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Abstract

Small world models are networks consisting of many local links and
fewer long range ‘shortcuts’, used to model networks with a high degree of
local clustering but relatively small diameter. Here, we concern ourselves
with the distribution of typical inter-point network distances. We estab-
lish approximations to the distribution of the graph distance in a discrete
ring network with extra random links, and compare the results to those
for simpler models, in which the extra links have zero length and the ring

is continuous.
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1 Introduction

There are many variants of the mathematical model introduced by Watts and
Strogatz [15] to describe the “small-world” networks popular in the social sci-
ences; one of them, the great circle model of Ball et. al. [4], actually precedes [15].
See [1] for a recent overview, as well as the books [5] and [8]. A typical descrip-
tion is as follows. Starting from a ring lattice with L vertices, each vertex is
connected to all of its neighbours within distance k£ by an undirected edge. Then
a number of shortcuts are added between randomly chosen pairs of sites. In-
terest centres on the statistics of the shortest distance between two (randomly
chosen) vertices, when shortcuts are taken to have length zero.

Newman, Moore and Watts [12], [13] proposed an idealized version, in which
the lattice is replaced by a circle and distance along the circle is the usual
arc length, shortcuts now being added between random pairs of uniformly dis-
tributed points. Within their [NMW] model, they made a heuristic computation
of the mean distance between a randomly chosen pair of points. Then Barbour
and Reinert [7] proved an asymptotic approximation for the distribution of this
distance as the mean number Lp of shortcuts tends to infinity; the parameter p
describes the average intensity of end points of shortcuts around the circle. In
this paper, we move from the continuous model back to a genuinely discrete
model, in which the ring lattice consists of exactly L vertices, each with con-
nections to the k nearest neighbours on either side, but in which the random
shortcuts, being edges of the graph, are taken to have length 1; thus distance be-
comes the usual graph distance between vertices. However, this model is rather
complicated to analyze, so we first present a simpler version, in which time
runs in discrete steps, but the process still lives on the continuous circle, and
which serves to illustrate the main qualitative differences between discrete and
continuous models. This intermediate model would be reasonable for describing
the spread of a simple epidemic, when the incubation time of the disease is a
fixed value, and the infectious period is very short in comparison. In each of

these more complicated models, we also show that the approximation derived



for the [NMW] model gives a reasonable approximation to the distribution of
inter-point distances, provided that p (or its equivalent) is small; here, the er-
ror in Kolmogorov distance is of order O(p3 log(%))7 although the distribution
functions are only O(p) apart in the bulk of the distribution.

2 The continuous circle model for discrete time

In this section, we consider the continuous model of [7], which consists of a
circle C' of circumference L, to which are added a Poisson Po (Lp/2) number
of uniform and independent random chords, but now with a new measure of
distance between points P and Q. This distance is the minimum of d(y) over

paths + along the graph between P and @, where, if v consists of s arcs of

s
r=1

lengths l1,...,ls connected by shortcuts, then d(v) := > _.[l.], where, as
usual, [I] denotes the smallest integer m > [; shortcuts make no contribution
to the distance. We are interested in asymptotics as Lp — oo, and so assume
throughout that Lp > 1.

We begin with a dynamic realization of the network, which describes, for
each n > 0, the set of points R(n) C C that can be reached from a given
point P within time n, where time corresponds to the d(-) distance along paths.
Pick Poisson Po (Lp) uniformly and independently distributed ‘potential’ chords
of the circle C; such a chord is an unordered pair of independent and uniformly
distributed random points of C. Label one point of each pair with 1 and the
other with 2, making the choices equiprobably, independently of everything
else. We call the set of label 1 points @, and, for each ¢ € Q, we let ¢ = ¢'(q)
denote the label 2 end point. Our construction realizes a random subset of these
potential chords as shortcuts. We start by taking R(0) = {P} and B(0) = 1, and
let time increase in integer steps. R(n) then consists of a union of B(n) intervals
of C', each of which is increased by unit length at each end point at time n + 1,
but with the rule that overlapping intervals are merged into a single interval;

this defines a new union of B’(n + 1) intervals R'(n + 1); note that B’'(n + 1)
may be less than B(n).



Now define OR(n + 1) := R'(n + 1) \ R(n). Whenever OR(n + 1) N Q is
not empty — that is, whenever dR(n + 1) includes label 1 points — then, for
each ¢ € OR(n + 1) N Q, we accept the chord {q,q'} if ¢ = ¢'(q) & R'(n+ 1)
(that is, if the chord would reach beyond the cluster R'(n + 1)), we reject it if
¢’ € R(n), and we accept the chord {q, ¢’} with probability 1/2 if ¢’ € OR(n+1),
independently of all else. Letting Q(n+1) :={¢’ : {¢, ¢’} newly accepted}, take
R(n+1)=R'(n+1)UQ(n+1) and set B(n+1) = B'(n+1)+|Q(n+1)|. Note
that B(n-+1) may be either larger or smaller than B(n), and that B /o1 = 1 a.s.

After at most [L/2] time steps, each of the potential chords has been either
accepted or rejected independently with probability 1/2, because of auxiliary
randomization for those chords such that {q,q¢'} € 9R(n) for some n, and be-
cause of the random labelling of the end points of the chords for the remainder.
Hence this construction does indeed lead to Po(Lp/2) independent uniform
chords of C.

For our analysis, as in [7], we define a second process S(n), starting from the
same P and the same set of potential chords, and with the same unit growth per
time step. The differences are that every potential chord is included, so that
no thinning takes place, and, additionally, whenever two intervals intersect,
they continue to grow, overlapping one another, and each continues to generate
further chords according to a Poisson process of rate p. This pure growth process
S(n) agrees with the original construction during the initial development with
high probability, until S has grown enough that overlap becomes likely; its
advantage is that it has a branching structure, and is thus much more easily
analysed. We denote its length at time n by s(n) > r(n), overlaps now being
counted according to multiplicity, and the number of intervals by M (n) > B(n).
Then M (n) is just a pure birth chain with offspring distribution 1+ Po (2p), so
that EM (n) = (14 2p)™, and the total length of the M (n) intervals is given by

s(n) =2 i M(k),
k=0

so that
Es(n) = p~ ' ((1+2p)" — 1).



Furthermore,

W(n) := (14 2p)~"M(n)

forms a square integrable martingale, so that (14+2p) "M (n) — W, a.s. for some
W, such that W, > 0 a.s. and EW, = 1. Hence also (1 +2p) "s(n) — p~'W,

a.s. and 1\%2) — p~ ! a.s.. Note also that Var W(n) < 1.

Our strategy is to pick a starting point P, and run both constructions up to
an integer time 7., chosen in such a way that R(n) and S(n) are (almost) the

same for n < 7,.. Pick
_ | log(Lp)
= |57"77 5|
2log(1+ 2p)

where |2| denotes the largest integer no greater than x, and let

¢o == ¢o(L, p) = (Lp)~/*(1+2p)™,

so that (14 2p)"™ = ¢o/Lp and (1 + 2p)~! < ¢ < 1; note that ¢o ~ 1 if p is

small. Now let 7. = ng 4+ r, and assume that

1
< —+—log(L 2.1
1< g 3 o5 (0 (2.1)

implying in particular that 7. < %. Then, writing R, = R(7,), S, =

S(r), M, = M(7,.), and s, = s(7,.), we have

EM, = ¢o\/Lp(1 +2p)"

and
Es, = p~ (60v/Ip(1 +20)" — 1),

Next, independently and uniformly, we pick a second point P’ € C, and
a second set of potential chords, ), and run both constructions for time 7/,
where 7" also satisfies (2.1), yielding R}, S,,, M/, =: N,v and s, =: u,». Then,
at least for small p, there are about ¢ZLp(1 + 2p)r”l pairs of intervals, with
one in S, and the other in S’,, and each is of typical length p~!, so that the

expected number of intersecting pairs of intervals is about

2 I 'I", T T‘,
L—qu%Lp(l +2p)" " = 2451+ 2p)F",



which, in the chosen range of r,r’, grows from almost nothing to the typically
large value 2¢2(Lp)'/3. For later use, label the intervals in S, as Iy,...,In,,
and the intervals in S}, as Ji,...,Jn,,; then we can write the number ‘A/mn/ of

intersecting pairs of intervals as

M, N,
Ve =D X, (2.2)
i=1 j=1
where
X, =1{L;nJ; #0}. (2.3)

Now the probability that ‘7m/ = 0 is the same as when the construction for
S’ uses the original set @ of potential chords, because of the independence of
Poisson processes on disjoint subsets; the event ?T,T/ = 0 indicates that the two
processes have no intersecting pairs of intervals when stopped at the times 7,,
7, and thus use disjoint sets of chords. Furthermore, we can show that the event
‘A@’T/ = 0 is with high probability the same as the event V., = 0, where V,. , is
the number of intersections of R(r) and R'(r'). Finally, if R(r) and R'(r") have
no intersections, then the “small worlds” distance between P and P’ is more

than

Tr+ T =2ng + 1+ 7.

Hence we have solved the problem if we can find a good approximation to the
probability that ‘/}r,r/ = 0; this we do by showing that ‘A/m/ approximately has
a mixed Poisson distribution, and by identifying the mixture distribution. We
usually take r = 7/ or 7 = r’ + 1, the latter to allow for the possibility of the
number of steps in the shortest path being odd.

After this preparation, we are in a position to summarize our main results.
These are treated in more detail in the next section, in Theorem 3.9, Corollary
3.10 and Theorem 3.15. We let D denote the small worlds distance between a

randomly chosen pair of points P and ) on C, so that, as above,

P[D > 2ng+r+71'|=P[V,,» =0].



The following theorem approximates the distribution of D by that of another
random variable D*, whose distribution is more accessible; in this theorem, p
and the derived quantities ¢g, ng, Ng and xq all implicitly depend on L, as does

the distribution of D*.

Theorem 2.1 Let A denote a random variable on the integers with distribution

given by
P[A > 2] = E{e 2000420 "W, W)y e 7,
and set D* = A+2ng. If Lp — oo and p = p(L) = O(L®), with 3 < 4/31, then
dryv(L(D),L(D*)) -0 as L — oc.

1. If p is large, let Ny be such that (14+2p)Ne < Lp < (142p)No+L, and define
a € [0,1) to be such that Lp = (142p)No+% then, with o = Ng—2no+1,

PA>zy] > 1-2(1+42p)7%

PA>z+1] = O((1+2p) ""log(1+p)),

so that A concentrates almost all its mass on xg, unless a is very close

to 1.

2. If p — 0, the distribution of pA approaches that of the random variable T
defined in [7], Corollary 3.10:
e~ Y

—dy.
1+ 2e2zy 4

P[pA>x}—>P[T>m]=/DO

The errors in these distributional approximations are also quantified, for given
choices of L and p(L).
This result shows that, for p small and x = lp with [ € Z,

PlpA >a] = Efe 20804207 W0}y

Q

E{e 2" WV — P[T > 4], (2.4)

where W and W' are independent NE(1) random variables. Indeed, it follows

from Lemma 3.13 below that W, —p W as p — 0. One way of realizing a



random variable T' with the above distribution is to realize W and W', and

then to sample T from the conditional distribution

P[T>z|WW| = e 2"WW
— o~ exp{2z+log2+log Wlog w'}
= e~ exp{2w+10g27G17G2}, (25)
where G1 := —log W and G4 := —log W’ both have the Gumbel distribution.

With this construction,
P27 — {G1 4 Gy —log2} >z |W,W']| = e,
whatever the values of W and W', and hence of G; and G, implying that
2T =p G1 + Go — G3 — log 2,

where G1, G2 and G3 are independent random variables with the Gumbel dis-
tribution. The cumulants of 7' can thus immediately be deduced from those of

the Gumbel distribution, given in Gumbel [9]:

ET =

DN | =

(v —log2) = —0.058;
2

3

VarT =

o|

Note that, in view of Corollary 3.2 below, the conditional construction (2.5)
can be interpreted in terms of the processes S and S’, since W, and Wf; are
essentially determined by the early stages of the respective pure birth processes,
and the extra randomness, conditional on the values of W, and W,f, comes from
the random arrangement of the intervals on the circle C.

In the NMW heuristic, the random variable Tx/w is logistic, having dis-
tribution function e2*(1 + €2¥)~1; note that this is just the distribution of
%(Gl —G3). Hence the heuristic effectively neglects some of the initial branching

variation.



3 The continuous circle model: proofs

The first step in the argument outlined above is to establish a Poisson approxi-
mation theorem for the number of pairs of overlapping intervals, one in S, and

the other in S/,. The following result has been shown in [7].

Proposition 3.1 Let M intervals I, ..., Ins with lengths tq, ...ty and N in-
tervals Jy, ..., JN with lengths uy, ..., un be positioned uniformly and indepen-

dently on C. Set V := Zf\il Zj\;l Xij, where X;; :=I[I; N J; #0]. Then

drv (L(V),Po (AN tw))) < 4M + N)ve /L,

where A\(ar,N ) 2= L= YNt + Mu), t := Zf\il t;, u = Z;vzl uj and vy, =

max{max; t;, max; u;}.

The proposition translates immediately into a useful statement about f/\'m/,

when P’ is chosen uniformly at random, independently of all else.
Corollary 3.2 For the processes S and S’ of the previous section, we have

P[V,ps = 0| M, = M, N,y = N, s, = t,up = u] —exp{—L~ (Nt + Mu)}|

<8L (M7, + N7,).

Remark. If P’ is not chosen at random, but is a fixed point of C, the result of
Corollary 3.2 remains essentially unchanged, provided that P and P’ are more
than an arc distance of 7. 4+ 7,» apart. The only difference is that then X1, =0
a.s., and that Nt + Mu is replaced by Nt + Mu — 27, — 27,.. If P and P’ are

~

less than 7, + 7+ apart, then PV, ,» = 0] = 0.

~

The next step is to show that P[V,,, = 0] is close to P[V;,» = 0]. We
do this by directly comparing the random variables ‘Z,w and V;., in the joint
construction. As for Corollary 3.5 in [7], the following assertion can easily be

shown to hold.
Proposition 3.3 With notation as above, we have

PV, # Vyw] < 327,70 L2E{1 M. N, (M, + N, — 2)}.



To apply Corollary 3.2 and Proposition 3.3, it remains to establish more
detailed information about the distributions of M, and s,. In particular, we
need to bound the first and second moments of M,., and to approximate the

quantity E(exp{—L~1(N, s, + M,u,s)}). We begin with the following lemma.

Lemma 3.4 The random variable M (n) has as probability generating function
Grn)(s) :== EsM™ = fM(g) f(s) = se?P71),

where f) denotes the nth iteration of f. In particular, we have

EM, = ¢ov/Lp(1+2p)"
SEM(M, —1) = (p+ Doov/Tn(1+20) " {60v/Ta(1 +20)" ~ 1}
< GRLp(1+20)>".

PROOF: Since M(n) is a branching process with 1 + Po(2p) offspring distri-
bution, the probability generating function is immediate, as are the moment

calculations

EM(n) = (1+20)"

EM(n)(M(n) = 1) = 2(p+1)(1+20)" 1 {(1+20)" 1}
The moments of M, follow from the definition of 7,. I

These estimates can be directly applied in Corollary 3.2 and Proposition 3.3.
Define

mr,r') = 64{p(no + (rv )¢ (1 4 2p)" "+ (3.1)

na(r ') = 16{p(no + (r V")) }eo(1 + 2p) V7). (3.2)
Corollary 3.5 We have
PV # Vi) < mi(ror')(Lp) ™'/
and

‘P[VTW’ = 0} - EeXp{_L_l(Nr’ST + Mrur’)H < {771 (7, 7“/) + na(r, T/)}(LP)_1/2~

10



Consideration of the quantity E(exp{—L~'(N,ss, + M,u,/)}) now gives the

immediate asymptotics of
P[V,,, =0 =P[D > 2no +r+1r'],
where D denotes the “small world” distance between P and P’.
Corollary 3.6 If p = p(L) is bounded above and Lp — oo, then as L — oo,
[P[D > 2ng + 1 +1'] — Eexp{—2¢3(1 + 2p)" " W, W/} — 0

uniformly in |r|,|r]" < log (Lp), where W, and W, are independent

1
6log(1+2p)

copies of the limiting random variable associated with the pure birth chain M.

PROOF: The conditions ensure that 7. and 7~ both tend to infinity as L — oo, at
least as fast at clog(Lp), for some ¢ > 0. Then, since W (n) = (1+2p) "M (n) —
W, a.s. and s(n)/M(n) — p~' a.s., and since (1+2p)™ 7 = ¢2(1+2p)" " Lp,

it is clear that

exp{—L ' (Nys, + Myu, )y~ exp{—2(Lp) M, N, }

exp {—2(Lp) " (1 +2p)7 T W (1) W' (73) }

~ exp{=2¢5(1+2p)"" W, W},

uniformly for r, 7’ in the given ranges. I

Hence P[D > 2ng +r + '] can be approximated in terms of the distribution
of the limiting random variable W, associated with the pure birth chain M.
However, in contrast to the model with time running continuously, this distri-
bution is not always NE (1), but genuinely depends on p. Its properties are not

so easy to derive, though moments can be calculated, and, in particular,
EW, =1, VarW, = 1/(1 + 2p); (3.3)

it is also shown in Lemma 3.13 that £(W,) is close to NE (1) for p small. We
also need the following lemma, which is useful in bounding the behaviour of the

upper tail of £(D).

11



Lemma 3.7 For all0,p >0,
E(e"™oWo) < 67 log(1 + 6).
ProoF: The offspring generating function of the birth process M satisfies
F(s) = 5e% 6D < {1+ 2p(1 — )}~ =: fu(s)
for all 0 < s < 1. Hence, with m =1+ 2p,

E(e™"e) = lim f®) (e ") < Tim £ (e ) = (14+9)7L (34)

n—oo n—oo

The last equality follows from (8.11), p.17 in [10], noting that the right-hand

side is the Laplace transform of the NE(1) - distribution. Furthermore, we have

1+46w) =671 / e"twemt0 gt
0

and so, applying (3.4) twice, and because the function (1 +t)~! is decreasing in

t > 0, we obtain

E(e*"WpWé) < EB{(1+60w,)" "}

9_1/ Ee tWeet/0 gt
0

IN

(oo}
6! / (1+t)"te /0 dt
0

IN

0
9—1/ (14+6) 1 dt = 0 log(1 + 0),
0

as required. ]

The simple asymptotics of Corollary 3.6 can be sharpened. At first sight
surprisingly, it turns out that it is not necessary for the times 7, and 7,/ to tend
to infinity, since, for values of p so large that ng is bounded, the quantities W (n)

are (almost) constant for all n. Write

(1420 7s(n) = 23 WG +20)" 7
j=0
_ 1 L+p
= pW() 5 U(n), (3.5)



where

L) = 23 (VG) - W)L +2070) W1+ 2)
j=0

Computation gives EU(n) = —(1+ p)~1(1 +2p) ™", and

B0V () ~ WOV () = WO = g (1 gy )

if 7 > £, so that
2(1+2p) "+ 2(1+2p)72"

Var{U(n)} < 2 e
(1+2p)7"
ST 3
and thus
(14 p)’B{U(n)*} <9(1 +2p)~". (3.7)

Then we have

L™ Y(Nyuis, + Myu,.)

= G+ 20)" AW (1) (W' (700) + (L + p)UL) + W' (72 ) (W (72) + (1 + p) U},

where W (r,.) := W(r.) and U, := U(7,), so that, by Taylor’s expansion, and
because EW (n) = 1 for all n,

[Eexp{—L~"(Nyss, + My )} — Eexp{-203(1 + 2p)r+T/W(Tr)W/(Tr/)}‘

< 63(1+20)" " (1 + p){E|U,| + E|UL |} (3-8)
and

‘Eexp{—2¢(2)(1 +20)" W ()W (7)) — Bexp{—202(1 + 2p)"*" W, W'}

< 263(1 + 20)" " {E|W, — W (r,)| + E[W, — W'(r,.)]}. (3.9)
Using these results, we obtain the following theorem.
Theorem 3.8 If P’ is randomly chosen on C, then
P[D>2ng+r+7r']— E{€72¢§(1+2p)r+r'wpij}

< {mu(r,7) +ma(r, 7" H(Lp) 2 + ms(r, 7)) (Lp) =12,

13



where n1, 12 are given in (3.1) and (3.2),
ma(r,r’) 1= 106/2(1 + 20+ 400

and where, as before, D denotes the shortest distance between P and P’ on the

shortcut graph.

Proor: Since {V,,» =0} = {D > 2ng + r + '}, we use Corollary 3.5 and (3.8)
and (3.9) to give

P[D > 2ng+r+1']— E{672¢g(1+2f’)r+r/WpWP'}
< [l 4 malr )} (o) 4 R0+ 200 (1 + p){BIT,] + BIUL )

+203(1 + 2p)" " {E[W, — W (r,)| + E[W), — W' (7,/)|}. (3.10)
Now, from (3.7) and the Cauchy-Schwarz inequality,
(1+ p)E|U,| < 3(Lp)~ Y10y /2(1+20) "2, (3.11)

Then, since W (n) is a martingale, and

W, - W) = S (W(E+1) - W)
l=n
S 20 M 1) — (L4 20)M (D),
l=n
we have
BV, ~ Wm)? = S (1+20) 2B+ 1) — (1 + 20)M (D).
l=n
Now
M (£)
M(t+1) = Z(Zeﬂ(i)‘f'l)a
i=1

where (Z(i))e,; are i.i.d. Po (2p)-variates, and so

E(M({+1)— (1+2p)M(£))? = EVar (M(¢+1)|M(¢))

20EM (€) = 2p(1 + 2p)",

14



implying that

o0

20(1+20) 2 Y (1 +2p)~"

L=Ty

(1+2p) 2(1+2p)" ™.

E(W, — W(r,))*

IN

Hence

E[W, - W(r)| < (1+2p) 72t

< (Lo) Vg P4 20)7E,

and the theorem follows. I

Theorem 3.8 can be translated into a uniform distributional approximation,

as follows.

Theorem 3.9 If A denotes a random variable on the integers with distribution
given by
PA > z] = E{e_wg(l“p)erW"/}, r€Z, (3.12)

and D* = A + 2ng, then
drv (L(D),L(D"))

- 0 (log(prl 2L (L) 2p>1/2<Lp>?> .

In particular, for p = p(L) = O(LP) with 8 < 4/31,
dry(L(D),L(D*)) -0 as L — oo.

PRrOOF: It is easy to see that A, defined as above, is indeed a random variable.

Its upper tail is bounded by Lemma 3.7, which implies that

PIA > 4] < 2712(1 +2p)77(2 + wlog(1+ 2p)) (3.13)
on]

for any « > 0, since ¢9 < 1 and log(1l + 2y) < 2+ logy in y > 1. Then, for
any x € Z, writing r(z) = |z/2] and v'(z) = = — r(z) < (x + 1)/2, it follows

15



from Theorem 3.8 that

IP[D > 2ng + 2] — P[D* > 2ng + 1|

< {m(r(@),7'(2)) +n2(r(@), (@) }(Lp) 72 + 3 (r(a), v/ (@) (Lp)~H/*

- plog(Lp) \* Lor N
_o((—————j) (14 20) (Lp)
(Lp)‘%> :

log(1+ 2p
|. This is combined with (3.13) evaluated at

=~

ESE

plog(Lp) L
(m) (14+2p)2(Lp)~ 7 + (1 +2p)

% log(Lp)—21log ¢o
log(142p)

1, which gives rise to a term of order O ((Lp)_% log(Lp)),

so long as z < |

1 log(Lp)—21log ¢o
log(142p)

and the main estimate follows.

r=[

The above bound tends to zero as L — oo as long as p = p(L) = O(LP) for
3 < 4/31. Thus the theorem is proved. I

For larger p and for L large, it is easy to check that ng can be no larger than 4,
so that interpoint distances are extremely short, few steps in each branching
process are needed, and the closeness of £(D) and L£(D*) could be justified
by direct arguments. Even in the range covered by Theorem 3.9, it is clear
that £(D) becomes concentrated on very few values, once p is large, since the
factor 2¢2(1 + 2p)® in the exponent in (3.12) is multiplied by the large factor

(14 2p) if x is increased by 1. The following corollary makes this more precise.
Corollary 3.10 If Ny is such that
(1+2p)" < Lp < (1+2p)No*,

and if Lp = (14 2p)Not< for some a € [0,1), then, taking xo = No — 2ng + 1,
we have

P[A > 29] > 1 2(14+29) 7,

and

P[A > zg+1] = Eexp{—2(1+2p)" " “W,W,} < 5(1+2p)~ """ log(3 + 4p).

16



PROOF: The result follows immediately from Jensen’s inequality;

Eexp{—2(1+2p) “W,W)} > exp{—2(1+2p) “EW,EW,}

> 1-2(1+2p)°
as EW, = 1, and from Lemma 3.7 with 6 = 2(1 4 2p)'~*. I

Thus the distribution is essentially concentrated on the single value zq if p is
large and « is bounded away from 0 and 1. If, for instance, « is close to 1, then
both x¢ and xg + 1 may carry appreciable probability.

If p — po as L — oo, then the distribution of A becomes spread out over Z,
converging to a non—trivial limit as . — oo along any subsequence such that
¢o(L, p) converges. Both this behaviour and that for larger p are quite differ-
ent from the behaviour found in the continuous model of [7]. However, if p
becomes smaller, the differences become less; we now show that, as p — 0, the
distribution of pA approaches the limiting distribution of T" obtained in [7].

The argument is based on showing that the distribution of W, is close
to NE (1). To do so, we employ the characterizing Poincaré equation for Galton—

Watson branching processes (see Harris [10], Theorem 8.2, p.15); if
¢p(0) = Be e
is the Laplace transform of £(W,), then

$o((1+2p)0) = f(6,(0))- (3.14)

We show that when p ~ 0 then ¢,(0) is close to ¢.(0) = (14 6)~!, the Laplace
transform of the NE (1) distribution.
Let

G- {g 0v00) = R gl = sup0~219(0)] < oo} ,
>

and let

H={x:[0,00) > R:x(0) =1—-0+ g(0) for some g € G}.
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Then H contains all Laplace transforms of probability distributions with mean 1

and finite variance. On H, define the operator ¥ by
w0 = (x (2
X - X m I

[(s) = se¥eD

where

is the probability generating function of 14 Po (2p), and m = 1+ 2p > 1. Thus

the Laplace transform ¢, of interest to us is a fixed point of V.
Lemma 3.11 The operator ¥ is a contraction, and, for all x,v € H,
lox-wells < —lx vl
X g < —lx=2le
ProoF: For all x,1 € H and 6 > 0, we have

072U\ (0) — V(o) = 077

< fllc0

< mx —¢lle,

as required. ]

Lemma 3.12 For the Laplace transform ¢., we have

2p?

”\IId)e - ¢e||g < m

PRrROOF: For all 8 > 0, we have

|\I/¢e (9) - ¢e(9) ‘ 1 i
02

IN




using the inequality |(1 + z)e™* — 1| < T’; for x > 0. The lemma now follows

because m +60 >m =1+2pand 1 +6 > 1. (

Lemmas 3.11 and 3.12 together yield the following result.

Lemma 3.13 For any p > 0,

p
14+ 2p

ProoF: With Lemmas 3.11 and 3.12, it follows that

||¢p - d’e”g <

6p = ¢elle = 19y — el

< ||\I/¢p - \I’¢e||g + ”\I/(Zse - ¢e||g
1 2p?

< — — [

— mH¢P ¢€Hg+ (1+2p)2

Note that indeed ¢, — ¢ € G. Thus, since m > 1, it follows that

m 2p° p

— < =
I6p = el = m—1(1+2p)2 1+2p°

as required. ]

As an immediate consequence, £(W,) — NE(1) as p — 0. Theorem 3.14 re-
formulates this convergence as a pointwise comparison theorem directly relevant

to the distribution functions of A and T
Theorem 3.14 Let W, W’ be independent NE (1) random variables. Then, for
all 8 > 0, we have

Ee—WoW,' _ g 0WW’ 4p 02
1+p

IA

PRrooOF: We have
Ee WeWo' _ Ee—WW'
= E{E(e W)} — E{E(e "V W)}
= Eg,(0W)) — E¢.(0W)
= EU¢,(6W)) — EV¢ (W) + EV¢ (W) — Epc (W)

+ E¢e(9W;;) - E¢e (GW)
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Since
E¢.(0W)) = Ee "W, =Eg,(6W),

we obtain from the triangle inequality, (3.3) and Lemmas 3.11, 3.12 and 3.13

that
Be oW, _ B W] < Lo, — 6|06 BOV?) + 2 °E(WS)
= m P 2 14 (1 + 2p>2 14
+ [lpp — dellgO*EW)
20%(1 1 202
< (1+p) {( N 1) P2 }
1+2p 1+2p 1+2p (14 2p)?
< 4p 927
- 1+4+2p

as required. ]

Noting that

Ee*QWW':/OO <y,
o 1+0y

we obtain the following theorem.

Theorem 3.15 As in Theorem 3.9, let A be a random wvariable on Z with

distribution given by
PIA>z] = E{6_2¢g(1+2P)IWpr/}.

Let T denote a random variable on R with distribution given by
o L,y
P[T>z]=/0 Wdy.
Then

sup [P[pA > 2] - P[T > z]| =0 (p1/3(1 + log(l/p))) .
z€R

PRrROOF: We use an argument similar to that used for Theorem 3.9. For a large,

we can use the bound

0o e—ydy 1 dy .
< = log(1 3.15
/0 l+ay — /o a” log(l +a), (3.15)
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from which, for z > 0 and with ¢(p) defined by
1> ¢(p) = (2p) ' log(1 +2p) > 1 - p,
we have
P[T > zc(p)] < e 221+ z¢c(p)) < (1 + ze(p))e” 217 (3.16)
Similarly, from Lemma 3.7, we have
PlpA >zl < (142p) P21+ 2¢(p)) < (14 2p)°(1 + z¢(p))e 7).

Complementing these upper tail bounds, from Theorem 3.14 and for z € pZ,

we have

e ey 16p 16p
PpA - dy| < 1+42p)%/P < —L_ 4%,
’ P& > 7] /0 1+ 2902 (1 + 2p)7/7 y‘_1+2p( 2 s e
(3.17)
Using the facts that (1 4 2p)*/? = €2¢(?) and that (1 + 2p)~! < ¢o < 1, and

because, for a,b > 0,

eV eV |b—al
dy — dy| < 3.18
/0 1+ ay 4 /0 1+ by y‘ ~ max{1,a,b}’ (3.18)

it also follows that

o0 e—y
dy — P[Ty > zc
| v s e - Pl (””’
8p
<2162 — 1|(1 + 2p)%/P < 2z, 3.19
< 2|¢5 — 1|(1+2p) _1+2pe, (3.19)

and then, from (3.18) and (3.15), we have

[PT > 20(p)] — PIT > 2]| < min{4=(1 — (p)), (2 + 2)e~*} = O(plog(1/p)).
(3.20)
Combining the bounds (3.17), (3.19) and (3.20) for e?* < p~1/3 gives a
supremum of order p'/? for |P[pA > z] — P[T > z]|; note that z may actually
be allowed to take any real value in this range, since 1" has bounded density.
For any larger values of z, the upper tail bounds give a maximum discrepancy
of order O{p'/?(1 +1log(1/p))}, as required. Note that, in the main part of the

distribution, for z of order 1, the discrepancy is actually of order p. I
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Numerically, instead of calculating the limiting distribution of W,, we would

use the approximation
‘E {e_L’l(NwSr‘*‘Mr“r’)} —E {6—%3(14—2/’)”‘”/W(TT)W’(TV,-’) }’
< 6y (14 p) (1 +2p)™ 7 =307 (Lp) =12,

from (3.8) and (3.11), where the distributions of W(7.) and W’(7,~) can be

calculated iteratively, using the generating function from Lemma 3.4. As D is

log(Lp)

centred around 2ng = 2L%J, and as r is of order at most Tog(1130)” only order
% iterations would be needed.

4 The discrete circle model: description

Now suppose, as in the discrete circle model of Newman et al. [13], that the
circle C' becomes a ring lattice with A = Lk vertices, where each vertex is
connected to all its neighbours within distance k by an undirected edge. In
the notation of [13], a number of shortcuts are added between randomly chosen
pairs of sites, with probability ¢ per connection in the lattice, of which there
are Ak; thus, on average, there are Ak¢ shortcuts in the graph. In contrast to
the previous setting, it is natural in the discrete model to use graph distance,
which implies that all edges, including shortcuts, have length 1. This turns out
to make a significant difference to the results when shortcuts are very plentiful.

For ease of comparison with the previous model, which collapsed the k-
neighbourhoods, we adopt a different notation. The model can be formulated
as the union of a Bernoulli random graph G ¢ and the underlying ring lattice
on A vertices. Here we write 0 = f, so that the expected number of edges in
G,z is close to the value Lp/2 in the previous model; comparing the expected

number of shortcuts with that given in [13], we also have

AMA—2-1DZ =L A—2%k-1)~

Ak = A 2k

sLp,

relating our parameter o to those of [13]. In particular, we have

2Ake
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The model can also be realized by a dynamic construction. Choosing a
point Py € {1,...,A} at random, set R(0) = {Py}. Then, at the first step
(distance 1), the ‘island’ consisting of Py is increased by k points at each end,
and, in addition, Ml(l) ~ Bi (A -2k — 1, ) shortcuts connect to centres of new
islands. At each subsequent step, starting from the set R(n) of vertices within
distance n of Py, each island is increased by the addition of k£ points at either
end, but with overlapping islands merged, to form a set R'(n + 1); this is then
increased to R(n + 1) by choosing a Bernoulli-§ thinning of the edges joining
R(n)\ R(n—1) to C'\ R'(n+ 1) as shortcuts.

The branching analogue of this process, which agrees with the current pro-
cess until its first self-overlap occurs, has individuals, here representing the
islands, of two types: newly formed type 1 islands, consisting of just one vertex,
and existing type 2 islands. A type 1 island at time n becomes a type 2 island at
time n+1, and, in addition, has a Bi (A, §)-distributed number of type 1 islands
as ‘offspring’. A type 2 island at time n stays a type 2 island at time n+ 1, and
has a Bi (2kA, §)-distributed number of type 1 islands as offspring. Each new
island starts at an independent and randomly chosen point of the circle, and at

each subsequent step acquires k more vertices at either end. Writing

M(n) := (MW (n), MP (n))", n >0,

for the numbers of islands of the two types at time n, where the superscript T'
denotes the transpose, their development over time is given by the branching

recursion

M®m) ~ Bi ((M<1>(n — 1) + 2kM® (n — 1))A, %) :

MPm) = MYn-1)+MD(n-1):

MY = 1, MP0)=o0. (4.2)
The total number of intervals at time n is denoted by

M*(n) = MY (n) + M (n), (4.3)
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and the total number of vertices in these intervals by

n—1
§(n) =M™ (n) +2k Y MT(j) > M*(n). (4.4)
j=0

As before, we use the branching process as the basic tool in our argument.

It is now a two type Galton—Watson process with mean matrix

[ o 2ko
Sl
The characteristic equation
t—1)(t—0)=2ko (4.5)
of A yields the eigenvalues
X=X = Ho+1+V(0+1)2+402k—-1)} >0+ 1;
A< = Ho+1-V(0+1)2+40(2k—1)} <0
also, from (4.5),
AtAde=0c+1 and A\ =—-0(2k—1). (4.6)

From the equation fA = \f, we find that the left eigenvectors (), i = 1,2,

satisfy
1 == o) f. (4.7)

We standardize the positive left eigenvector f(1) of A, associated with the eigen-

value )\, so that
A = =0t B = 0-o)k (48)
for @, we choose

D= (- x)75, ) =—(0 - No)E.

Then, for i = 1,2, we have

E((fO) " Mys1|F(n)) = (FO)TAM(n) = Ni(f9) M(n),
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where F(n) denotes the o-algebra (M (0),. .., M(n)). Thus, from (4.7),

W@(n) = A(F) M (n) (4.9)
= ATAVOLY + (- o) M)

is a (non-zero mean) martingale, for i = 1, 2; we let

Wio = lim W (n) as. = lim \["(fO)TM(n) as. (4.10)

n—oo n—oo

be the almost sure limit of the martingale W) (n).

Our main conclusions can be summarized as follows: the detailed results
and their proofs are given in Theorems 5.6 and 5.9. Let Ay denote a random
variable on the integers with distribution given by

A
A— A2

2
P[A;> 2] =Eexp {—( ) (A=) (2 — J)gbfl)\””kaUW,éﬁ} . (4.11)

for any x € Z, and set D* = Ay + 2ny. Here, ng and ¢4 are such that A" =
ba(Ao)/? and A~ < ¢4 < 1. Let D denote the graph distance between a

randomly chosen pair of vertices on the ring lattice C'.

Theorem 4.1 If Ao — oo and p = ko remains bounded, then it follows that
drv(L(D),L(D*)) — 0. If p — 0, then pAy —p T, where T is as in Theo-

rem 2.1.

Note that the expectation in (4.11) is taken under the initial condition (4.2);
we shall later need also to consider the distribution of W}, , under other initial

conditions.

5 The discrete circle model: proofs
We begin the detailed discussion with some moment formulae.

Lemma 5.1 For the means,

EMM(n) = (A"(0 = A2) + AZ (A — 0));

A=A
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1

(5.1)

or(2) _ no__yny.
EM (Tl) )\ _ )\2 ()\ )‘2 )’
EN*(n) = —— (A At < opn,
A— Ao
and
. . 1
BOUY +2007) = 5 (0= 2afa)N 4+ (/o) (A = 0))
— A2

< e, forec=4k—1.

For the variances, for j <mn,

Var (W (5) =W (m) < &2(FV)2A7, k2=

Var (WP (j) = W (n))

and, for M*(n),

Var Mt (n) <

EM™*(n)(M*(n)—1) <

Note that, from (4.5), we have

4R2)\2n;

4(1 + KA,

c 4k;—1<2.

PROOF: First, observe that

2k

EW O (n) =Wy = (f)" M = (£ (1.0)7 = 7

for all n, by the martingale property. From (4.9) and (4.7), we have

() AW D ()
()W @ (n)

MO (n) + (A = 0)MP (n);

MO (n) + Ay — o) M@ (n),

and thus
R - A A—o
MO (n) )\nW(l)(n)¥ n @ () :
A=AV (A= 2o f
. 1 1
MPm) = WO (n)——— — W (n) .
A=) (A=) f1?
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From (5.9) and (5.8) we obtain

. - A—oO
EMM(n) = 222 4y :
) D) A
. 1 1
EM®(n) = X" — A2 ,
) G )

giving (5.1); for the last part use c+1— A = Ay and 0 +1— Xy = A, from (4.6).
Then (5.2) follows immediately, using (4.5) and (4.6).
Now define

X(n):=MY(n)—o(MPD(n-1)+2MP(n—-1)), n>1,  (5.10)

noting that it has a centred binomial distribution conditional on F(n — 1);
representing quantities in terms of these martingale differences greatly simplifies
the subsequent calculations. For instance,
WO (n+1) = W (n)
=N M D (04 1) + (A — o) MP (n+1)
— XMW (n) = Xi(Ai — o) M@ (n)}
= NN D) (n 4+ 1) — oM D (n) — 2ko M) (n)}

=N O X (n 4+ 1), (5.11)

where we have used (\; — 1)(A\; — o) = 2ko, from (4.5), and the branching

recursion.
Since
E{X*(n+1)| Fm)} = T (1- ) (T0(n) + 26312 (m))A,
we have

EX?(n+1) < col™,
from (5.2). Thus, immediately,
E{(WD(n+1) - WD (n)?} < co(fP)2A72"20", (5.12)
Hence, for ¢ = 1,2 and for any 0 < j < n,

Var (W (j) = W (n))
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= ni EW® (k) — WOk +1))?
k=j

n—1
< o7 S0 A2
k=j

vz (A) A7 . A\
<co( 1())2>‘i2()\2> mm{M,(nJ)}max (1, <X4’) )

and the formulae (5.3) and (5.4) follow.

Moreover, from (5.9),

o+ 1 AL D
1 1
and hence
(A — X2)?Var M (n) = Z(/\"H_j — A2 Var X ()
j=1

dco Z A2=0-D < dea AL /(N = 1),

j=1

IA

From this, using the inequality
EM*(n)(M*(n)—1) < Var(MT(n))+ (EM™(n))?,
(5.6) is easily obtained. ]

As in the previous section, we run two branching processes M and M’ =: N
independently, and investigate the time at which the first intersection occurs,
irrespective of the types of the intervals. We write §'(n) =: @(n), and use
notation of the form M, to denote M(nd + ), for an appropriate ny which we
shall define later; we also use 7. := {2k(ng + r) + 1} to denote the length of
the longest interval in the branching process at time ng + r. Then, with XA/M/
defined as before to be the number of pairs of intervals of M and N intersecting,
when M has been run for time ng + r and N for time ng + 1’ , the analogue of
Proposition 3.3 shows that

~

[PV, =0] —P[D > 2ng+r+7r]|

< 320727l B{3 M NS (M} + N} —2)}, (5.14)
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and that of Corollary 3.2 gives
[PV, = 0| M = M,N = N, 3, = t,0, = u]
—exp{—A"Y(Nt + Mu— MN)}|
< BATHM + N)T(rypr).- (5.15)

The estimates (5.14) and (5.15) can be made more explicit with the help of the

bounds
EM® <2\t EMF(MT —1) < 4(1 + 2)N2"at7), (5.16)

which follow from from Lemma 5.1; together, they give the following result,
in which D denotes the shortest distance between Py and a randomly chosen

vertex P’ of C.

Lemma 5.2 With the above notation and definitions, we have

~

|P[D > 2ng+7r+71]—P[V,, =0

< 256A 270, (1 4 Z)NFaF V),
and

P[V,, = 0| M =M N} =N,3 =t i, =u

—exp{—A"' (Nt + Mu — MN)}|

< 320 L7y A VT,

We now need to examine E exp{—A~' (N}, + M; i, — M;" N¥)} more closely.
To start with, from (5.1) in Lemma 5.1, we have

n—1
Ei(n) = A= AZh 2k Y (VT - AT
§=0

1 2% 2%
= A4 ) = At (1
)\—)\2{ <+A—1> 2 v
A Ao
_op 2 _
(o n )
1

= m {)\n+2 _ /\;L+2 _ ()\ _ )\2)} 7 (517)
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where we have used (4.5) and (4.6) to simplify, and this expression is rather
close to (\/o)EM™(n) as given in (5.1). This reflects the fact that both §(n)
and (\/o)M*(n) are rather close to

A2 WM — 1)
o —ha) O

Lemma 5.3 We have the following approximations:

A _ AZHn Whn-1) =~ .
S(n) - O'()\ _ )\2) < fl(l) + Ul(n)> )
A - A2+ Whn-1) =~
M) = S ( 50 +U2(”)>’
where
E|Ui(n)] < {3+2m/n—|—02}max{)\1/27)‘T2|}n; (5.18)
E[lb(n)] < {l+26Vn+ - 1}max{>\—1/2,)‘T2|}n. (5.19)

PROOF: We first express §(n) and (A/c)M*(n) in terms of the martingale dif-
ferences {X (1), I > 1}. From (5.13) and (5.11), we have

M*(n) — # {An_HW(l)(n) _ )‘SHW(?) (n)}
A LAY s
>\n+1 W(l)( 1) X( ) )\SH 1 TSA lX(l)
= — n—1)+ X(n) - + 5 .
(A=A2) 1(1) A= A2 =1 ’

Similarly, from (5.13) and (5.11),

1
Jj=0 fl( : 1
n—1 . n—1
1 DY AR ,
_ N ) _ _ +1 -1
= T ) WO (n—1) = XY AT
j=0 fi I=j+1
) J
— AT (1 +y A;U{(l)) }
=1
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1 JwOm—1) an+t A = .
— 1 —iXx(i
)\—)\2{ PO S R +;A ()

—ZA X(I) ZOAJ'H—AAZ—_l—ZA X(1) Z AJ}
J

J=l+1

1 WM (n —1) Ant? A 2
A—Az{ Fo )\—1<)\—1 2—1) HZX
An-{-l n—1 ;
/\21<1+Z>\ X( ))}

=1

Substituting these into (4.4), and because 1 + 2k/(A\; — 1) = N\ /o, i = 1,2,
from (4.5) and (4.6), we obtain

. )\2+n W(l)(n o 1)
= o) FONE X(m)

)\71-&-2 l )\71,-&-2
X(1 1 2
{Z ( SV I S

_ A2 Whn-1) =~
= 0’()\*>\2) < fl(l) +U1(n>>>

where
~ )\ n+1
[EU(n)] = A" 72\ — A + A0 2| < 3max {)\1, |;'}
and
2
~ A2l
—2n— 4 2yn—1 1—1 2
VarUp(n) < A a(A— A2) { A +Z)\ ( )\_)\2) }

2
< 4/12(02—|—n)max{)\1,%} ,

giving the first approximation. By similar arguments, for (A/c)M™*(n) we ob-
tain

A A2t W (n — 1)
ZMT —
p (n) 0(/\ _ )\2) fl(l)
A 1 = n+1-—1 )\2+1
+E{ ()_A—AQZ;X(Z))\ >
)\2+n W(l)(n o 1) .
(A= A2) ( f1(1) Uz(n) |,



where

[EUa(n)| = (ol /A"

and
~ Lyi- 1)\ 2(n+1-1)
VarUs(n) < A"2""2co(A — Ay {)\" 1+Z TEEWE }
A"
< 452(A—1+n)max{)\_1,/\—3} ,

giving the second approximation. ]

We now use these approximations as in the previous section, starting by

observing that

Eexp{—A" (NT(n))5(n) + M+ (n)i(n') — MT(n)N*(n'))}

2 n+n’
_Eexp{—()\_)\/\2> ()\—O')(Q/\—O—) (AA—; )W(l)(n—l)W/(l)(n/_l)}'

A3 /\n+n/
0()\ - )\2)2 A

g(n,n’) =

<

{EBIT; () BN (0)} + EITa (n)
+ E|0y () B N+ ()} + T3 ()] |

* (ﬁ) )\A {BIOmBOT N ()} + BT )]}

since EWM(m) = M = (A = 0)=Y/2 for all m. Since also, from (5.1),
A""EM™T(m) < 2, it follows from Lemma 5.3 and because A > 1+ ¢ > 1

that
A3 /\n+n'
— A2
|A2| (n/\n’)
X max {/\_1/2, T} . (5.20)

Then similarly, since (W™ (5) — Wk,g)/fl(l) has mean zero and, letting n — oo

n (5.3), variance at most kA7, it follows that

2 n+n’
E exp { <A _AAQ) (A=0)(2A—0) (AAU> W (n— 1w (n/ - 1)}
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A 2 )\n—i—n' )
—Eexp{ — P A=0)2A—0) o Wi oWk &

’

)\ 2 )\nJrn ,
< 2<A_A2) (Ao)(2Aa)< e )mﬂw)l}ﬂ. (5.21)

So choose ng so that X = ¢q(Ac)'/? with \™! < ¢pg < 1, and let n = ng+7,
n’ = ng + r’; then define the quantities
M) = 256630 (2h(ng + (V) + DI + RN,

320a{c(2k(ng + (r v ') + 1INV,

=

V)

—

=3
ﬁ\

N
I

() = AgYPAY2(\ — o) 2pAT T (AT /2,
and
h(ry ) == 1802 A1 + k(ng + (r V') + (02 Vv (A — 1))V 27 =)
where
v = (ko) :=min{g, (log(A/|X2])/log A}. (5.22)

Note that, for fixed ko = p, simple differentiation shows that A; is an increasing
function of o and |\z| a decreasing function, so that Aj (o) > A1(0), |A2(0)| <
[A2(0)], and hence

log(M|Aal) _ | _loglda| | log(vI+8p—1) 1
log A logh — log(v1+8p+1) — 2

in p < 1. Thus, for p <1, we have v = 1

5
Then, from Lemma 5.2 and (5.20) and (5.21), we have the following analogue
of Theorem 3.8.

Theorem 5.4 With the above assumptions and definitions, for x € Z and r =

r(z)=|z/2], v =r'(x) =2 —r(z) < (z+1)/2, we have

A— A2
< (m (") + (e, 1)) (M) ™2 g () (Ao) TV g (1) (M) T2,

2
P[D > 2n4 + 2] — Eexp {—( ) (A=) (2 — a)¢3Aka,UW,;70}
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In particular, if p <1,

A
A— Ao

< (ny (") (7)) (M0) ™2 4 (i () + (")) (M) T2

2
P[D > 2n4 + x] — Eexp {( > A=0)(21 - 0)¢3)\IW1€,UWAUH

Note that the expectation in Theorem 5.4 is taken conditional on the initial
condition My = e,

The theorem can be translated into a uniform bound, similar to that of
Theorem 3.9. To do so, we need to be able to control E{e*ww’“"’W’;ff} for
large 1. The following analogue of Lemma 3.7 makes this possible. To state it,
we first need some notation.

For Wy, » as in (4.10), let ¢r,» := (¢1, ¢2) denote the Laplace transforms

o1(6) = B{eT/ e |0, = e); (5:23)

$2(0) = E{e Ui T Wio | N = @)

of L((f{7)'Wy.o), where e(®) is the i’th unit vector. Although we now need
to distinguish other initial conditions for the branching process, unconditional
expectations will always in what follows presuppose the initial condition My =

e as before. Then, as in Harris [10], p.45, ¢y, satisfies the Poincaré equation
di(N) = ¢ (¢1(0),92(0) in RO>0; i=1,2, (5.24)

where ¢* is the generating function of M, if My = e®:

oo

g'(s1,s2) = Y piri,ra)siish?,

r1,72=0
where p?(ry,rs) is the probability that an individual of type i has r; children of

type 1 and 7o children of type 2. Here, from the binomial structure,

1 _ o _ Z)A
g (s1,52) S (A81+1 1
and
P o 2kA
92(51,52) = 9 (Xlerlf K) .

The Laplace transforms ¢y, can be bounded as follows.
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Lemma 5.5 For 0,0 > 0, we have

ron(0) = 61(0) < ﬁ;
1
Or,oi2(0) = p2(0) < m7

and hence
_9( (1))_2Wk- w! ~ ~y (1) 1
e ’ = —e < og .
E ! 7R | M(0) = M'(0) < 67 log(1+6)

PRrOOF: We proceed by induction. Put

Gin(®) = B(UTWIW grg) = o), =12,
Then
1
— < _— .
¢1,0(0) Mt
1

0 _ —0(A—0) < )
?20(0) ‘ S 1+0(A—0)

Assume that

IN

¢1,n(9)
P2n(0) <

By the Poincaré recursion,

et = 3 (on () o (3)

for 4 = 1,2. Hence, using the induction assumption,

e = g en{e (735 1)}
< A A+0
— AM1+40)—00 A+60+ 060
B AN+ 6)
AN HOAN+HO) 2N —1—0)0
< 1
- 146
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and, also from (4.5),

A A
< —_— -
¢2’n+1(8) < A+9(/\_O_) exp{Qk‘a (/\+9 1)}
A A+0

= A4+0+0N—0—1) A+ 0+ 2kob
A A0
T X040 —o—D)A+0+A—1)(A—0)0
B A+ 6)
T AT IO —0)+ A —1-0)A—0)(A—1)

1
<
- 14+60A—o0)

Taking limits as n — oo proves the first two assertions. The last assertion

follows as in Lemma 3.7. ]

Theorem 5.6 Let Ay denote a random variable on the integers with distribu-

tion given by

A
A=A

2
P[A; > z] = Eexp {—( ) A=0)2X - a)¢3AIWk70W,§7U} , x€Z,

(5.25)
and let D* = Ay + 2nq. Then

drv(£(D),L(D")) = O (log(Aa)(AU)_W(‘*—’v)) ;

uniformly in A, k and o such that ko < pg, for any fired 0 < py < oo, where y is
given as in (5.22). Hence dry (L(D),L(D*)) — 0 if Ao — oo and ko remains
bounded. In particular, v = 1/2 if ko < 1, and the approxzimation error is then

of order O(log(Ao)(Aa)~Y/T).

PROOF: Fix G, and consider z satisfying z < {W} set r(z) =

|lz/2], () = ¢ —r(z) < (x +1)/2. Then it follows from Theorem 5.4 and
(5.7) that

|P[D > 2n4 + z] — P[D* > 2n4 + x|

< (m(r(e),r' (@) +a(r(z), 7' (2)) (Ao) /2
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+ip(r(2), v () (Ao) " 4 (r(a), 7' (2)) (Ao) /2

kolog(Ac)\” (1
O<A1/2< log()\ )) (AO’) (1-3G@)/2

4+ AL/2 <k010g(AU)) (Ag)f(kc)/z

log A
+ )\3/4(/\ . 0_)2(A0_)7(173G)/4
1/2
st () gy ) o)

Also, from Lemma 5.5, recalling that ( 1(1))’2 = \ — o, we have the upper tail

estimate

P(Ad > .’E)

EEWRY
< A(?(?AA—QL) log (1 oo ® 0)(A0)G> (Ao)~C

O (log(AU)(Aa)*G) .

2

Comparing the exponents of Ao, and remembering that v < 1/2, the best
choice of G is G = v/(4 — 7), making G = (y — G(2 — v))/2; noting also that
A= O0(1+ o+ Vko), the theorem is proved. ]

Remembering that the choices ko = p and A = Lk match this model with
that of Section 2, we see that Ac = Lp, and that thus Theorem 5.6 matches
Theorem 3.9 closely for p < 1, but that the total variation distance estimate
here becomes bigger as p increases. Indeed, if p — oo and ¢ = O(k), then
~(k,0) — 0, and no useful approximation is obtained. This reflects the fact that,
when |\z|/\ is close to 1, the martingale W) (n) only slowly comes to dominate
the behaviour of the two type branching process; for example, from (5.13),

M) = — (A - 28 e,
A=A Y i

then retains a sizeable contribution from W) (n) until n becomes extremely

large. This is in turn a consequence of taking the shortcuts to have length 1,
rather than 0; as a result, the big multiplication, by a factor of 2p, occurs

only at the second time step, inducing substantial fluctuations of period 2 in
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the branching process, which die away only slowly when p is large. However,
if p — oo and k = O(c'7¢) for any ¢ > 0, then liminf~(k,o) > 0, and it
becomes possible for £(D) and £(D*) to be asymptotically close in total vari-
ation. This can be deduced from the proof of the theorem by taking k& ~ L¢
and o ~ L8 for choices of & and 3 which ensure that ¢? dominates p. Un-
der such circumstances, the effect of two successive multiplications by ¢ in the
branching process dominates that of a single multiplication by 2p at the second
step, and approximately geometric growth at rate A ~ o results. However, as
in all situations in which p is a positive power of A, interpoint distances are
asymptotically bounded, and take one or at most two values with very high
probability; an analogue of Corollary 3.10 could for instance also be proved.

If p = ko is small, we can again compare the distribution of W}, , with the
NE(1) distribution of the limiting variable W in the Yule process (see [7]), using
the fact that its Laplace transforms satisfy the Poincaré equation (5.24). Define

the operator = by

Let

G := {’V = (11,72) : [0,00)> = R : |ylg == Supmax{M} _ oo},
6>0 02
and

Pu(0) —(1-90)

02 is bounded,

H = {1/1 = (Y1,92) : [0,00)? = R :

P2(0) — (1 = 0(A — o))
92

Then H contains ¢y, = (¢1, P2) as defined in (5.23), since

is bounded} .

E{(/{") Wi, | M(0)=eM} =1; E{(f{")" "W, | M(0) =e?P} =)0,
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and taking limits in (5.3) shows that Var Wy, exists. We next show that = is

a contraction on H.

Lemma 5.7 The operator = is a contraction on H, and, for all ¢, x € H,
- - 2ko 4+ 1
Eo-2de < (255) 1 e

Remark. Note that

2ko +1 A2 —(A=1)(c+1)
2 = 2 <1

PROOF: For all ¢, x € H and 6 > 0, observe that ¥ — x € G. We then compute

«(3) - (5)

el (§)-u()]
so that
(G 0) — Exn@) 1 [¢2(5) —x ()]
o - (%)
e )

< 5 - xlls (5.26)

Similarly,
€000 - @00 < |2 (§) = (§)

+2ko |9 (i) — X1 (i)‘,

and

[(E)2(0) — (Ex)2(0)] < (2]“’;\7:1) v — xllg-

Taking the maximum of the bounds finishes the proof. (l

Thus, for any starting function ¢ = (¢1,%2) € H and for ¢, = (é1, P2)

given in (5.23), we have

A

[6k0 —Yllg < [Edro —E¢lg +IEY —¥lg

2ko +1 —
2 pr,0 —Yllg + 112 — Yllg,

IN
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so that

)\2

N~ (ko 1) 1Z¢ —Yllg- (5.27)

[fr.o —Pllg <

Hence a function 1t such that ||Z¢ —1)||g is small provides a good approximation

to Qﬁkﬁ.

As a candidate v, we try

b0 = 5

146’
1
Y(2)(0)

Lemma 5.5 shows that this pair dominates ¢y, .

Lemma 5.8 For ) given in (5.28), we have

2ko (A2 — Mo — 1+ ko)
N2

124 —¢llg <

PRrROOF: For 6 > 0, we have

(E4)1(0) = ¢1(6)

_ A 1 of A_ 1
A+ —0) AN+0) 1+6

= 1i9 {Ai(el&ﬁ)a) (1_ (ATG)) _1}+R1’

where
A o6 \" o0
- (1) -1+ 27,
= A+9(A—J)K A()\+0)> 1o
Moreover,
1 A(1+0) 1 of 1
1460 (A+0(A—0) A+0
0%c(1 — \)

1+0)A+A—0)0)(A+06)
From Taylor’s expansion, it follows that
< A(A - 1)020?
= 204+ (A —0)0) A2(A +6)?
< a%6?
- 2a27

| R
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Hence

(En(0) —a(®)] _ oA-1)+0)

2 < o (5.29)

Similarly,

(E¢)2(0) — 12(0)

A o\ 1
S e Tp (1_A()\+9)> T1H00—0)
_ 1 {)\(1—1—9()\—0)) (1_ 2k:m9> _1} Ry,

1+6(A—o0) A+0(A—0) A+ 0
where
2kA
P S R R S
A+0(N—0) AX+0) A+6

Using (4.5), we obtain

1 {)\(1+9(>\—0)) (1_2k09)_1}
1+0A—0) | A+0(A—0) A+0
2N —1)(N—0)(1 + Mo — \2)
1+0A=0)A+A=0)0)(A+6)
2ka6?(1+ Ao — A?)
1+0A—0)A+(A=0))(A+0)
From Taylor’s expansion, it now follows that
2kA(2kA — 1)Ao26?
- 20+ (A—0)0) A2(A+0)?
2k%0%6?
< 2

| Ra|

Hence

(E0)2(6) — 2(8)]  _ k(A — Ao — 1+ ko)
02 - A2 ’

completing the proof, since
2002 = )Xo — 1+ ko) =2A—1) + 23k —1)o >2(A—1) + 0.
[

This enables us to prove the exponential approximation to £(Wj ) when ko

is small.
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Theorem 5.9 As ko — 0, L(W}, ) — NE(1).

PROOF: Let ¢y, » be as in (5.23), and ¢ as in (5.28). Then (¢ )1 is the Laplace

transform of
L) W) = LI Wi | M(0) = eD),

and 1 that of NE(1), and (fl(l))*1 = (A=0)"? = 1as ko — 0. Hence it is
enough to show that

li — =0.

Jim [¢r0 —vllg =0

However, using Lemma 5.8 and (5.27), we obtain

||¢k,0 - ¢||Q

)\2
<(—2 ) |=u -
_</\212k0)| v —vllg

A2 — Ao — 1+ ko
A2 —1-2ko
ko(5+ 20)
<2koc ———= (142 1
< 2ko Sho(o T 1) (1+2ko(o +1))
< ko(1 + 2ko)(5 + 20) — 0, (5.30)

< 2ko

since ko — 0. This proves the theorem. I

Again we can use this result to derive an approximation to the distribution
of the distance for D, based on a corresponding distribution derived from the

NE(1) distribution. The starting point is the following result.
Theorem 5.10 Let W, W’ be independent NE(1) variables. Then, for all6 > 0,

’Eexp {=0\ =)Wy oWy o} — Ee VW

< 50%ko {(30/2) + (1 + 2ko) (5 + 20)} .

PROOF: As in the proof of Theorem 3.14, with ¢4, as in (5.23) and ¢ as
in (5.28), and because, from (4.8), A — o = (f{)~2, we have

Eexp {—9()\ — U)kagW,é)U} _ R WW
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- {mg )WL) - B (o)

= E{Eoon (0" W)} - E{En 60" W)}
+E{ @1 OU") W) b - B e W)}
+E {0 (0(F) WL, } — Eun (6W).

(
(E

Now (5.26) in the proof of Lemma 5.7 gives

[E{En 00" W)} - E{Eron O004) Wi ) }|

1
< e ||¢kg VllgE{(W],,)%}
< 2+t —¥llg
1
< 2” [Er—

from (4.10), (5.3) and (5.7), and (5.30) then implies that the above expression
can be bounded by

3920+1

ko(1+ 2ko)(5 + 20).
Similarly, from (5.29) in the proof of Lemma 5.8,
= (1)y—1 (1)y—1 s 0{2(A—1) + o}
E{E0r0eu") Wi} -B{neu) )| < s TR T
Then, with W ~ NE (1) independent of W, , we have
_ _ (1) —1 ’
E {1 (0(/(") Wi o)} = B {e 2T W — B {(g0)1 (W),

and hence, from (5.30) in the proof of Theorem 5.9, it follows that

‘E{wl (ff )1Wka)}—E¢1(9W)‘

|E{(¢k,0)1(OW)} — Epy (6W))]
20%ka (1 + 2ko) (5 + 20).

IN

Since A — 1 < 2ko and A?> > o + 1, the assertion follows from the triangle

inequality. I

Recalling that

E€79WW’ _ /OO e Y dy,
o 1+0y

we can now derive the analogue of Theorem 3.15.
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Theorem 5.11 As in Theorem 5.6, let Ay denote a random variable on the

integers with distribution given by

A
A— A2

2
P[A; > z] =Eexp {—( > A—0o)(2X— U)(]SZ)\IW]C’UW];’J} , w€Z.

Let T denote a random variable on R with distribution given by

oo e—y
PIT> - :/ L
[ ) o 14 2ye?®

Then

sup [P [22A; > 2] —P[T'>2]| = O {(/m)l/3 (1+log (1/ko))} ,
z€R

uniformly in ko < 2.

PROOF: We use an argument similar to the proof of Theorem 3.15. Putting

_ logA log(1+2251)
A—1 221

&(\)

we have, as before,

126()\)21—%;

we also write

B = (/\—A/\2>2 (A_ %) 0

We use the following bounds. First, from the characteristic equation (4.5),

we have

0< a1 = 2K oo
A—oO

Then, since va+b < /a+ Vb for a,b >0, it follows that

140 < X < 140++o(2k—-1).

Thus, and because A™! < ¢g < 1 and Ay < 0, we have

BN < 1+ (0/2) + o2k —1)
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and

8Oy > (A_lM)Q
20(4k — 1) + o2

(0+1)2+40(2k—1)

This in turn gives

B~ 1 < max{<a/2>+ o2k 1),
=: TI'(o,k)
= 0 (max{a, \/E}) .

20(4k — 1) + o2
(0 +1)24+40(2k—1) }

For the main part of the distribution, we write

P [21A; > 2] = P[T > 2]

o0 _ -1
= P[50 > 7] —/0 e ¥ (1+2yﬂ(/\)e2“<”) dy  (5.31)

- / T e (1 + 2y/6’()\)6225(’\))_1 dy —P[T > 2&(\)]  (5.32)
0
+P[T > zé(\)] — P[T > z]. (5.33)

Now, for (5.31), Theorem 5.10 yields

0 ~ -1
’P (25 8a > 2] —/0 e (14 2y8(0) e dy’

’EGXP {Fasesowiwi ) - [Cer (1 2 dy‘
0
4B(N)?e***N5ka {(30/2) + (1 + 2ko) (5 + 20)}

2\ — 0)%e**5ko {(30/2) + (1 + 2ko) (5 + 20)} .

IN

IN

With (3.18), we have, for (5.32), that

/Ooo eV (1 + 2yﬁ(>\)e225(k))_1 dy —P[T > z¢(A)]

9p276(N) 1B(N) - 1] ]
max{1,23(\)e2z¢(M) 2¢22¢(M)}
027E(N)
max{l, 26225()\)} |ﬂ(>\) - 1|
(o, k).

IN

IN
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Similarly, for (5.33), because 1 —&(\) < 251 < ko and from Taylor’s expansion,

it follows that
[P[T > z¢(\)] — P[T > 2]

o0 N —1 oo _
/ e Y (1 + 2y62“(>‘)> dy — / e Y (1 + dezz) ! dy
0 0
|e—22(1—6()\)) _ 1|
max{1,2e22¢(A) 2¢2z}"

If z > 0, this gives

S 2€2Z

|P[T > 2&(\)] — P[T > z]| < 22(1 — &(\)) < 2koz;
if z <0, we have
|P[T > 2¢(\)] = P[T > z]| < 2|2[(1 —é\))e 25N < 2kolz]e?*(1Fa),
Hence we conclude that, uniformly in ko < 1/2,
P [21A; > 2] - P[T > 2
< 5koe**(2) — 0)? {(30/2) + (1 + 2ko) (5 + 20)}
+ (0, k) + 2ko|z| min{1, e?*(1-k0)}
< O {ka(e4z +1)+ x/%} , (5.34)
for some constant C;.
For the large values of z, where the bound given in (5.34) becomes useless,

we can estimate the upper tails of the random variables separately. First, for

x € Z, we have

P[As > a] = Eexp {2800\ (") Wi oW, }
so that, by Lemma 5.5, it follows that
P [2F1A, > 2]

= Eexp {2802V (AV) W, Wi, |

A=)’ : A i
< 2 2\ — U)_lqbfe_m(’\) log | 1+ (2X — U)¢3622c(>\)
A X=X

Are=2eN Jog (1 +(2A— a)e%“))

De 0k 10g (14 (24 04202k = 1)) ), z€ X7

IN

IN
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For the upper tail of T', as in (3.16) and with z > 0, we have
P[T > z¢(\)] < e 214 28(0)) < (14 z)e 2207k,
Combining these two tail estimates, we find that, for z > 0,
|P[T > 2¢(\)] = P[T > z]| < Cy(1+ z)e 20—k, (5.35)

uniformly in ko < 1/2, for some constant Cy. Applying the bound (5.34) when
2 < (6 — 2ko)"tlog(1/ko) and (5.35) for all larger z, and remembering that T
has bounded density, so that the discrete nature of Ay requires only a small

enough correction, a bound of the required order follows. ]
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