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INTRODUCTION

Fisher  (1925)  noted when d iscuss j_ng the not ion of  suf f i -c iency
that  i f  6-  r . .  a  suf f ic ient  est imate of  0  based on
; " * "  

- m  v v € t s  c t  s u r r J - c f - e n E  e s E l - m a c e  O f  U  b a s g d  O n  X 1 r . . . r X *  a n d

0,,  was a suf f j -c ient  est imate of  0 based on another sample

Y1, - . - ryn ,  then a  su f f i c ien t  es t imate  6* r ,  b "=ed on  the  combj -ned
sample would sat isfy

A n A
9*r ,  =  f * r r (em'on)

provided the samples were independent. This recursive property of
a suf f ic ient  stat ist ic seems to have played a less prominent role
in  the  d iscuss ion  o f  su f f i c iency  than deserved.

The property breaks down when samples are not independent.
Not ions of  suf f ic iency developed to deal  wi th dependent var iables
(e.9.  stochast ic processes) have however strong connect ions to
this recursiveness

RESULTS

Le t  X1 r . . . rXn , . . .  be  a  sequence  o f  r andom va r i ab les ,  whose
dis t r ibut ion is  governed by the Law p,  where e€o is  unknown.  we
shal l  consider  seguences of  s tat is t ics  t r ,  (x . ,  ,  .  .  .  ,xn)  and assume
these  to  be  su f f j - c j -en t  i n  t he  c lass i ca l  sense ,  i . e .  t ha t  t he  con -
d i t i ona l  d i s t r i bu t i on  o f  (X1  , . . .  rXn )  g i ven  y r ,  =  t n (X1  , . .  rXn )  =  y
does not  depend on 0.  Suppose for  technica l  reasons that  a l l  the



random variables take values in

se t s .

sumrnar j -z ing i f  for  a l l  n

p (x1  , . . . r x r r l 0 )  =  t ( t n ( x1  ,

a lgebra j -ca l ly  t rans i t ive i f  for  a l l  n

t n+1  ( x1  ,  .  r xn r xn+1 )  =  0 r r ( a r r ( x1  ,

_ t : -angr t l  i f  for  a l l  n7 (X1 , .  .  ,Xr)  and Yn+1

independent given Y.

d i sc re te  and  a t most  countable

We shal l  fur ther sdy,  that  the sequence of  stat ist ics is

,x r r )  l 0 )  '

.  , * r )  r xn+1)

are condj- t iona1ly

t o t a l l y  su f f  i c i en t  i f  f o r  a l l  n ,  (X1  , . . .  rX r )  and  ( * . r *1 rXn+  
2 r . . . )

are condj-t ionally independent given Yrr.

The notions 'rsumsnaf5-zing" and "algebraically transitive" \dere

introd.uced by Freedman (1962),  the lat ter  under the name "S-struc-
tu re" .  T rans i t i v i t y  was  j -n t roduced by  Bahadur  (1954)  and to ta l  su f -

f i c iency  by  Laur i tzen  (1974) .

One' :can now show the fol lowing:

I f  ( t - )  i s  t o ta l l suf f i c ien t  and a I ebra i ca l l transi-tive

is t ransi- t ive.

i t

I f  ( t  )  is  summariz i and a lgebra ica l l t ransi t ive

ta l l v  su f f i c ien t  and.  t rans i t i ve .

I f  one further def ines ( tn)  to be

cient,  i f  i t  is  a funct ion of  any other

ce  (s r r )  r  i . e .  t r ,  =  0 r r (s r r )  r  w€  have :

i t  is  to-

min ima l  to ta l l y ,  su f f i -

total ly suf f ic ient  sequen-

r t  ( r
Lransi t ive

i s  min imal  to ta l l

and transi t ive.

su f f i c i en t i t  i s  a I eb ra i ca l l



Thus  a  m in ima l  t o ta l l y  su f f j - c i en t  s ta t i s t i c  has  mos t  o f  t he

nice proper t ies one can hope for .  Such a s tat is t ic  can be shown

to ex is t  and essent ia l ly  by uniquely  def ined by the condi t ional

l ike l ihood funct ion which is  obta ined by consider ing

L (e ' xn+1 ,  " ' , xn+k l x1 ,  " '  r x

f o r  a l l  va l ues  o f  k .  Tha t  i s ,
j -s  obta ined by condi t ion ing on

treat ing th is  as a parameter .

n )  
=  p ( x1  r . . .  rXn l * r r *  1  r . . .  r x r r *o ;0 )

the condi t ional  l ike l ihood funct ion

the  fu tu re  (x
n*1  "  " xn+k )  k€ lN '  

and

Fo r  p roo f s  o f  t he  resu l t s ,  see  e .g .  Lau r i t zen  (1982 )  ch .  f I .

EXTENSIONS AND GENERALISATTONS

Most  of  the resul ts  can immediate ly  be carr ied over  to  more

genera l  s i tuat ions than the d iscrete case,  s ince they in  a sense

are based on proper t ies of  the not ion adequacy in t roduced by Ski -

b insky (1967) ,  and on fundamenta l  proper t l -es of  condi t ional  inde-

pendence.  The not ion "summar iz ingt '  does of  course have no meaning

un less  a  k ind  o f  un i fo rm i t y  i s  de f i ned ,  wh ich  e .g .  cou ld  be  g i ven

by group invar iance.  An in terest ing conseguence of  the resul ts  is

to  consider  in ference in  s tochast ic  processes based on the condi -

t ional  l ike l ihood,  g iven the fu ture.
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SUMMARY

We discuss various extensions on noti-ons related to sufficien-

cy,  wi th stochast ic processes in mind.

REST'ME

Consi-d6rons des extensions de Ia notion de sufficience en vue

des processus stochast iques.


