Time Series Solution Sketches Sheet 1 HT 2010
1. Let{X;} be the ARMA(1, 1) process,
Xy — ¢Xio1 =€+ 0e_1, {e:} ~ WN(0,0?),
where|¢| < 1 and|f| < 1. Show that the acf of X, } is given by

0 0
p(1) = m, p(h) = ¢""1p(1) forh > 1.

Solution: From E(X;) = ¢E(X;_1), and usingp < 1 and stationarity we get(X;) = E(X;_1) = 0.

For k > 2: multiplying X; = ¢X;_1 + ¢ + f¢;_1 by X;_; and taking expectations we gt = ¢;_1, and
hencey, = ¢* 1y, for k > 2.

Multiplying the same equation h¥; and taking expectations we get

Yo = o711 + E[ X (e + Oer—1)]

and
Xi =X 1+ e+ 061 =0[pXi o+ €1+ 06 2] + 6 + 0
= ¢* X0 + der—1 + der—o + € + Oep 1
SO
Yo = ¢y1 + E[(¢2Xt72 + Per1 + Pler_o + € + Oep—1)(er + Oer—1)]
= ¢y + *[pf + 1+ 67].
Also

1 = B(Xi Xt41) = E[Xe (¢ Xt + €141 + Oey)]
= ¢70 + E[(¢Xi—1 + €& + Ocr—1) (€141 + Oer)] = ¢y0 + 00>,

We can now solve the two equations involvifg 1, and then findy,, and hencey, as required.
2. Consider a process consisting of a linear trend plus aitivaldoise term,
Xie=Po+ Bt +e

where 5, and 3; are fixed constants, and where theare independent random variables with zero means
and variances?. Show thatX, is non-stationary, but that the first difference sefeX; = X, — X,_; is
second-order stationary, and find the achoX.

Solution: E(X;) = E(By + f1t + €:) = Bo + S1t which depends on, henceX; is non-stationary.
Let}/t - VXt - Xt - Xt—l- Then

Yi=0o+0it+e—{fo+0i(t—1)+e€—1} =01+ e — €.
So

cov(Ys, Yiin) = COM(€r — €11, €4k — €ryk—1)

= E(€t€t+k — €1—1€t+k — €t€ttk—1 T €t71€t+k71)

202 k=0
={—0? k=1
0 k> 2.



Hencey; is stationary and its acf is

1 k=0
0 k=2

. Let{S;,t =0,1,2,...} be the random walk with constant drift defined byS, = 0 and
St:M+St—1+€t7 t:1,2,...,

wheree, €5, ... are independent and identically distributed random véggiwith mean 0 and varianee.
Compute the mean of; and the autocovariance of the procdst}. Show that{V.s;} is stationary and
compute its mean and autocovariance function.

Solution:

St :€t+/14+5t71 =€+ p+ €1 +N+St72
t—1
:et—|—et_1—|—2,u+5t_2 = ZZQ_]’ +t#+50
j=0
S0 E(S;) =0+ tu+ 0 = tu. Thus the mean depends grihe process is not stationary.
For the autocovariance 6f;, the autocovariance at lagis

t+k—1 t—1
E[{Sy — tu}{Sepx — (t+ k)u}] = Zet - Z ki) = Y Blajej) = to
j=0

since, when moving from the first line to the second line of abeve display,F(e;—;e;1r—;) = 0 unless
i=7+k.
Note: fork =0,...,t —1,

1 t—1t—h—1

—h— h—
COU(St,Stfh) = Cov Zﬁt js Z €t = Z COU Et 7y €t— Z)

=0 i=0 j=0 j=0
o2

Y, =VS, =5, — S;_1 = pu+ ¢, which is clearly stationary as the observations are indéget; we have
E(Y;) = pandVar(Y;) = o2.

For the autocovariance af, noteY; — . = ¢;, and similarlyY;, — u = €, and so fort # ¢’ eachY; depends
on a different;, and therefore cd\;, Y;-) = 0 for all t # ¢'. So the autocovariance functionds at lag 0, and
is zero at all other lags.

Cf
X = acos(At) + ¢

wheree; ~ WN(0, 02), and wherex and\ are constants, show thak, } is not stationary.

Solution: E(X;) = E(acos(At) + €) = acos(At), which depends oty so X, is not stationary.



