Let us look more specifically at the risk of an insurer who has underwritten a portfolio of
identical whole life assurances of independent lives aged z at the start, with annual net
premium P and sum assured S. Remember that the reserve V (k) for each policy satisfies

(V(E) + P)A + 1) = GoirS + posiV (k+ 1) = V(E+ 1) + qoyn(S = V(k 4 1)).
Actuaries consider

e the death strain Ay = 0 if the life survives, Ay = S —V(k + 1) otherwise; the death
strain at risk or net amount at riskis S — V(k + 1);

o the expected death strain E(Ay) = qux(S —V (k+1)), or risk premium vE(Ag); the
remaining premium is called the savings premium P, = P— P, = vV (k+1) =V (k);
e the mortality profit E(Ay) — Ag.

Note that the mortality profit is positive if the life survives, and then just accumulated
from the part P, of the premium P which is not needed to save for V' (k+ 1) — it is hence
a profit for the insurer on that policy in that year. On the other hand, the mortality
“profit” is negative if the life dies. Specifically, note that the payment of the sum assured
S=V(k)+P)1+1)+ (Ar — E(Ar))

is in two parts, first the funds held from that policy and then topped up to S by the
amount Ay — E(Ay) causing the insurer’s loss on that policy in that year.

Suppose that there are n survivors to age r + k£ and N survivors to age z + k + 1.
Then we have

e a total death strain at risk of n(S —V(k + 1)),

e a total expected death strain at risk of ng, (S — V(k+ 1)),

e a total actual death strain at risk of (n — N)(S — V(k + 1)),

e a total (net) mortality profit of M = (ng,4x — (n — N))(S — V(k +1)).

From the mortality profit discussion of individual policies, we see how the premium
payments of survivors are now naturally used to help top up to the sum assured the
benefits payable to the deceased, if we offset profits and losses within the portfolio.

If the insurer charges a premium Y > P exceeding the net premium P, this increases
the mortality profit by (Y — P)(1 +i). We can relate the insurer’s loss probability e
and premium Y using the Central Limit Theorem for the binomially distributed random
variable n — N, as follows:

e > P(M+nY—-P)(1+4+1i)<0)
B P((n—m—nqﬁk - n(Y — P)(1+1) )
\/mh+k(1 - Qm+k) B (S - V(k + 1))\/n%c+k(1 - qgc+k)
IP’(ZZ n(Y — P)(1 +1) )
(S =V (k+1))v/ngeir(l = goyr)

where Z is a standard normally distributed random variable. For e = 1%, this gives
Y—P=>2233v(5-V(k+ 1))\/Qx+k(1 — Qotk) /N

Q




Lecture 16
Pricing risks — premium principles

Reading: Gerber Section 5.2
Further reading: Gerber “An Introduction to Mathematical Risk Theory”
Huebner Foundation 1979

In this lecture we collect from previous lectures several ways to incorporate risk consid-
erations into premium calculations and embed these into a more general framework.

16.1 Safety loading

In the sequel, we think of random variables S as modelling risks, e.g. the total claim
amount from an insurance policy or a portfolio of policies.

Definition 68 A premium principle is a rule H that assigns with every random variable
S areal number or oo, denoted H(S). We call H(S)—E(S) safety loading, often expressed
as a percentage of E(S). If H(S) = oo, the risk S is called uninsurable.

We have already come across several natural ways of setting premiums, starting from
and adding to net premiums. Here is a list. We will study some of their properties.

Example 69 (Net premium principle) The fair premium from Definition 4, in the
context of other premiums called the net premium is the case H = E, i.e. H(S) = E(S).

Example 70 (Expected value principle) H(S) = (1+))E(S) suggests a safety load-
ing proportional to E(S).

Example 71 (Variance principle) H(S) = E(S) + aVar(S) suggests a safety loading
proportional to Var(sS).

Example 72 (Standard deviation principle) H(S) = E(S) + 4/ Var(S) suggests a
safety loading proportional to the standard deviation of S as in Proposition 67.

Example 73 (Percentile principle) H(S) = min{A : P(S > A) < e} suggests the
minimal premium that bounds the probability of loss by a given level. In fact, Proposition
67 relates this Percentile principle to the Standard deviation principle.

Example 74 (Exponential principle) H(S) = log(E(exp{aS}))/a.
61
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Note that a simple Taylor expansion of the moment generating function and the log

series gives
log(E(exp{asS}))
a
if S is approximately normally distributed, with equality for normal S. Hence, the Ex-
ponential principle coincides with the Variance principle for normal risks, but if higher
moments exceed the normal higher moments (an indication of heavy tails, larger proba-
bilities of extreme events), there is an important further risk loading in the Exponential
premium principle leading to higher premiums than the Variance principle for such risks.
There are other and more general principles using utility functions that we do not
discuss here. The Exponential principle plays an important role. All principles have
advantages and disadvantages.

~ E(S) + %Var(S),

16.2 Desirable properties

Some desirable properties that we would like a premium principle H to have
1. Nonnegative safety loading: H(S) > E(S) for all S.
2. No ripoff: P(H(S) > S5) < 1.
3. Consistency: H(S+c¢) = H(S)+c.
4. Additivity: If S) and Sy are independent, then H(S; + Sa) = H(S1) + H(Ss).

One can then establish the following table

Property | Ex. 69 Ex. 70 Ex. 71 Ex. 72 Ex. 73 Ex. 74
1. yes no yes yes no yes
2. yes no no no yes yes
3. yes no yes yes yes yes
4. yes yes yes no no yes

Under certain assumptions, it can be shown that not only among these examples, but
much more generally, only the net premium principle and the exponential principle have
all these properties. Since the net premium principle does not take account of any risk,
this makes a strong case for the exponential principle.

16.3 An example for the exponential principle

Example 75 Consider a 10-year temporary assurance for a life aged 40, with sum as-
sured C'. Consider a constant interest rate of i = 4% and a residual lifetime distribution
that is uniform with terminal age 100.

o We calculate

to find the net single premium 0.1352C.
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e For the net annual premium, consider pure endowment and whole-life assurance

20

A, = 0.6982.

0:110| @vw =0.5630 and Ayy1g = A410:1—0‘ + A40:11—0‘

The latter is useful to apply the premium conversion relation

. 1 - A40:1_0|
Q40:70] = —a

= 7.8476

to get the net annual premium for the temporary life assurance

1 R—
40:10]

Py=C = 0.0172C.

Q40.:10]

The single (gross) premium under the Exponential principle with a = 107¢ depends
non-linearly on the sum assured C'. The risk is S = C'UK40+11{K40<10}, SO

log(E(exp{aS})) _ log(E(exp{aCv™ ™ 1k, <10}}))

H(S) =
(5) " -
1 1 1 9 1 10 50
= - log <60 exp{aCv} + 0 exp{aCv*} +--- + 50 exp{aCv'"} + 60) .
We can calculate the following table.
Sum assured 100,000 | 300,000 | 1,000,000 | 3,000,000 | 10,000,000
Net premium 13,518 | 40,554 | 135,182 | 405,545 | 1,351,816
Gross premium | 13,991 | 44,968 190,590 | 1,031,584 | 6,719,547
Safety loading 3% 11% 41% 154% 397%

Loosely speaking, 1/a is a typical sum assured. It appears as factor of S and H(S).

To turn the single gross premium into annual gross premiums, we should not just
spread H(S) over a temporary life annuity — this reasoning is based on expected
values as in the Net premium principle. In fact, there is also risk associated with
annual premium payments. We can use Property 3., or directly reformulate the
Exponential premium principle for single premiums as

_ log(E(exp{as}))

P, = H(S) —= E(e¥) = e = E(e)) =1

o — log(Elexpia(S — B)}))
a Y
where the risk S— P; is premium-free. Similarly, we now look for an annual premium

P, such that the associated risk S — P,a is premium-free, i.e. we solve

min(K40+1,10)|

1=E (eXp {CL (CUK4()+11{K40<10} - Padm> })

iea(Cv—Pa)_'_ 1 a(Cv?—P,(14v)) + .. iea(CUlo—Pa(1+v+---+vg))_'_@ — Py (14--40%)

= —e -+ e
60 60 60 60
numerically to obtain the following table.
Sum assured 100,000 | 300,000 | 1,000,000 | 3,000,000 | 10,000,000
Net annual premium 1,722 5,167 17,225 51,675 172,248
Gross annual premium 1,793 5,843 26,450 221,887 | 5,524,456
Safety loading 4% 13% 54% 329% 3,107%
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16.4 Reinsurance

In Example 75, the annual premiums become quite low for small sums assured, and an
insurer will add a significant expense loading and profit margin. More importantly, the
annual premiums become very large for large sums assured. This makes sense, because
a large sum assured in a portfolio of smaller sums assured presents an unduly large risk.
Any risk reduction due to pooling breaks down (cf. Proposition 67 and the discussion
thereafter). It should either not be insured or the insurer should seek reinsurance for this
risk (whatever the premium charged).

There are several types of reinsurance. The simplest is proportional reinsurance. An
insurer passes on a fixed percentage of the risk to a reinsurance company.

Example 76 (Proportional reinsurance) If an insurer passes on 50% of each risk to
a reinsurance company, for a corresponding share of the premium, the insurer’s risk is
reduced by a factor of 2. Under the Exponential premium principle H* with typical sum
assured 1/a, this means that a risk S (e.g. sum assured of C' in case of death) is split in
halves and the premium charged is

Sovi—xe(S) = 2H"(S/2) = H*(S) < H*(S).

The effect is that the insurer can offer a higher typical sum assured which leads to lower
premiums overall (by Jensen’s inequality). The risk passed on to the reinsurer is identical
to the risk of the insurer.

Another type of reinsurance is excess of loss reinsurance. An insurer can effectively
cap their loss per policy (or their total loss, depending on the reinsurance contract) for
a premium payment to a reinsurer. This means that the risk of a large loss is passed
on to a reinsurer. This type of reinsurance only works if there is a sufficient number of
sufficiently independent risks of similar scale for the pooling effect to take place for the
reinsurer’s portfolio of large risks.

Example 77 (Individual excess of loss reinsurance) Fix 1/a as the typical sum as-
sured in each reasonably homogeneous portfolio of risks, and to apply the Exponential
premium principle with this value of a. If a sum assured exceeds 1/a by more than a factor
of 2 or 3, the safety loading becomes unattractive. Rather than charging the unattractive
premium and deterring the customer, an insurer can insure a capped sum assured as part
of the existing portfolio and seek to reinsure the excess at a lower premium:

Piot = P + P, insurer: P, = H%(max{S,3/a}), reinsurer: P, = H*((S —3/a)"),

where this is often only attractive to reinsurance companies that collect large risks; for a
portfolio of large risks, a large 1/ay >> 1/a leads to affordable premiums. The customer
is then charged a combined premium P, consisting of P,, for the capped risk and P,
for the excess.



Appendix A

Assignments

Assignment sheets are issued on Mondays of weeks 2-7. They are made available on the
website of the course at

http://www.stats.ox.ac.uk/~winkel /bs4b.html.

For undergraduates, seven sets of six one-hour classes take place in room 104 of 1 South
Parks Road (Seminar Room, Department of Statistics) in weeks 3 to 8, on Wednesdays
and Thursdays, as follows:

e Wednesdays 9.45-10.45am

Wednesdays 10.45-11.45am

Wednesdays 2.30-3.30pm

Wednesdays 3.30-4.30pm

Wednesdays 4.30-5.30pm

Thursdays 10.00-11.00am
e Thursdays 11.00am-12.00pm

The class allocation can be accessed from the course website shortly after the first lecture,
as soon as I have evaluated your requests. Only undergraduates can sign up for classes.
For students on the M.Sc. in Applied Statistics, there will be two classes at times to be
announced. All others should talk to me after one of the first two lectures.

Scripts are to be handed in at the Department of Statistics, 1 South Parks Road.

Exercises on the problem sheets vary in style and difficulty. If you find an exercise
difficult, please do not deduce that you cannot solve the following exercises, but aim at
giving each exercise a serious try. Solutions will be provided on the course website.

There are lecture notes available. Please print these so that we can make best
use of the lecture time. Please let me know of any typos or other comments that you
may have, e.g. by sending an email to winkel@stats.ox.ac.uk.
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Below are some comments on the recommended Reading and Further Reading liter-
ature.
All publications below are available from the
Publications Unit
Institute of Actuaries
4 Worcester Street
Oxford OX1 2AW.

between Worcester College and Gloucester Green.

Faculty & Institute of Actuaries: CT1 Financial mathematics 2004-2011

This is the Core Reading for the Professional Examination corresponding to BS4/0OBS4.
About two thirds of the BS4/0OBS4 material can be found here, mostly Michaelmas Term
material, though. In some places, the presentation is more practically oriented than the
lectures.

McCutcheon and Scott: An Introduction to the Mathematics of Finance 1986

This is the book on the subject, but again mostly on the Michaelmas Term material.
The Core Reading above is still largely based on this book. Although the book is getting
old, while the Core Reading is kept up to date, I recommend it as it is a more detailed
account of these two thirds of this unit. Also, the presentation is more mathematical.
There are many exercises with solutions. This book is also available from the Institute
of Actuaries.

Zima and Brown: Mathematics of Finance 1993

This book has been written for Canadian (and US) actuarial students. The approach is
very elementary with many worked-out examples, practical methods and exercises, but
possibly the right source to find clarification in some fundamental points of the course.
It also covers some of the life insurance material, which will occupy the second half of
this term.

Gerber: Life Insurance Mathematics 1990

Only the introductory chapter (14 pages) concern the ’two thirds’ of the BS4/0OBS4
course, the essence in a nutshell, but don’t be tempted to exclusively rely on this as it
does not go into details of applications. The focus of this book is on life insurance, and
it is our main reference for the second half of this term. The approach is mathematical.

Bowers et al.: Actuarial mathematics 1997

This compendium takes a different approach, in a sense starting with the 'missing third’
and mentioning our 'two thirds’ only in passing, but addressing much more, for instance
utility and risk theory, models for pensions and general insurance. I recommend this only
for further reading beyond the scope of this unit, since I find it difficult to extract those
parts relevant for us.
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A.1 Random cash-flows and stochastic interest rates

Please hand in scripts by Monday 31 January 2011, 11.15am, Department of Statistics
(or by Tuesday 1 February 2011, 11.15am, if your class is on Thursday).

For some of the exercises on this sheet, you will need values of the standard normal
distribution function. If Z ~ N(0,1), then:

z -3 | -2.3263 | -2.4778 | -1.8349 | -0.039 0.233
P(Z < z) | 0.00135 | 0.01000 | 0.00661 | 0.03326 | 0.48445 | 0.59211

1. Mr Strauss dies and leaves an estate valued at £50,000 in a bank account earning
interest at rate i('> = 9%. She has three children: Jim, aged 7, Fred, aged 5, and
Sandra, just turned 4. The estate will be divided among the surviving children
14 years from now, on Sandra’s 18th birthday. Find the expected value of the
inheritance for each child given the following, and assuming independence.

Age today ‘ Probability of Survival for 14 years

7 0.95
3 0.97
4 0.98

2. A £1000 20-year bond has coupons at j® = 12% and is redeemable at par. Find
the purchase price which provides an expected annual yield of i? = 14%, under
the assumption of a semi-annual default probability of 2%. After default, no more
payments take place. (You may find it convenient to work with 6 months as the
basic time unit).

3. Show that for an interest-rate model d(-), a continuous cash-flow ¢ = (¢(t),t > 0)
and a random variable 7" with hazard rate u(-), we have

E(5-Valy(cjor))) = 0-Valg(c),

where 0(-) = 0() + u(+).

4. (a) Show that for all random cash flows C; and C with the same expected yield,
C1 + Cs has also the same expected yield, provided that the expected yield of
Cy + Cy exists.

(b) Give an example of two random cash-flows C and Cy with random yields Y;
and Y3, and with E(Y;) = E(Y3), for which the random yield of C; 4+ C; exists
and has a different expected value.

5. Suppose that the interest rate for the next six months is known to be 5.5% (ef-
fective rate per annum), while the rate for the six months after that is unknown
and assumed to be uniformly distributed on the interval (4%,6%). Under this
assumption, find the expectations of:

(a) the accumulated value after one year of £100 invested now;

(b) the discounted present value of a payment of £100 in a year’s time.
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Let I; denote the effective rate of interest in the year j — 1 to j. Suppose that, for
j>1

I; +0.02 0.25
Iiyn=1< I with probability 0.5
I; —0.02 0.25

Given that I; = 0.06, calculate the probability that an investment of 1 at time 0
accumulates to more than 1.2 at time 3.

Let 1+ 1 be a lognormal random variable with parameters y and o2, mean 1 + j
and variance s?. Show that

2 .

S 145
=1 1 d =1 ——
og( +<1+])> an u = log >
1+ (%)

. The rate of return on an investment in a given year is denoted by Y. Suppose 14+Y

is lognormally distributed. The expected value of the rate of return is 5% and its
standard deviation is 11%.

(a) Calculate the parameters of the lognormal distribution of 1+ Y.

(b) Calculate the probability that the rate of return for the year lies between 4%
and 7%.

. A company is adopting a particular investment strategy such that the expected

annual effective rate of return from investments is 7% and the standard deviation
of annual returns is 9%. Annual returns are independent and (14 1;) is lognormally
distributed, where [; is the return in the jth year.

(a) Calculate the expected value and standard deviation of an investment of 1
unit over 10 years, deriving all formulae that you use.

(b) Calculate the probability that the accumulation of such an investment will be
less than 50% of its expected value in ten years’ time.

(¢) The company has an outstanding debt and must make a payment of £140,000
in 10 years time. Calculate the probability that an investment of £120,000
now will provide sufficient funds to meet this liability.

10. Suppose the force of interest A; during the year from j — 1 to j is given by

1
GRERvL

where ¢, €1, €, ... are i.i.d. random variables with distribution N(0, o).

(a) Show that A; ~ N(u,0?) for all j.

(b) Write an expression for Ay + As + -+ 4+ A, in terms of the random variables
€¢;. Hence show that the accumulated value at time n of 1 unit invested at
time 0 has a lognormal distribution, and find its parameters.

Aj=p+—¢1+

Course website: http://www.stats.ox.ac.uk/~winkel/bs4b.html
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A.2 No-arbitrage pricing

Please hand in scripts by Monday 7 February 2011, 11.15am, Department of Statistics
(or by Tuesday 8 February 2011, 11.15am, if your class is on Thursday).

1. (a) Suppose that there exists a risk-free asset with constant force of interest r.
Using the no arbitrage assumption, show from first principles that the forward
price F', agreed at time 0 and to be paid at time 7', for an asset S, with no
income and with value Sy at time 0, is given by F' = Spe™”. Assume that there
are no transaction costs.

(b) Extend the argument in (a) to derive the forward price where the asset provides
a fixed known (cash-flow of) income.

(c) In the setting of (a) and (b), calculate the value V; of the contract to buy asset
S at time T" at intermediate times t € (0,7).

2. The forward rate from time ¢ to time ¢ + 1, f; 1, has the following values
fo1=40%, fi1=45%, fo1=4.8%.

(a) Assuming no arbitrage, calculate

i. the price per £100 nominal of a 3-year bond paying an annual coupon in
arrears of 5%, redeemed at par in exactly three years, and

ii. the gross redemption yield from the bond.

(b) Explain why a bond with a higher coupon would have a lower gross redemption
yield, for the same term to redemption.

3. An asset has a current price of 100p. It will pay an income of 5p in 20 days’
time. Given a risk-free rate of interest of 6% per annum convertible half-yearly and
assuming no arbitrage, calculate the forward price to be paid in 40 days.

4. fi, is the forward rate applicable over the period ¢ to t 4+ r. 4, is the spot rate
over the period 0 to t. The gross redemption yield from a one-year bond with a
6% annual coupon is 6% per annum effective; the gross redemption yield from a
two-year bond with a 6% annual coupon is 6.3%; and the gross redemption yield
from a three year bond with a 6% annual coupon is 6.6% per annum effective. All
the bonds are redeemed at par and are exactly one year from the next coupon
payment.

(a) i. Calculate iy, iy and i3 assuming no arbitrage.
ii. Calculate fo1, fi1 and fo; assuming no arbitrage.

(b) Explain why the forward rates increase more rapidly with term than the spot
rates.

5. The current price of a security is Sp = £2. In 6 months’ time the security will pay
a dividend equal to 10p+0.04.S 1 (where S 1 is the price of the security in 6 months’
time). A riskless asset is available with constant interest rate 5% pa. What forward
price should be agreed now to buy the security in 9 months’ time?
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6. There are two securities S' and S? in a market. The values of both securities at

t = 0is 1. The value of S* at ¢+ = 1 is 1 4+ 4. The value of S? at t = 1 is either u
or d, each with positive probability. Assume 0 < d < u. Show that an arbitrage
opportunity exists in this model if and only if either 1 +7 > w or 1+ < d.

Consider an idealised one-period securities market model consisting of two assets.
At the end of the period, the market will be either “up” or “down”. The first asset
pays £5 if the market is up and £1.25 if the market is down. The second asset pays
£1.25 if the market is up and £5 if the market is down. At ¢ = 0, the first asset
sells for £2.75 and the second for £1.90. An investor would like to receive £1.25 if
the market is up and nothing if the market is down. Find portolio holdings of the
two assets which have the payoff the investor would like. What is the current price
of such a portfolio?

8. Consider a two-asset model (A, S) with three states of the world (d, s, u) where

‘ state of the world H Ay ‘ A ‘ So ‘ Si ‘

U 17112
s 17111
d 1{11]11]0

(a) Show that this model is arbitrage-free.

(b) Use no-arbitrage arguments to price the contingent claim that pays P(u) = 3,
P(s) =2 and P(d) = 1, respectively.

(¢) Consider the European call option C' to buy the risky asset S at time 1 at a
strike price 1.
(i) Show that C cannot be uniquely priced using no-arbitrage arguments.

(ii) Show that each of the suggested prices Cy = 1, Cy = 0.5 and Cy = 0
would lead to arbitrage in the three-asset model (A, S, C).

(iii) Show that none of the suggested prices Cy = a € (0,0.5) leads to arbitrage
in the three-asset model (A, S, C), and show that every contingent claim
Y can be hedged in this model.

Course website: http://www.stats.ox.ac.uk/~winkel/bs4b.html
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A.3 Duration, convexity and immunisation

Please hand in scripts by Monday 14 February 2011, 11.15am, Department of Statistics
(or by Tuesday 15 February 2011, 11.15am, if your class is on Thursday).

1. Recall from Question 8 of Assignment 2 the three-asset model

‘ state of the world H Ay ‘ So ‘ Co H Ay ‘ S ‘ (& ‘

U 1 1 « 1 2 1
s 1 1| « 1 1 0
d 1 1l | o 1 0 0

for o € R.

(a) Let a € R. Show that every contingent claim can be hedged. Comment.

(b) Let @ € R. Try to calculate risk-neutral probabilities. How is the no-arbitrage
condition « € (0,0.5) reflected in your risk-neutral probabilities?

(c) Let @ € (0,0.5). Calculate the arbitrage-free price of a European call option D
to buy the risky asset at time 1 at strike price K € (0,2). For each K € (0, 2),
deduce the range of arbitrage-free prices for D in the two-asset model (A4, S).

2. An investment project involves payments of £1,000,000 now and £500,000 two years
from now. The proceeds from the project are £2,000,000, payable in exactly four
years’ time.

Calculate the volatility and the convexity of this project, as a function of the
underlying interest rate i (assumed constant).

Calculate the yield and compare volatility and convexity at i = 4% and i = 8%.
3. Consider a portfolio of n fixed income bonds (any positive cash flows) with present
values Aq,..., A,. For j =1,...,n, let the discounted mean term and the convexity

of the jth bond be denoted by 7; and ¢;. Let p; = A;/A be the proportion of the
jth security in the portfolio, A = A; +--- 4+ A,.

Show that the discounted mean term and the convexity of the portfolio are
n n
ijTj and ijCj.
j=1 j=1

4. A fund has to provide an annuity of £50,000 p.a. payable yearly in arrears for the
next 9 years followed by a final payment of £625,000 in 10 years’ time.

The fund has earmarked cash assets equal to the present value of the payments and
the fund manager wants to invest these in two zero coupon bonds, A, repayable
after b years, and B, repayable after 20 years.

How much should the manager invest in A and B to have the same volatility in the
assets and liabilities, assuming an effective rate of interest of 7% p.a.?
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5. A fund will need to make payments of £10,000 at the end of each of the next five
years. It wishes to immunise using two zero coupon bonds, one maturing in 5 years
and one in 1 year. The rate of interest is 5% p.a.

(a) Calculate the present value of the liabilities.
(b) Find the discounted mean term.

(c) Calculate the nominal amounts of the zero-coupon bonds needed to equate
the present value and duration of assets and liabilities.

(d) Calculate the convexity of the assets, and comment on immunisation (Reding-
ton).

6. A government bond pays a coupon half-yearly in arrears of 10% per annum. It is
to be redeemed at par in exactly ten years. The gross redemption yield from the
bond is 6% per annum convertible half-yearly. Calculate the discounted mean term
of the bond in years.

Explain why the duration of the bond would be longer if the coupon rate were 8%
per annum instead of 10% per annum.

7. Redington’s immunisation assumes a flat yield curve that may shift up or down
over time. Show that such yield curves are inconsistent with an assumption of no
arbitrage. You may assume that at any future time instant the flat yield is different
to the initial flat yield with some positive probability.

[Hint: Consider a flat yield curve with flat yield at time 0 of iy and at time 1 of iy.
Consider two portfolios A and B at times 0 and 1. Portfolio A comprises one unit
of zero coupon bond with term 1, and (1 +ig)* units of zero coupon bond with term
3. Portfolio B comprises 2 x (1 +1g) units of zero coupon bond with term 2.]

Course website: http://www.stats.ox.ac.uk/~winkel/bs4b.html
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A.4 Life tables and force of mortality

Please hand in scripts by Monday 21 February 2011, 11.15am, Department of Statistics
(or by Tuesday 22 February 2011, 11.15am, if your class is on Thursday).

1. Let p, be the force of mortality, and ¢, the corresponding life table.

n+m

(1> Show that nlmdxz = / tpm,um—l—tdt

n

[Here ,mqe means the probability of death of a life currently aged x between
times x +n and x +n+ m.]

(ii) Show that p,i05 ~ —logp, and p, ~ —0.5 (log p, + logp,_1).
(iii) If £, = 100(100 — x)*/2, find pg, exactly.

2. (i) Gompertz’s Law has ué” = Bc*. Show that the corresponding survival func-

tion is given by tp&” = ¢ (=1 where log g = —B/logec.

(ii) Makeham’s Law has 1) = A+ Be. Show that ;pi) = s',pi) where s = ¢4,
(iii) If p, = Alogz, find an expression for ¢, /(.

(iv) If it is assumed that A1967-70 table follows Makeham’s Law, use l39, £40, {50
and lgg to find A, B and c.

(Ego = 33839, €40 = 33542, and €50 = 32670, gﬁo = 30040)

3. The force of mortality for table 2 has twice the force of mortality for table 1.

(i) Show that the probability of survival for n years under table 2 is the square
of that under table 1.

(ii) Suppose that table 1 follows the Gompertz Law from the previous question.
Show that the probability of survival for n years for a life aged z under table
2 is the same as that under table 1 for a life aged x + a, for some a > 0. Find
a. Comment on the result.
4. (i) Show algebraically that A,z = vigm — a Also demonstrate the result
verbally.

(ii) Show algebraically that (I A), = d, —d([d),. Demonstrate the result verbally.
[Here (I A), is the expected time-0 value (assuming an age of x at time 0) of
a single payment of size K +1 made at time K + 1, where death occurs in the
year (K, K +1). (Iad), is the expected value of the stream of payments of 1 at
time 0, 2 at time 1, ..., K 4+ 1 at time K, with the last payment made at the
beginning of the year of death.]

rn—1|"

5. (a) Show that at age zif 0 < a < b <1 then j_,qu1a =1— tPr
apl‘
(b) Hence, or otherwise, show that if deaths occurring in the year of age (x,x+1)
(b — a)%c

are uniformly distributed that year, then ,_,q, 1o = 1 )
— a4y
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6. Suppose that the future lifetime of a life aged x (z > 0) is represented by a random
variable T, distributed on the interval (0,w — z), where w is some maximum age.

(i) For 0 <2 <y < w, state a consistency condition between the distributions of
T, and of T),.

(ii) Suppose that 0 < x < y < w, and let t = y — x. Define the force of mortality
at age y: (a) in terms of Ty; and (b) in terms of 7, and show that the two
definitions are equivalent.

t
(iii) Prove that ;p, = exp {—/ ,uHSdS} )
0

Course website: http://www.stats.ox.ac.uk/~winkel/bs4b.html
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A.5 Standard life insurance products

Please hand in scripts by Monday 28 February 2011, 11.15am, Department of Statistics
(or by Tuesday 1 March 2011, 11.15am, if your class is on Thursday).

1. Given a curtate lifetime K = [T and a constant-0 interest model, consider the
following insurance products:

(i) pure endowment with term n;
(i) whole life assurance;
(iii) term assurance with term n;

(iv) endowment assurance with term n (under this product, there is a payment of
one unit at the end of the year of death or at end of term whichever is earlier).

(a) Write each one as a random cash-flow of the form C = ((tk,ckBk))

k=1,2,.
where the Bj are Bernoulli random variables defined in terms of K.

(b) Find expressions for the net premiums and variances of these products.
(c¢) Relate the products, premiums and variances of (iv) and (i) and (iii).

(d) Comment on (a) and (b) for the corresponding products where payment is
made at death rather than at the end of the year of death (and n is not
necessarily an integer).

2. A cash-flow is payable continuously at a rate of p(¢) per annum at time ¢ provided
a life who is aged x at time 0 is still alive. T} is a random variable which models
the residual lifetime in years of a life aged .

(a) Write down an expression, in terms of T}, for the (random) present value at
time 0 of this cash-flow, at a constant force of interest ¢ p.a., and show that
the expected present value at time 0 of the cash-flow is equal to

/000 e % p(s)P(T, > s)ds.

(b) An annuity is payable continuously during the lifetime of a life now aged 30,
but for at most 10 years. The rate of payment at all times ¢ during the first
5 years is £5,000 p.a., and thereafter £10,000 p.a. The force of mortality to
which this life is subject is assumed to be 0.01 p.a. at all ages between 30 and
35, and 0.02 p.a. between 35 and 40. Find the expected present value of this
annuity at a force of interest of 0.05 p.a.

(c¢) If the mortality and interest assumptions are as in (b), find the expected
present value of the benefits of a term assurance, issued to the life in (ii),
which pays £40,000 immediately on death within 10 years.
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For the questions below, use the A 1967-70 Mortality table whenever table data is needed
(all three columns, assuming medical checks were successful).

3. Find the present value of £5000 due in 5 years’ time at ¢ = 4% if
a) the payment is certain to be made;
b) the payment is contingent upon a life aged 35 now surviving to age 40.
4. How large a pure endowment, payable at age 65 can a life aged 60 buy with £1000
cash if 1 = T%"?
5. a) Show that d, = 14 (14 4) ' pedeys
b) Show that dpm = Gam + 1 — Ay
c¢) Show that A, = (1+1i)'a, — a,

6. Find the net single premium for a 5-year temporary life annuity issued to a life
aged 65 if i = 8% for the first 3 years and i = 6% for the next 2 years.

7. Find the net annual premium for a £40000, 4-year term assurance policy issued to
a life aged 26 if 1 = 10%.

8. A deferred (temporary) life annuity is a deferred perpetuity (annuity-certain) re-
stricted to a lifetime. For a life aged x, deferred period of m years (and a term of n
years, from m+1 to m+n), the notation for the single premium is ,,|a, (respectively

il Q)
a) Give expressions for ,|a, and ,|a,.7 in terms of the life table probabilities gy.
b) Show that pla, = A, 1 Gatm-

9. Describe the benefit which has the present value random variable function given by
Z below; T denotes the future lifetime of a life aged x.

Z= { dj—w‘ T>n
10. A special deferred annuity provides as benefits for a life aged 60:

- on survival to age 65 an annuity of £2,000 p.a. payable in advance for two years
certain and for life thereafter

- on death between ages 63 and 65, £5,000 payable at the end of the year of death
- on death between ages 60 and 63, £10,000 payable at the end of the year of death.

Annual premiums are payable in advance until age 65 or earlier death. Determine
the level annual premium based on an effective interest rate of 4% p.a. For the life
annuity part, you may approximate all one-year death probabilities for age greater
than 65 by the constant 0.05 (which leads close to the correct numerical answer).

Course website: http://www.stats.ox.ac.uk/~winkel/bs4b.html



Assignment 6 — BS4b Actuarial Science II — Oxford HT 2011 XIII

A.6 Life insurance premiums and reserves

Please hand in scripts by Monday 7 March 2011, 11.15am, Department of Statistics (or
by Tuesday 8 March 2011, 11.15am, if your class is on Thursday).

1. Give an expression (in terms of standard actuarial functions) for the annual pre-
mium for a 25 year endowment assurance on a life aged 40. The initial expenses
are £2 per £100 sum insured, renewal expenses are 5% of each premium and 30p
each year per £100 sum insured, and there is an initial commission of 50% of the
first year’s gross premium.

2. Some time ago, a life office issued an assurance policy to a life now aged exactly
55. Premiums are payable annually in advance, and death benefits are paid at the
end of the year of death. The office calculates reserves using gross premium policy
values. The following information gives the reserve assumptions for the policy year
just completed. Expenses are assumed to be incurred at the start of the policy
year.

Reserve brought forward at the start of the policy year: £12,500
Annual premium: £1,150
Annual expenses: £75
Death benefit: £50,000
Mortality: A1967/70
Interest 5.5% per annum
Calculate the reserve at the end of the policy year.
3. A deferred annuity is purchased by 20 annual payments payable by a life aged 40
for a year annuity in advance of £2,500 a year, commencing in 20 years, for life.

Find an expression for the premium on the basis of 4% pa interest with expenses
of 5% of each premium and £5 at each annuity payment.

4. Suppose that [, = 100,000(100 — z), where 0 < x < 100, and the interest rate is
5%.

(a) Calculate A, 15 and g 1g;-

(b) Calculate the net annual premium for a 10 year endowment assurance for
£10,000 to someone aged 50 and the policy values of years 3 and 4 using the
values above.

(c¢) Suppose that expenses are as follows

Commission:  50% of First Premium
2% of Subsequent Premiums
General Expenses: £150 Initially

£10 in each subsequent year.

Calculate the office premium for the policy in (b).
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5. Show algebraically that the product of

e the reserve after ¢ years for an annual premium n-year pure endowment issued
to a life aged x

and

e the annual premium for pure endowment of like amount issued at the same
age but maturing in t years
is constant for all values of ¢. (Ignore expenses.)

Try to find an argument for this by general reasoning also.

6. (i) Show that A, = 1 — da,.

(ii) Consider a whole life assurance with sum assured 1 payable at the point of
death, with a constant premium paid continuously. Show that the reserve at
time t satisfies

17 ax-{—t
tvx =1- —
Gy

7. Thiele’s equation for the policy value at duration ¢, ,V,, of a life annuity payable
continuously at rate 1 from age z is:

9 _ _ _
atvx = fgit tVz—14+0 V.

Derive this result algebraically, and also explain it by general reasoning.

8. Let ,V, be the reserve at time ¢ on an insurance policy issued to a life aged = that
pays a benefit of S,(¢) on death at time ¢, under which premiums are payable of
P(t) at time t. Show by general reasoning that

0
Etvx = P(t) 4+ 0 Vi — plage(Se(t) — :Va)

where ¢ is the force of interest.

9. An insurer issues n identical policies. Let Y; be the claim amount from the jth
policy, and suppose that the random variables Y}, j = 1,...,n are i.i.d. with mean
i > 0 and variance o?. The insurer charges a premium of A for each policy.

(a) Show that if A =y + 100n~"/2, then the probability that total claims exceed
total premiums is no more than 1%, for any value of n.

(b) Use the Central Limit Theorem to show that if instead A = p 4 30n~"/2, then
this probability is still less than 1%, provided n is large enough.

Course website: http://www.stats.ox.ac.uk/~winkel/bs4b.html



