Statistical Programming: Worksheet 4

1. Cholesky Decomposition.

(a) Write a function with argument n to generate a random symmetric n X n-positive definite
matrix. To do this:

e generate an n X n matrix C' whose entries are independent normal random variables;
e return CCO7.

Check your matrices are positive definite using the eigen() function.
(b) Implement the recursive Cholesky decomposition algorithm from the lecture.

(c¢) Test it using your function for generating positive definite matrices, and by comparing
the answers to chol().

(d) Create a function which takes a vector mu and a symmetric positive definite matrix Sigma
and uses them to generate a multivariate normal vector N, (i, Y). Your function should
check that Sigma is positive definite using eigen() and symmetric using isSymmetric().

2. Sorting. Here is an algorithm called ‘Quicksort’ for sorting the objects in a vector.

Function: sort a vector x
Input: vector x of length n
Output: a vector Q(z) containing entries of z arranged in ascending order

1. if n <1 return x;

2. pick an arbitrary ‘pivot’ element i < n;

3. let z=(zj | zj < z;) and y = (x5 | x; > x;3);

4. let 2/ = Q(2) and y' = Q(y); [i-e. call the algorithm on the smaller vectors]
5. let 2/ be the entries in z not used in y or z; [i.e. any entries equal to ;]
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. return (2, 2/, y').

(a) Implement the algorithm in R, and test it on some random numbers.
(b) What is the complexity if x; is always the smallest element?

(¢) Show that, if the pivot x; is the median element on each call, that the complexity is at
most O(nlogy(n)).



3. Back Solving. Here is a recursive algorithm to solve Az = b where A is an upper triangular
matrix, using back substitution.

Function: solve Ax = b for x by back-substitution
Input: n X n upper triangular matrix A and vector b of length n
Output:  vector x of length n solving Az =b

1. If n =1 return = = b/A;

2. create a vector x of length n;

3. set &y, = by /Ann;

4. set b = bi.(n—1) — Af:(n—1),n]Tn;

5. set A" = A\ (n—1),1:(n-1))}

6. solve A'z’ =¥ for 2’ by back-substitution ;
7. set Ty (p_1)] = T';

8. return z.

(a) Implement this algorithm as a recursive function in R. Your function should take as input
an upper triangular n X n matrix A and return a solution x satisfying Az = b.

(b) Create an n x n upper triangular matrix A and a vector b of length n. Check the solution
from your function against backsolve () and solve().



