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Analyticity of Entropy Rates of Continuous-State
Hidden Markov Models

Vladislav Z. B. Tadi¢

Abstract— The analyticity of the entropy and relative entropy
rates of continuous-state hidden Markov models is studied here.
Using the analytic continuation principle and the stability proper-
ties of the optimal filter, the analyticity of these rates is established
for analytically parameterized models. The obtained results
hold under relatively mild conditions and cover several useful
classes of hidden Markov models. These results are relevant for
several theoretically and practically important problems arising
in statistical inference, system identification and information
theory.

Index Terms—Hidden Markov models, entropy rate, relative
entropy rate, log-likelihood, optimal filter, analytic continuation.

I. INTRODUCTION

IDDEN Markov models are a powerful and versatile

tool for statistical modeling of complex time-series data
and stochastic dynamic systems. They can be described as
a discrete-time Markov chain observed through imperfect,
noisy observations of its states. Proposed in the seminal
paper [1] over five decades ago, hidden Markov models
have found many applications in very diverse areas such as
acoustics and signal processing, image analysis and computer
vision, automatic control, economics and finance, computa-
tional biology, genetics and bioinformatics. Owing to their
theoretical and practical importance, various aspects of hidden
Markov models have been thoroughly studied in a number of
papers and books — see, e.g., [2], [6], [8] and references
therein.

The entropy and relative entropy rates of hidden Markov
models can be considered as an information-theoretic charac-
terization of the asymptotic properties of these models. The
entropy rate of a hidden Markov model can be interpreted
as a measure of the average information revealed by the
model through noisy observations of the states. The relative
entropy rate between two hidden Markov models can be
viewed as a measure of discrepancy between these models.
The entropy rates of hidden Markov models and their ana-
Iytical properties have recently gained significant attention
in the information theory community. These properties and
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their links with statistical inference, system identification,
stochastic optimization and information theory have been stud-
ied extensively in several papers [10] — [13], [14], [19], [20],
[22], [23]. However, to the best of our knowledge, the existing
results on the analytical properties of the entropy rates of
hidden Markov models apply exclusively to scenarios where
the hidden Markov chain takes values in a finite state-space.
We establish here analytical properties of the entropy rates of
continuous-state hidden Markov models. As indicated in [26],
such results can be very useful when analyzing algorithms for
statistical inference in hidden Markov models.

In many applications, a hidden Markov model depends on
an unknown parameter whose value needs to be inferred from
a set of state-observations. In online settings, the unknown
parameter is typically estimated using the recursive maximum
likelihood method [21], [23]. In [23], it has been shown that
the convergence and convergence rate of recursive maximum
likelihood estimation in finite-state hidden Markov models is
closely linked to the analyticity of the underlying (average)
log-likelihood, i.e. of the underlying relative entropy rate.
In view of recent results on stochastic gradient search [25],
a similar link is expected to hold for continuous-state hid-
den Markov models. However, to apply the results of [25]
to recursive maximum likelihood estimation in continuous-
state hidden Markov models, it is necessary to establish the
analyticity of the average log-likelihood for these models.
Hence, one of the first and most important steps to carry
out the asymptotic analysis of recursive maximum likelihood
estimation in continuous-state hidden Markov models is to
show the analyticity of the entropy rates of such models. The
results presented here should provide a theoretical basis for
this step.

In this paper, we study analytically parameterized
continuous-state hidden Markov models (i.e., the models
whose state transition kernel and the observation conditional
distribution are analytic in the model parameters). Using
mixing conditions on the model dynamics, we construct a
geometrically ergodic analytic continuation of the state tran-
sition kernel and an exponentially stable analytic continu-
ation of the optimal filter. Relying on these continuations
and their asymptotic properties, we demonstrate that the
entropy and relative entropy rates are analytic in the model
parameters. The obtained results hold under relatively mild
conditions and cover a broad and common class of state-
space and continuous-state hidden Markov models. Moreover,
these results generalize the existing results on the analyticity
of entropy rates of finite-state hidden Markov models. Addi-
tionally, the results presented here are relevant for several
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important problems related to statistical inference, system
identification and information theory.

The rest of this paper is organized as follows. In Section II,
the entropy rates of hidden Markov models are specified
and the main results are presented. Examples illustrating
the main results are provided in Sections III and IV.
In Sections V — VII, the main results are proved.

II. MAIN RESULTS

To define hidden Markov models and their entropy rates,
we use the following notations. (Q, F, P) is a probability
space. dy > 1 and dy, > 1 are integers, while & C R%
and Y € R% are Borel sets. P(x,dx’) is a transition kernel
on X, while Q(x,dy) is a conditional probability measure on
Y given x € X. A hidden Markov model can be defined as
the X x Y-valued stochastic process {(X,, ¥,)},>0 which is
defined on (Q, F, P) and satisfies

P ((Xn+1, Yn+l) € BIXO:n, YO:n)
=/13(x,y)Q<x,dy>P(Xn,dx>

almost surely for n > 0 and any Borel set B € X' x Y. {X,}n>0
are the unobservable states, while {Y, },>0 are the observations.
Y, can be interpreted as a noisy measurement of state X,.
States {X,},>0 form a Markov chain, while P(x, dx’) is their
transition kernel. Conditionally on {X,},>0, state-observations
{Y,}n>0 are mutually independent, while Q(X,,dy) is the
conditional distribution of Y, given Xo.,. For more details
on hidden Markov models, see [2], [6] and references
therein.

In addition to the model {(X,, ¥,,)},>0,, we also consider
a parameterized family of hidden Markov models. To specify
such a family, we rely on the following notations. Let d > 1
be an integer, while ® C R? is an open set. P(X) is the set
of probability measures on X. u(dx) and v(dy) are measures
on X and Y (respectively), while py(x’|x) and go(y|x) are
functions which map § € @, x,x’ € X, y € Y to [0, o0) and
satisfy

/ po (1) (dx') = / do () = 1
X Yy

for all @ € O, x € X. A family of hidden Markov models
can then be defined as a collection of X' x )-valued stochastic
processes {(Xﬁ", Y,‘,Q’A)}n>O on (Q, F, P), parameterized by
0 € ©, A € P(X) and satisfying

P((XSJ,Y‘“) € B = / / I5(x, y)go(y1x)A(dx),
((Xn+1’ n+1)EB’ (é))r/j’ gnll)
- / / 15x, ¥)ao (v 1) po (x| X4 e (dx)v (dy)

almost surely for n > 0 and any Borel set B C X x V.
{X,, }n=0 are the hidden states of this model, while {Y },,>0
are the corresponding observatlons po(x'|x) is the transmon
density of the Markov chaln {X }n>0, while gg (y|X ) is
the conditional density of Y glven X . In the context of the
identification of stochastic dynamical systems and parameter
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estimation in time-series models, {(X,,, Y,)}u>0 is interpreted
as the true system (or true model), while {(Xn’i, Y,‘?’A)}n>O is
viewed as a candidate model for {(X,, Y»)}r>o0. B

To define the entropy rates of hidden Markov models,
we introduce further notations. rg(y, x’|x) is the transition

0 2 .
density of {(X )}n>0, ie.,
ro(y, x'1x) = qo(y1x") po(x'1x)

ford € @, x,x" € X,y € V. qy(y1nlld) 1sthedens1tyon

le
gy Y1:nlA) =/"'//(ﬁre(yk,XkIXk1))
k=1

- p(dxy) - - - pu(dxy) A(dxo),

where 4 € P(X), yin = (yl,.:.,y,,) € V' n > 1. The
(average) entropy £, (0, 1) of Y is given by

1 )
—E (; 1ogqg(yﬁ;f|,1)) : (1)
The expected (average) log-likelihood [, (0, A) of Y1., given
the model {(Xg”, Y,?"l)}

ln’

hn(0, 2) =

>0 18 specified as

1
,(0,7)=E (; log gp (lenli)) . 2

0,2 Yé)/l

The entropy rate of model {(X )},=0 (i-e., the entropy

rate of stochastic process {Y } >O) can then be defined as
the limit

lim 71,0, 2).
n—oo

Slmllarly, the relative entropy rate between models
{(X '1)} oo and {(Xn,Yu)ln=0 (e, the relative

entropy rate between stochastic processes {Y g, A}n>0 and
{¥u},-,) can be defined as the limit

n—oo

where h is the entropy rate of {Y,},>0 (provided / exists).
In this context, the limit

Tim 1,(6, 2)

can be viewed/referred to as the log-likelihood rate of
{Yp}n>0 given the model {(X 9’1)}n>0. Entropy rate
lim,— o0 1,(0, 1) can be con51dered as a measure of
the information revealed by the model {(X'“ YY) A)}n>0

through its state-observations {Y } -o- Relative entropy rate
—lim, o (,(@,4) + h) can be 1nterpreted as ‘a measure
of discrepancy between the models { (x%* )}n>0 and
{(Xn, Yn)}n=0. The entropy rates of hidden Markov ‘models
are closely related to a number of important problems arising
in engineering and statistics such as system identification,
parameter estimation, model reduction and data compression.
For example, in the recursive maximum likelihood approach
to the identification of stochastic dynamical systems and para-
meter estimation in time-series models, the candidate model
{(X z’i , Yy J)}n>() providing the best approximation to the true

model {(X ns Yn)} is selected through the minimization of

n>0
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—lim, (@, 4) + h) (i.e., through the maximization of
lim;,— 0 [,,(@, 1)). For more details on the entropy rates and
their applications, see [7], [9] and references therein.

We study here the rates limy,_ o0 7, (0, 4), lim, 00 [, (0, )
and their analytical properties. To formulate the assumptions
under which these rates are analyzed, we rely on the following
notations. For 5 € C¥, ||5|| denotes the Euclidean norm of 7.
For y € (0, 1), V, (®) is the open y -vicinity of ® in 4, ie.,

V, (@) ={neC':30€0,In-0l <y}
Our analysis is based on the following assumptions.

Assumption 2.1. There exists a real number ¢ € (0, 1) and
for each 0 € ©, y € ), there exists a finite measure Ag(dx|y)
on X such that

e40(Bly) < /B ro (v, x' ) (dx’) <

for all x € X and any Borel set B C X.

Lg(Bly)
&

Assumption 2.2. ryg(y, x'|x) is real-analytic in 6 for each
0 € O, x,x'’ € X, y € Y. Moreover, ro(y,x'|x) has a
complex-valued continuation 7,(y, x'|x) with the following
properties:

(i) 7y(y, x'|x) maps n € C4 x,x' e X, ye)YitoC.

(ii) ro(y,x'|x) = ro(y,x'|x) for all € O, x,x" € X,
y e

(iii) There exists a real number 6 € (0,1) such that
Fy(y, x'|x) is analytic in n for each n € Vs(®), x,x" € X,
y e .

(iv) There exists a function ¢,(y) which maps n € Ce,
y € Y to C, is analytic in n for each n € V5(®), y € YV and
satisfies

p,(») #0, 17y (v, X1 < lpy (V)]

forall n € V5(®), x,x’ € X, y € ).
(v) There exist functions ¢,y : Y — (0,00) such that
Jo(y)v(dy) < oo and

lonWMI = &),
for all n € Vs(®), y € ).

Assumption 2.3. There exists a real number y € (0, 1) such
that

[Tog oIl < w(y)

[ o0y = ylono
forall e ®, xe X, ye).
Assumption 2.4. [y (y)¢(y)v(dy) < oo.

Assumption 2.5. There exists a real number K € [1, 00) such
that

/t//(y)Q(x,dy) <K

for all x € X. Moreover, there exist a probability measure

7 (dx) on X and a real number p € (0, 1) such that
|P"(x, B) —m(B)| < Kp" (3)

for all x € X, n > 0 and any Borel-set B C X.
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Assumption 2.1 is related to the stability of the hidden
Markov model {(XZ’A, V4 ”1)}”>0 and its optimal filter. This

assumption ensures that the Markov chain {(Xﬁ", V4 ”1)}”>0
is geometrically ergodic (see Lemma 5.4) and that the optimal
filter for the model {(X,'g,’ﬂ, Y,f ’/1)}’1>0 forgets initial conditions
at an exponential rate (see Lemma 6.2). In this or similar form,
Assumption 2.1 is an ingredient of a number of asymptotic
results on optimal filtering and maximum likelihood estimation
in hidden Markov models (see [4], [5], [16], [17]).

Assumption 2.2 is a condition on the parameterization of the
model {(XZ’A, Y, )}n>0. It requires the transition kernel and
density of the chain {(XZ’A, Vo4 ’A)}n>0 to be real-analytic in
parameter 6. Together with Assumption 2.1, Assumption 2.2
ensures that an analytic continuation of this kernel exists and
is geometrically ergodic (see Lemma 5.4).

Assumption 2.3 is also related to the parameterization of
the model {(X,'g,’ﬂ, Vo4 )} This assumption ensures that the
ratio

n>0"

ro(y, x'|x)
Jro(y, x"|x)u(dx")

is uniformly bounded in 0, x, x’. Together with Assump-
tions 2.1 and 2.2, Assumption 2.3 ensures that an analytic con-
tinuation of the optimal filter for the model {(Xﬁ", vl )} =0
exists and forgets initial conditions at an exponential rate (see
Lemma 6.6).

Assumption 2.4 requires the product of the bounding func-
tions ¢(y), w(y) to be integrable with respect to the mea-
sure v(dy). Together with Assumption 2.2, Assumption 2.4
ensures that the entropy 4, (6, ) exists and has an analytic
continuation in € (see Lemma 7.2).

Assumption 2.5 ensures that the Markov chain
{(X,Z,Yn)}n>0 is geometrically ergodic (see Lemma 5.1).
Together with Assumption 2.5, Assumption 2.2 also ensures
that the log-likelihood [,(0, A) defined in (2) exists and
admits an analytic continuation.

The following two theorems are the main results of the
paper.

Theorem 2.1. Let Assumptions 2.1 — 2.3 and 2.5 hold. Then,
there exists a function | : ® — R such that 1(0) is real-
analytic for each 0 € © and 1(0) = lim, 0 [,,(0, 1) for all
0e€0,1ePX).

Theorem 2.2. Let Assumptions 2.1 — 2.4 hold. Then, there
exists a function h : ® — R such that h(0) is real-analytic
Jor each 6 € © and h(0) = lim,_ o h,(0, A) for all 6 € O,
L€ P(&X).

Remark. As O can be represented as a union of open balls,
it is sufficient to show Theorems 2.1 and 2.2 for the case
where © is convex and bounded. Therefore, throughout the
analysis carried out in Sections V — VIII, we assume that ©
is a bounded open convex set.

Theorems 2.1 and 2.2 are proved in Section VIIL
According to these theorems, for all § € O, 1 € P(X),
rates lim,_ o 1,(0, A) and lim,_, o [,,(0, 1) are well-defined.
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Moreover, for each € O, the rates lim,_~ h,(f, 2) and
lim,,—, 0 [, (@, 1) are independent of 1 and real-analytic in 6.

The analytical properties of the entropy rates of hidden
Markov models have already been extensively studied in
several papers [10] — [14], [19], [20], [22], [23]. However,
the results presented therein apply exclusively to models with
finite state-spaces. To the best of our knowledge, Theorems 2.1
and 2.2 are the first results on the analyticity of the entropy
rates of continuous-state hidden Markov models. These theo-
rems also generalize the existing results on the analyticity of
the entropy rates of finite-state hidden Markov models. More
specifically, [12] can be considered as the strongest existing
result of this kind. Theorem 2.2 includes, as a particular case,
the results of [12] and simplifies the conditions under which
these results hold (see Appendix 2 for details). Theorems 2.1
and 2.2 are relevant for several theoretically and practically
important problems arising in statistical inference and system
identification. In [26], we rely on these theorems to analyze
recursive maximum likelihood estimation in non-linear state-
space models. The same theorems can also be used to study
the higher-order statistical asymptotics for maximum likeli-
hood estimation in time-series models (for details on such
asymptotics, see [27]).

III. EXAMPLE: MIXTURE OF DENSITIES

In this section, the main results are applied to the case when
po(x'|x) and gg(y|x) are mixtures of probability densities, i.e.,

Ny
po(x'|x) = Zaé(x)vi(x/),

i=1

“)

Ny _
a0 (y1x) = D by(x)w;(y) )

j=1
for0 € ©, x,x" € X,y € Y and integers N, > 1 and Ny > 1.
Here ®, X, Y have the same meaning as in the previous
section. {v; (x)}1<i<n, and {w;(y)}i1<j<n, are functions which
map x € X, y € Y to [0, 00) and satisfy

/ 0i () (dx) = / w; (W(dy) = 1

foreach 1 <i < Ny, 1 < j < N, (u(dx), v(dy) have the
same meaning as in the previous section). {aé (x)}1<i<n, and
{bé(x)}lSjSNy are functions which map # € ©, x € X to
[0, 00) and satisfy

Nx N.V .
> apx) =D byx)=1.
i=1 j=1

Under these conditions, v;(x) and w;(y) are probability
densities on X and ) (respectively), while aé(x) and bé (x)
are probability masses in i and j (respectively). Hence,
in x’, y, po(x’|x) and g¢y(y|x) are mixtures of proba-
bility densities. v;(x) and w;(y) are the components of
these mixtures, while aé (x) and bé (x) are the corresponding
weights.

The entropy rates of hidden Markov model specified in (4),
(5) are studied under the following assumptions.
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Assumption 3.1. X is a compact set.

Assumption 3.2. a))(x) > 0 and bj(x) > 0 for all 0 € ©,
xeX, 1 <i=< Ny 1= j=<Ny. Moreover, aé(x) and bé(x)
are real-analytic in (6, x) for each9 € 0, x € X, 1 <i < Ny,
1 <j<N,.

Assumption 3.3. There exists a real number ¢ € (0, 1) such
that ¢ <vi(x) < 1l/e forall x € X, 1 <i < N,.

Assumption 3.4. [|logwi(y)|w;j(y)v(dy) < oo for each
1 <j,k<Ny.

Assumption 3.5. There exists a real number K € [1, 00) such
that

/|1ogwk(y)|Q<x,dy> <K

forallx € X, 1 <k < Ny. Moreover, there exist a probability
measure w(dx) on X and a real number p € (0, 1) such that
(3) holds for all x € X, n > 0 and any Borel-measurable set
BCX.

Assumptions 3.1 — 3.5 cover several classes of hidden
Markov models met in practice. These assumptions indeed
hold if gy (y|x) is a mixture of Gamma, Gaussian, Pareto and
logistic distributions, and if pg(x’|x) is a mixture of the same
distributions truncated to a compact domain.

Using Theorem 2.1 and Theorem 2.2, we obtain the
following results.

Corollary 3.1. Let Assumptions 3.1 — 3.3 and 3.5 hold. Then,
all conclusions of Theorem 2.1 are true.

Corollary 3.2. Let Assumptions 3.1 — 3.4 hold. Then, all
conclusions of Theorem 2.2 are true.

Corollaries 3.1 and 3.2 are proved in Section VIIIL.

IV. EXAMPLE: NON-LINEAR STATE-SPACE MODELS

In this section, the main results are used to study the
entropy rates of non-linear state-space models. We consider
the following parameterized state-space model:

X014 =A0(X04) + Bo(X0H )V,
Y2t =Co(X0) + Do(XEHY Wy,

(6)
)

Here 0 € ©, 1 € P(X) are the parameters indexing the state-
space model (6), (7) (®, P(X) have the same meaning as
in Section II). Ap(x) and Bg(x) are functions which map
0 e @ x € R (respectively) to R% and R%*dx (4, has
the same meaning as in Section II). Cg(x) and Dg(x) are
functions which map @ € O, x € R% (respectively) to
R% and R% >4 (dy has the same meaning as in Section II).
Xg”1 is an R -valued random variable defined on a probability
space (2, F, P) and distributed according to 1. {V,},>0 are
R%-valued i.i.d. random variables which are defined on
(Q, F, P) and have (marginal) probability density v(x) with
respect to the Lebesgue measure. {W,},>0 are R4 -valued
i.i.d. random variables which are defined on (Q, F, P) and
have (marginal) probability density w(y) with respect to the
Lebesgue measure. We also assume that X", {V,},>0 and
{Wy}n>0 are (jointly) independent.

n>0.
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We use here the following notations. For 6 € O,
x,x' € R%, y e R%, po(x’|x) and §g(y|x) are the functions
defined by

o (By' ()& = A9 (x))

po(x'|x) = eBy (] ,
) w (D706~ Cox))
go(ylx) = ety (0)]

(provided that By(x), Dy(x) are invertible), while py(x’|x)
and gp(y|x) are defined by

o (B! (00 = 40 () 12 ()
Jv (B @6 = Ag()) da”
w (D7 (00 = Co()) 1y ()
Jyw (D' @0 = Cotx)) dy”

po(x'Ix) = )

qo(ylx) =

It is straightforward to show that py(x’|x) and gg(y|x) are the
conditional densities of X7, and Y," (respectively) given
Xg"1 = x. po(x’|x) and gp(y|x) can be interpreted as trunca-
tions of pg(x’|x) and gy(y|x) to domains X and ) (i.e., the
hidden Markov model specified in (8), (9) can be viewed as
a truncated version of the original model (6), (7). pg(x’|x)
and gg(y|x) accurately approximate pg(x’|x) and go(y|x)
when domains X and ) are sufficiently large (i.e., when
X, Y contain balls of sufficiently large radius). This kind
of approximation is involved (implicitly or explicitly) in any
numerical implementation of the optimal filter for state-space
model (6), (7) (for details see e.g., [2], [3], [6]).

The entropy rates of the hidden Markov model (8), (9) are
studied under the following assumptions.

Assumption 4.1. X and ) are compact sets with non-empty
interiors.

Assumption 4.2. v(x) > 0 and w(y) > 0 for all x € R%,
y € R%. Moreover, v(x) and w(y) are real-analytic for each
x e R% y e R,

Assumption 4.3. By(x) and Dg(x) are invertible for all
0 € ©, x € R%. Moreover, Ay(x), Bo(x), Cy(x) and Dg(x)
are real-analytic in (0, x) for each 6 € ©, x € R%.

Assumption 4.4. There exist a probability measure 7w (dx) on
X and real numbers p € (0,1), K € [1,00) such that (3)
holds for all x € X, n > 0 and any Borel-measurable set
BCX.

Assumptions 4.1 — 4.3 are relevant for several practically
important classes of non-linear state-space models. E.g., these
assumptions cover stochastic volatility and dynamic probit
models and their truncated versions. For other models satisfy-
ing (6), (7) and Assumptions 4.1 — 4.3, see [2], [3], [6] and
references cited therein.

Using Theorems 2.1 and 2.2, we get the following results.

Corollary 4.1. Let Assumptions 4.1 — 4.4 hold. Then, all
conclusions of Theorem 2.1 are true.
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Corollary 4.2. Let Assumptions 4.1 — 4.3 hold. Then, all
conclusions of Theorem 2.2 are true.

Corollaries 4.1 and 4.2 are proved in Section VIIL.

V. RESULTS RELATED TO KERNELS OF
{(Xn, Ya)luzo AND {(X24, V0 9)}

In this section, an analytical (complex-valued) continua-
tion of the transition kernel of {(X,,’A,Y,?’A)}PO is con-
structed, and its asymptotic properties (geometric ergodicity)
are studied. The same properties of the transition kernel of
{(Xy, Yn)}n=0 are studied, too. Throughout this and later
sections, the following notations is used. Let V' be any Borel
set in R%, where d,, is any positive integer. Then, B(W)
denotes the collection of Borel sets in W. P(W) is the
collection of probability measures on W, while M, (W) is
the set of positive measures on WW. M.(W) is the collection
of complex measures on W, while P.(W) is the set defined by

POWV) ={ e McOWV) : ¢(OWV) = 1}.

For ¢ € M.(W), |||l denotes the total variation norm of ¢,
while |¢|(dw) is the total variation of ¢(dw). For w € W,
dw(dw’) is the Dirac measure centered at w (i.e., d,(B) =
Ip(w) for B € B(W)).

We rely here on the following notations, too. Z is the set
defined by Z = Y x X. §,(x) and 7, (y, x'|x) are the functions
defined by

5,(0) = / / £ 3 LW (dy ) (dx, (10)
Ao @), i 80) £0
Fa(y, x1x) = [O, otherwise (i

forn e C¢, x,x' € X, y € Y. w(z) is the function defined by

(@) =1+y0), (12)
where z = (y, x). uZ(xo;n, y1:n) is the function defined by

n
Wy (X0, Y1) = [ | ot xxlxi), (13)

k=1

where xg,...,x, € X, y1,...,y € Y, n > 1. 0(dz) is the

measure defined by

o) = [ [ 10006 anr@n
for B € B(Z). S(z,dz’), S;(z,dz) are the kernels defined by
s.85) = [ [ 160w )@, ad
$,.8) = [ [ 16 07,00 3 v @@y as)
(as in (12), z denotes (y, 2)). {S"(z, dz')}n>0, (S} (2, dz')}nz0
are the kernels recursively defined by $%(z, B) = S,?(z, B) =
0;(B) and

s"*(z, B) :/ S"(Z', B)S(z,dz)),

i, B) =/ Sy, B)S,(z, dz2).
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{(S,’;()(dz)}nzo are the measures defined by

(s3008) = [ $je. )@,
where ¢ € M (2).

Remark. S(z,dz’) and o(dz) are the transition ker-
nel and the invariant distribution of {(Xn, Yn)}ns0. When
0 e G) Sg(z dz’) boils down to the transition kernel of
{(X Yo 91, _o- Hence, for n € C?, Sy(z,dz") can be
conszdered as a complex valued continuation of the transition
kernel of {(X Y )}n>0 The kernel Sy (z, dz’) admits the
representation

538 = [ [ [ 100 x50y

(v x w)(dyn, dxy) -+ - (v x p)(dys, dxq)
- ¢ (dyo, dxo). (16)

This representation is used to show that S,(z,dz’) is geomet-
rically ergodic (see Lemma 5.4 and its proof). It is also used
to show the analyticity of integral (112) (see Lemma 7.2 and
its proof).

Remark. Throughout this section and later sections, the fol-
lowing convention is applied. Diacritic " is used to denote a
locally defined quantity, i.e., a quantity whose definition holds
only within the proof where the quantity appears.

Lemma 5.1. Let Assumption 2.5 hold. Then, there exists a
real number Cy € [1, 00) such that

/ w()S(z,d7) < Cy,

IS" —ol(z, B) = C1p"

forallz € Z, B € B(2), n > 0 (here, |S" — 0o |(z, d7’) denotes
the total variation of S"(z,dz") — o (dz)), while p is specified
in Assumption 2.5).

Proof. Let C; = 2K (K is specified in Assumption 2.5).
Moreover, let x, y be any elements of X', ) (respectively),
while z = (y, x) (notice that z can be any element of Z).
Then, we have

[iesea) = [ [1+p0m) 06 aype.a)
<1+ K <(C.
We also have

15"z, B) — o (B)|
_ ] / / 15, x) O, dy)(P" — 7)(x, d')
< / / I5(Y, 2O, dy)) [ P" — 7 (x, dx')

<2Kp" < Cyp"
for B € B(Z),n > 0. O

7955

Lemma 5.2. Let Assumption 2.2 hold. Then, the following is
true:

(i) Fo(y,x'|x) = ro(y,x'|x) for all 6 € O, x,x' € X,
y e

(ii) There exists a real number J;
7y (y, x'|x) is analytic in n and satisfies

€ (0,0] such that

|7y (v, X' 1%)] < 210, )],
//fn(y/,X”IX)V(dy’)ﬂ(dx”) =1

for all w € V5(0), x,x' € X, y € Y (J is specified in
Assumption 2.2).

Remark. As a direct consequence of Lemma 5.2 (Part (ii)),
we have Sy € Pe(Z2) (ie, (Sy0)(Z2) = 1) for n € V5(0),
CE€PAZ), n=>1.

Proof. Due to Assumption 2.2, we have

/ / SO u(dx) = al / $(V(dy) < oo.

Then, using Assumption 2.2 and Lemma Al.l (see
Appendix 1), we conclude that §,(x) is analytic in » for each
n € Vs(®), x € X. Relying on the same arguments, we deduce

don" —n"ll
s an

|f;1/(y, x/Ix) - fiy”(y, )C/|X)| =
for 7/, 7" € Vs(®), x,x' € X, y € Y (here, d denotes the
dimension of vectors in @, Vs(®)).
Throughout the rest of the proof, the following notations is
used. C, o are the real numbers defined by

-~ d
¢= [yoman.

1
o1 :min{&, —~]
2C

n, n', " are any elements in Vj,(®), while 6 is any element
of O satisfying ||y — 0| < J1. x, x" are any elements of X,
while y is any element in ).

Using (17), we conclude

}// (P (v x"12) = Fyr (v, x712)) v (dy) pe(dx”)

= // |fn/(y,x/|x) —fn//(y,x/lx)|v(dy)/¢(dx’)

d _
_M/¢(y)v(dy) Eln — 'l

Consequently, we have
6,00 = ‘ [ [ #ntvxtom@nua)
> [ [ Ao @

- ‘// (Fy (. x1x) — P9 (v, x'|x)) v(dy) u (dx”)

. 1
>1—Cllp—0| > =.
> 7 ||_2
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Hence, we get

. . 1
|5, ()| = ’// Py, X0 v (dy)u(dx)| > 5 (18)
Therefore, we have
. F(y, x'|x
o (o) = 18, (19)
sn(x)

As §,(x) is analytic in 5 for each 7 € V55 (©), we conclude
from Assumption 2.2 and (18), (19) that (i), (ii) are true. O

Lemma 5.3. Let Assumption 2.2 hold. Then, the following is
true:

(i) uZ(xo;n,yl;n) is analytic in n for all n € V5/(0),
X0s---sXn € X, Y1,..., 90 € Y, n > 1 (1 is specified in
Lemma 5.2).

(ii) There exists a non-decreasing sequence {Kp}p,>1 in
[1, 00) such that

”Z(XO:n» Vi)

<K, (H ¢(yk)) >
k=1

‘MZ/ (xX0:15 Y1n) — "‘Z// (xX0:15 Y1:n)

< Kulln' ="l (H ¢(yk>)

k=1

LXxn € X, v, ...

Sor all n,u',n" € Vs,(©), xo, .. s Vn €,

n>1

Proof. Throughout the proof, the following notations is used.
{Kn}n>1 are the real numbers defined by K, = 2"d/d; for
n > 1 (here, d denotes the dimension of vectors in ©, Vs(®)).
n, ', 7’ are any elements of Vs, (©). {x,}n>0, {yn}n>1 are any
sequences in X, ) (respectively).

Owing to Lemma 5.2, u} (X0:n, y1:1) is analytic in # for each
n € V5, (0). Due to Assumption 2.2 and the same lemma,

we have
<2 (H |qo,7|(yk>) < Ky (H ¢(yk))
k=1 k=1

forn > 1. Consequently, Lemma A1.1 (see Appendix 1) yields

‘MZ(XO:n, Vi)

”Zl (X015 Y1) — ”Z// (X015 Y1:n)

- ””’7571—'7” (H ¢(yk>)=1<n||n/ =l (H ¢(yk>)
k=1

k=1
forn > 1. O
Lemma 5.4. Let Assumptions 2.1, 2.2 and 2.4 hold. Then,
the following is true:

(i) There exist real numbers o> € (0,01], C» € [1, 00) such
that

|Sn/ =Sy

(z, B) < Calln’ — 1",
[ies] e =c

for all n,n',n" € V5,(@), z € Z, B € B(Z2) (here,
’SW — 8S,| (z,dz’) denotes the total variation of S, (z,dz") —
Sy (z,dz’), while 01 is specified in Lemma 5.2).
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(ii) For each n € V5,(0®), there exists a complex measure
oy(dz) on Z such that oy(B) = lim,— S (2, B) for all
z€ Z, BeB(2).

(iii) There exists a real number y| € (0, 1), such that

’s;; —an’(z,B) <Cyyl

for all n € V5(0@), z € Z, B € B(Z), n = 0 (here,
’S,’; — 0,7}(z, dz’) stands for the total variation of Sy (z, dz") —
oy(dz)).

Proof. Throughout the proof, the following notations is used.
C1, Cy are the real numbers defined by

C =2||ﬂ||/w(y)¢(y)v(dy),

Gy = 2)ul / S (dy),

while ng is the integer defined as

log4
e Llog(l —82)&
(¢, ¢(y), w(y), are specified in Assumptions 2.1, 2.3).
{12,,},121 are the real numbers defined by 1%,1 =1+ ég)"Kn
for n > 1, while d2, 71, C~'3, C, are the real numbers defined
as & = 01/(4Kny), 71 = 271/, C3 = Ky + Cy + Ca,
Cy = 16C~'3y17”° (01, K, are specified in Lemmas 5.2, 5.3).
n, n', " are any elements in V;,(®), while 6 is any element
of ® satistying || — 8| < 2. x, y are any elements of X,
Y (respectively), while z = (y, x). ¢, ¢/, ¢” are any elements
of P.(Z), while B is any element of B(Z). n > 1, k > 0 are
any integers.
Relying on Assumption 2.4 and Lemma 5.2, we deduce

/J/(Z’)\Sn!(z,dz’) 5//(1+w(y’)) |7y (', X' 1)
-v(dy)u(dx")

§2||ﬂ||/(1 + v (") e(y)v(dy)
=C1+C <G

as 6‘1 + C’z < 6'3 < (C». Moreover, using Lemma 5.3,
we conclude

(S50)(B) = (SpOB)|

5/...//13(yn,xn>

- (v x w)(dyn, dxy) - - (v x @)(dyr, dx1)|¢ [(dyo, dxo)

< Kallal™Ic N — o1 (H / ¢(yk>v(dyk))
k=1

< Kullclln' = "1l

MZ/ (xX0:1> Y1:n) — uZ// (X025 Y1:n)
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Therefore, we get < ((1 _ 82)n + l) I ="
- 4
[snc—szc| < Rt =1 20)

Hence, we have

when n < ng. Setting n = ng, we conclude

I ="
) Sn()C SnOC//
Sy = Syr| @, B) =Sy 0 — Syrd:| (B) ! 2
<K 157" = 4"l as (1 —&2)™ < 1/4. Since Sy¢ € Pe(2) (see Lemma 5.2 and
<Gy’ = 4" the remark immediately after its statement), we have

as K| < C3 < Cs. HS;(ka)nO(C/ —
Let 79(dz) be the measure defined by

n kng -/ kng -1
SI70 (S” OC _S” OC)

1
=5 | s =en]. (23)
0 @) = [ [ 1s020@r @),
Iterating (23), we get
Owing to Assumption 2.1, we have 1
kn ’ 1 "
i sk = ¢ < e = @4
1= [ [noemm@nen < ¢ [ @, ' o
Using (22), (24), we conclude
Hence, we get
st =] - s (=)
0(2) = [ty = e 1
=1 ) SZOC - CH
Moreover, due to Assumption 2.1 and Lemma 5.2, we have 21
S| +lcl
So(z, B) =// Ip(y', x)ro(y', x"1x)v(dy") e (dx) 2” ﬁ’ )
Szkj' (25)

> / / 15y, ¥)ig (@x' [y 0 (dy') = 70 (B).
Hence, we get
Then, standard results in Markov chain theory (see e.g., ~
[18, Theorem 16.0.2]) imply that there exists a probability H (k+1)n kn, H Il
S 0p — §Ho —— =8 . (26
measure oy(dz) on Z such that Z n o Z 2k~ Il < oo (26)

|Sé’(z, B) — 0’«9(3)| < -ep(2)" <1 -e)" Let (5,°¢)(dz) be the measure defined by
As ag(B)({'(2) = ¢"(2)) = 0, we get 00
(S1)(B) — (L) (B)| (SFEO)B) = c(B) + > ((SEHD00) (B) = (5700 (B))
k=0
= /(Sg —00) (z, B)({' — ¢")(dz) Then, due to (26), (5;°0)(dz) is well-defined and satisfies

S,‘;O( € P.(2). Moreover, owing to (25), (26), we have
< [185 - onl . BYIE' = "1

< -e)"I = ¢ st - spec| = (s<f+1>"°¢ s70¢)
Hence, we have J=k
IS’ = sl < =y ="l @ <ZHS“*"”°¢ syoc |
Since Sj(z,dz’) is an element of P(Z), we conclude :O
IS2¢ 1 < ¢l Then, owing to (20), we have ZL M 7
2J
n n n n J=k
[sic| <lsacl+] (sy - s5)¢]

B Combining this with (24), we get
= (14 Ralln =01 Il

~ H SOO SOO "
=L+ Kud)lIC1 = 211 (22) 1

stmer - syer

- - kno 1 gkng 11
when 7 < no, as [l — 0] < 62, Ruds < Kngds = 61/4 < 1/4, + HS &8
Moreover, due to (20), (21), we have ||C I+ 0"+ 1" =27

2k=3
<|spc - spe| + H Sy =S ="
) 153 ’ HN Y Therefore, S;°¢" = Sp°¢” for any (', (" € Pe(Z). Conse-
< ((1 — 82)” + Kylln — 9||> I =" quently, there exists o, € P.(Z) such that Sf;og“ = o, for any

S:;[/ _ S;I;C//
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¢ € P.(Z). Hence, S,‘;O(S,’;() = 0y, as S,’;( € P:(2). Then,
(22), (27) imply

Sn kng I

sic = o = [strocsyme) - syeesy o
— 2k 3

fq
<5i = Il
when (k + Dng > n > kno, as 2—(k=4)
(16y, ") y{* < Cap{". Thus, we get

(28)

l6y1k"° <

81— 0| 2. B) =

S0, — 0,7‘ (B)
<|s30:— o]
<Coyillo:ll = Capyf'
by setting k = [ (n — m)/ng] in (28). ]

VI. RESULTS RELATED TO OPTIMAL FILTER

In this section, an analytic (complex-valued) continuation of
the optimal filter is constructed, and its asymptotic properties
(exponential forgetting) are studied. Here, we rely on the
following notations. B(X), P(X), M,(X) and M.(X) have
been defined at the beginning of Section V. For x € &,
& e M(X), €, I€](dx") and Jyx(dx") are the norm and
measures specified at the beginning of Section V. For y €
(0, 1), V, (P(X)) is the open y -vicinity of P(X), i.e.,

Vy (P(X)) = {¢ € Mc(X) : 34 € P(X), I€ = All < 7}
R;,y(dx|&) is the measure defined by
Rin(819) = [ [ 15670 @)@ @9

for 1 € €, & € M(X), B € B(X), y € Y (y(y, x'Ix) is
specified in Lemma 5.2). @, ,(¢) is the function defined by

log Ry y(X[E), if Ry (X&) #0

D, (&) = ’ ’ . 30
1y(©) [0, otherwise (30)

iy (mn) and @33 are the functions defined by

n
op ) = [ Frno xelxi), 31)
k=m+1
n
or =TT e, (32)
k=m+1

where xp,...,x, € X, n>m >0 and y = {y,}s>1 1S any

sequence in Y. ry'y! (x'|x) is the function defined by

r,';f:y”(xﬂx)://...//sz;l(xm:n)

+Oxr (o) p(dxn—1) - - - (dXg1)0x (dxm), (33)

where x,x’ € X. R}V (dx|S) and R

j (dx|¢) are the mea-
sures defined by R} (B[S) = ¢(B) and

R (B|&) = / / Is ()P () d)E(dx).  (34)
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(x |x, &), hm”(x|x &) are the functions

Frn o), gl

defined by
min (1 () [ RpSH(XNE), i RyH(X]E) #0
&ny W)= [0, otherw1se ’
(35)
5 &lE) = [ gny (xlx”, H)Edx"), (36)
W8 = = [0 [ e Ora)

+ g (%, ©). (37)
F m'm(dx|§) and F,;',“y”(dxﬁ) are the measures defined by
me(B|§) ¢(B) and

FIin(B|é) = / I I Oun). (8)

Throughout this and later sections measures R, (dx[<),
Fm "(dxlé) are also denoted by R (é) F’" ”(5) (short-hand
notatlons) while (Ry'3()), (Fy; ”(5)) are deﬁned by

(R ) = Ry (1),

(Fr©) = Fr o),

Remark. When 6 €0, 4 EP(X) F’" ”(l) is the optimal filter
for the model {(X'g L y? A)}

(39)

n>()’

F)"(B|A) = (Xﬁ’ﬂ c B] Yﬁ;f - yl;n) .

Hence, for n € C4, & € M.(X), F'5(E) can be consid-
ered as a complex-valued continuatwn of the optimal filter.
Consequently, fgm'” (x|&) can be viewed as a complex-valued
continuation of the optimal filtering density. hy' ;Z(x |x, &) can
be described as the Gateaux derlvanve of f’"”(x|§) with
respect to & (see (75) — (77)). h 0.y M |x, &) is used to show
that F,;"y” (&) forgets initial condition & at an exponential rate
(see Lemmas 6.5, 6.6 and their proofs).

Lemma 6.1. Let 5, & be any elements of C?, M.(X) (respec-
tively), while 'y = {yn}u>1 is any sequence in ). Moreover,
let n, m, k be any integers satisfying n > k > m. Then,
the following is true:

(i) Ry () = Ry (R (D)

(ii) (R’"”(é)) = (RYS(FEO)NRIFQE)  when
(Ry(&)) # 0.

(iii) FJ5H(&) = Fin(FrE&)) when (Rp5(&)) # 0 and
(Ry" ”(é)) ;é 0.

Proof. (i) When k = m or k = n, (i) is trivially satis-
fied. In what follows in this part of the proof, we assume
n>k>m.

Owing to (29), we have

: k: k
DZf;l(xm:n) = l)n’r;,(xk;n)l):;iy (Xm:)

for x,,, ...
show

,Xp € X. Combining this with (33), it is easy to

P () = / (o R ) (A
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for x,x’ € X. Then, using (34), we conclude

RII(BIE) = / / / I () (" (1 L)

- p(dx")p(dx')E (dx)
- / / Ip(xyry (e [x Ry (dx 1) e (dx”)
=Ry (BIRT©)

for B € B(X). Hence, (i) holds when n > k > m.
(ii) We assume (Ry"(¢)) # 0 (i.e., Ry} (X|E) # 0). Then,

using (35), (36), (38), we conclude

Ff) = <R::ig) (40)
Since (RA™ (¢)) is linear in &, we deduce
(REn (Fr@)) = )
| (Rys @)
Combining this with (i), we get
el -[ s )
= (& (k@) Rit@). @

Thus, (ii) is true.

(iii) We assume (Rmk(f)) # 0, (R’””(f)) # 0. Therefore,
(ii) implies (Rk" (F’" g(é))) # 0. Then, using the same
arguments as in (ii), we deduce

. R (&)
fry ()= (Rm ”(§)>
R (Fk©)
Fk n Fm k(f) ’7—
(o) - (REs (@)
Combining this with (i) and (40), (41), we get
FIn @) = x5 (K7€)
(Rien (Fpsk))) Ryt )
REn (Fmk(e) o
Tt

by using again the fact that Rk (&) is linear in ¢. Hence,
(iii) holds. ]

Lemma 6.2. Let Assumption 2.1 hold. Then, there exist real
numbers 03 € (0,1], y2 € (0, 1), C3 € [1, 00) such that

an:lyn (i//)

forall@ € ©, )/, 1" € V5;(P(X))NM,(X), n >m >0 and
any sequence y = {yn}u>1in Y (01 is specified in Lemma 5.2).

| Fn iy - < Cypp ™ |4 = 2|
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Proof. Due to [17, Proposition 4.1, Corollary 4.2]
(or [24, Theorem 3.1]) and Lemma 5.2, there exist real
numbers y2 € (0, 1), C3 € [1, 00) such that

j’/ i//
N

Cyp, ™"
4

| Fpan - myrany

‘ (42)

foralld € ®, /', 2" € M,(X), n = m > 0 and any sequence
¥ = {yn}n>1 in ). We have used here the identity Fé’f;’ 1) =
Fg'3 (2/11211) for 4 € Mp(X).

Let 03 = min{1/2, 61}, while y = {y,},>1 is any sequence
in . Then, we have ||1]| > 1—0d3 > 1/2 for 1 € V5, (P(X))N
M, (X). Consequently, (42) implies

Han(i/) _ Fgmn(/l//)

Cayg ™" | &/ = 2" _ 2N =121 H
4w 127
n—mya/ _ 91
G =2
20|
< Capy "I = )

for 0 € O, 1,1 € Vs (P(X)) N Mp(X), n > m > 0,
as 2|41 = 1, [IA7/I1A" I = 1, 1A I =271 < 12 = A"]l. O

Lemma 6.3. Let Assumptions 2.2 and 2.3 hold. Then, the fol-
lowing is true:

(i) (R’” ”(5)) is analytic in n for all n € Vs5(0), & €
Vs, (’P(X)) n > m > 0 and any sequence y = {y,}n>1 in
Y (01 is specified in Lemma 5.2).

(ii) There exists a non-decreasing sequence {L},>1 in [1, 00)
such that

(Ry )
Y < Ly
oy
m:n / m:n 4
(Rrs@)  (Rynen)
m:mn m:mn
Py Py

< Ly-n (”77/ - 77//” + ”6/ - f//”)
forall n,n',n" € Vs, (0©), &,¢,&E" € Vs (P(X)), n>m >0

and any sequence y = {yy}n>1 in ).
(iii) There exists a non-increasing sequence {a,}n>1 in (0, 01]

such that
welfmgol

m:mn Z
|§09 | Ly—m

forall neV,, (0©), eV,
sequence y = {ypln>1 in Y.

2 (P(X)), n > m >0 and any
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(iv) There exists a non-decreasing sequence {My},>1 in [1, 00)
such that

max” h"”’(x |x, 5)‘}<Mn —m>
ey = £ el
<Myl ="l + 1€ =<&"1D,
’hm” x'|x, & — hm,/" x'|x, &N
<My (" =" +1E" = <&"1D)

for all 77’ 77/5 7’]// € Van —m (®)’ 5’ é/’ 5// € Van—m (P(X))’
x,x' € X, n>m >0 and any sequence y = {yp}n>1 in Y.

Proof. (1) and (ii) Throughout these parts of the proof, the
following notations is used. {L;};>1, {L;};>1 are the real
numbers defined by

. 2y 1y -
L= 5 (ll,ull + —) , Ly =2L;
1 Y

for [ > 1, where y, K; are specified in Assumption 2.3 and
Lemma 5.3. m, n are any integers satisfying n > m > 0.
In what follows in the proof of (i), (ii), both m, n are kept
fixed. #, 5/, n” are any elements in Vs, (®). &, &', &’ are any
elements of Vs (P(X)). x, x” are any elements of X', while
¥ = {¥n}n>0 is any sequence in ).

Using (33), (34), (39), it is straightforward to verify

(43)

(Rr ) o)
e
ACERE ﬂ(dxm+1)§(dxm)- (44)
Moreover, Lemma 5.2 yields
Vyny Comin) _ y (ks Xk|xk—1) <om (45)
oy Pttt @n(yi)
Since v,y (Xmn)/@y'y s analytic in 5 for each n € V5, (®),

Xty o - xn e X (due to Assumption 2.2), Lemma Al.1 (see
Appendix 1) and (44), (45) imply that (R’"”(f))/go’"” is
analytic in # for all # € V; (©). Consequently, (R’"”(f))
analytic in # for each # € V;,(©). Hence, (i) holds.

Owing to (44), (45), we have

<Rm”(§)> / //
oy Pn.y
- u(dxy) - p(dxm+1) IS (dxm)
<2l

SLn—m S Ln—m

7’ y (xm }’Z)
m:mn

(46)

as ¢ € Vs, (P(&X)) results in ||€]] < 1 4 07 < 2. Using similar
arguments, we get

(Rm 1) (Rpyen)

m:n
Py

<Rm n(é/ 5//)>
o0y
<2 uTTIE = €I
fZ/n—m ”5/ - 5//”-

(47)
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Since (Rm”(f))/gom” is analytic in # for each 5 € Vg, (0),
Lemma Al 1 and (46) imply

[R5 @) (REL@) v mayuprmieiy = ')

m:n m:n -
wn//,y (Dn//,y 51
fZ/n—m ”77/ - 77//”-
Then, we have
(Rysen)  (Rpnen)
mn - mn
@n//’y @n//’y
m:n A m:n !
_|rggen) (Rin@)
- m:n m:n
gon//,y qD;,’//,y
(Rom @) Ry )
n.y
+ mn - mn
(Dﬂl/:y (0,,// y
Lo—m (0" = 7"l +1& = &) . (48)

Using (46), (48), we conclude that (ii) is true.

(iii) and (iv) Throughout these parts of the proof, we use the
following notations. {Ll}lzl has the same meaning as in (43),
while {o;}/>1, {Ml}lzl, {M;};>1 are the numbers defined by

o1

=5 = 10Z44;
417

a = My = SMA(|ull + 1).

m, n are any integers satisfying n > m > 0. In what follows in
the proof of (iii), (iv), both m, n are kept fixed. #, %', 4" are any
elements of V,, , (®), while 0 is any element of ® satisfying
ln—0| < an—m.<&, &, & are any elements of V,,_, (P(X)),
while 1 is any element of P (X)) satisfying ||& —A|| < ap—m- X,
x' are any elements of X, while y = {y,},>1 is any sequence
in ).
Using Lemma 5.2 and (33), it is straightforward to verify

(RS )= / //(/ra(yk+1,Xk+1IXk)#(dxk+1))

O (o) () -+ (1) A ()
for k > m. Consequently, Assumption 2.3 yields
(R @) 2 vlonOnan [+ [ [ oo

- p(dxg) -+ p(dxm 1) A(dxm)

=7 100 Gs)| (REE (). (49)

The same arguments also imply

(R;n A (/1) /(/rﬁ (V415 Xme11Xm) (dxm+1))/1(dxm)

>y 0o YDA =y log Ym+1)].
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Then, iterating (49), we get

k+1
(R () =y —1( 11 |¢a(y1)|)(RZ1m+l(/1)>
[=m+2
k+1
zyk—"’( I1 I(De(yl)l) g
[=m+1
Hence, we have
(Rm n(i)) 1
07T Lo

as L_m >y~ =™, Combining this with (48), we get

Re{{rry )] (Rgﬂ:nu»_(le'""(f)) (R ()

|¢Z1,§l| m:n n m:mn

logy opy Py

1 -
z5 - Lp—m (In =01+ 1< — A1)

n—m
1 -
>——— = 2Ly pOn_n
Lp—m
1 1
>— > — (50)
2Ly—m 2Ly—m

as | =0l < ap—m, I€ — Al < ttn—mi.
Using (33), it is straightforward to verify

rm:n(x/|x) (xm n)
e
oéx/(dxn),u(dxnfl) - 1 (dxy41)0x (dxy). (51)

Consequently, Assumption 2.2, Lemma Al.l and (45) imply
that r,’7"”(x |x)/@y'y is analytic in n for each € V5 (©).
Therefore, r,’1" " (x |x) is analytic in # for all € Vs, (®). Since
(Rp5(£)) is non-zero and analytic in 5 for all 5 € V5 (©),
we then conclude from (35), (50) that ng "(x'|x, &) is analytic
in # for all # € V;,(0).

Owing to (45), (51), we have

<

. 5x,(dx,,)ﬂ(dxn,1) ..

qy (xmn)

py (x/ Ty (1)
g0'7 y

1 (dxm41)0x (dxm)

<M NG " < Ly (52)
Then, (35), (50) imply
(x| x) - -
et o) = | <0k, < M (59)
(Ry©))

as [(R} (©))] =

o] = [ e ol e
<My €1l < 2Mn—m < My

Re((R"}'(¢))) > 0. Consequently, (36) yields

(54)

asé eV, ,(P(X))resultsin ||£]| < 140,—pn < 2. Similarly,
we have

/’g%’(qu,g)‘ w(dx’y < My_pllul. (55)
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Combining this with (37), (53), (54), we get
o] | o] [ e e o] u@)
+ e, 9|
<My +2M7_, 1)l < My—p. (56)

Since g;’f:;’(x/lx, &) is analytic in # for each 57 € V,,, , (©),
Lemma Al.1 and (53) imply

e win, & — g e )| <2l 1
<Myl = "Il (57)
Moreover, (47), (50), (53) yield
@1, &) — g ('L, )
. (Rren) = (R )
= e (R en)
<2Lp N =&l < Mu—mlE = &) (58)
Combining (57), (58), we get
gy (12, &) — g (12, &)
< [epn e, &) — gt
+ |, (1, &) g,,;,y(x’pc, &
< Mue (7 — 1"l + 1" = "1 (59)

Consequently, (36), (53) imply
1) = e

/g:;“;(x|x &) — g (', &)
+ [ e e

< My lE NN = 1"+ 1E = E"1) + Mu—m IE = "
<3Mu—m (I = 1"+ 1€ = &)

€'1(dx")

I€" — &"1(dx")

< My (ln" = 1"l + 1€ = E"1D) (60)
as |&') < 1+ ay—m < 2. Similarly, we get
mmn !/ ! mmn /7 1 /
[lernaive - g i, en| w@)
< Ml (ly" = 7"l + 1 = E"1).
Combining this with (37), (54), (55), (59), (60), we get
m:mn ! / m:mn ! 1
B (e, &) — R (e, &)
<|emnoie gy — gin (ix. ")
}f"’ 1) = e [ e | uex)
(x |5//) /‘gm n (X//lx, 5/)_g’7” y(x//|x é//) [u(dx//)
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< (M + 5M_, L)l =71l + 117
< My—m (" = 1" + 18" = "D (61)

Using (50), (54), (56) — (61), we conclude that (iii), (iv) hold.
O

Lemma 6.4. Let Assumptions 2.2 and 2.3 hold. Then, the
following is true:

(i) There exists a real number o4 € (0,061] such that
Re{Rn,y(XK)} > 0 for all y € V5,(0), & € Vs, (P(X)),
y € YV (91 is specified in Lemma 5.2).

(ii) There exists a real number C4 € [1, 00) such that

D, )| < Cs(1 4w (),

|®n/,y(§/) - (Dn”,y(i//)|

<Ca(L+yw) (Il = 7"l + 11" = &"1I)

0, € Vy(0), ¢, " e Vs, (P(X)), y €.

Proof. Throughout the proof, the following notations is used.
04, Cy4 are the real numbers defined by 4 = a1, C4 = 4L% (a1,
L are specified in Lemma 6.3). #, 1/, ” are any elements
of Vs, (@), while &, &', & are any elements in V5, (P(X)). y is
any element of ).

Since Ry, (X|y) = (RY},(&)) for any sequence y = {yn}n=1
in ) satisfying y = yy, Lemma 6.3 yields

721631

=<

for all n,

Re {Ry, (X[} = L (62)
|Ry(XIE)| < Liloy(), 63)
|Ry.y (X1E) — Ry (XIEN| < LilpyWINE =&l (64)

Due to the same arguments, R, y(X|$) is analytic in # for
each 7 € V5, (0). As ¢,(y) # 0 (owing to Assumption 2.2),
(62) implies that (i) holds. Consequently, (30) yields that
@, y(&) is analytic in # for all n € V;,(©). Moreover, due
to (62), (63), we have

log | Ry.y (X16)| < log L1 +loglp, ()] < Li (1 4+ w (),

10g | Ry.y (X16)| = —log L1 + log lp, ()] = —Li (1 4+ w(y)).

Therefore, we get

|(D;1,y(§)| = |10gRi7,y(X|5)| = |10g |R71,y(X|5)|| +r

<4L; (1 4+ w(y))

<Cs(1+y©). (65)
Then, Lemma Al.1 implies
4dL (1 +y )" ="
|@,1/(©) = By, (©)] = e
<Cs(L+yODI7 =7"Il.  (66)

Let ¢,,,(t|¢", &) be the function defined by
Py (11", E") =log (1 Ry, y (XI") + (1 = )Ry, (X1E"))
for ¢ € [0, 1]. Due to Assumption 2.2 and (62), we have
|1 Ry y (X1 + (1 = )Ry y (X1
> tRe {Ry,, (X&)} 4+ (1 — )Re { R,y (X[E")}

. 72163

0 67
L (67)
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for + € [0,1]. Hence, ¢, ,(t|&',&") is well-defined and
differentiable in ¢ for each r € [0, 1]. We also have

‘/j):”(”f ¢ __¢f1y(f|f ¢

_ Re{Ry, (X1} — Re Ry, (X1}
(Re Ry (XIED} + (1= DRe {Ryy (K1)
Consequently, (64), (67) yield

L e e

< L3¢ = ¢&").

Thus, we get
@,y (&) = Oy (€] =B,y (11E',E") = ¢y, (0, &7
= ‘ / g e
<LiE = &' < Callg = &)
Consequently, (66) implies

|(Di7’,y(5/)_q)i1”,y(§”)| §|q);7’,y(5/)_q)n”,y(é/)|
+ ‘(Dn”,y(f/) - (Dn”,y(fﬁ)’
<Ca(I+y ) (ln" =n"1+1E"=<"1) -

(68)
Using (65), (68), we deduce that (ii) is true. ]
Lemma 6.5. Let Assumptions 2.1 — 2.3 hold. Then, the

following is true:
(i) There exist real numbers Js, 06 € (0,04], C5 € [1, 00)
and an integer ng > 1 such that Re{(R"”’(f))} > 0,

FImn(&) € Vi, (P(X)), Fyiy"™0(&) € Vs (P(X)) and

| Fen = Frpen| = esie = ¢,

I =<l

(69)

é”ll

| Frgrimo @y = B | < (70)

for all n € Vs(0), &,&,E" € Vs (P(X)), m +no > n >
m > 0 and any sequence y = {y,}n>1 in Y (04 is specified in
Lemma 6.4).

(ii) There exist real numbers 67 € (0, 05, dg € (0, dg] such
that Fm”(f) € Vs (P(X)) forall n € Vs, (0), & € Vs, (P(X)),
m +no >n>m > 0 and any sequence y = {y,}u>1 in V.

Proof. (i) Throughout this part of the proof, the following
notations is used. nq is the integer defined by

_ ’710g(4C3)—‘
[logyal |’

while Cs, Js, dg are the real numbers defined by Cs
[l ]l) and

= M, (1+

min{ou, . )

. 86=2Cso
16C2 6 %

5 = (71)
(2, C3, an, M, are specified in Lemmas 6.2, 6.3). 5, /, " are
any elements in Vs (®), while 0 is any element of © satisfying
ln—06| < ds. &, &', &" are any elements in Vs, (P (X)), while
A is any element of P(X) satisfying ||& — A|| < d¢. x is any
element of X, while y = {y,},>1 is any sequence in ). B is
any element of B(X). m, n are any integers satisfying m+ng >
n>m>0.

Authorized licensed use limited to: University of Oxford Libraries. Downloaded on September 04,2020 at 12:44:20 UTC from IEEE Xplore. Restrictions apply.



TADIC AND DOUCET: ANALYTICITY OF ENTROPY RATES OF CONTINUOUS-STATE HIDDEN MARKOV MODELS 7963

Owing to Lemma 6.3, we have Re{(R}"} (£))} > 0, as d5s <  Thus, we get

06 < Ony < 0y—p results from n —m < ng. Hence, we get

P (e 3@ — &) (dx)
(Ryae + (1 = nen)

O mn o
Re{<RZZ}7(t§/+ (1- 1)5”)>} by (6,218, =
= Re {{R3@)} + (- oRe {{REF ) >0 72 A (=D

(Ryen) = (Ryen)
(Rrg e+ =)
I )@ - @)

for ¢t € [0, 1]. Moreover, using Lemma 6.3, we conclude .

’/ s ) (e, ) = 7 (31, € ) ()

< [ 10 (Run e+ (1 = en)

< M llall (I = "1+ 1" = €71) ~ Iy {xltf + (1 =)

<Cs(lln" = 7"+ 1" =<&") (73) JJ r,';f'y”(x”lx/)ﬂ(dx”)(é/—f”)(dx/)‘
(Rpp e+ (1= nen)

u(dx”)

B (3, €)= R (1, €7

as Cs > My, > M,_,, results from n —m < ng. Relying on
the same lemma, we deduce Consequently, (35) — (37) imply

0 .
m:n N pmn 1" ¢m.n(t,x|§/,é//)
[Frn g — FBIEY a1y

< / Ig(x) \f,;’?j;’(xlé/) — [0 (1€ | pdi) = / gy (el 18 4+ (1 = E")(E = &) (dx)

< Myl (17" = 7"l + 1€ = &) — [y @l + (1= 0¢")

< C5 (||77/ - ’7//” + ”é/ - 5//”) . . //g%’(x”lx/, tf/ + (1 _ t)f”),u(dx”)(é/ _ f”)(dx’)
Hence, we have = / Ry (el 1 4 (1= 0)E") (& — &M (dx). (76)

< Cs (Il — "l + &' = &"|l) (74) Hence, we have

S — £ el
as || — 0| < Js, I — Al < 6. Setting 4’ = 5, 4" = 5 in — (L, x| ET) — (0, x|E,
(74), we get (69). We also get ¢"’y ’ <) ¢”’y ’ <)

m:n ! m:n 4
| e — P

1
H H =//O Ry (xelx 18"+ (1 =0 = &) (dxNde. (77)
FmnE) — Byt ()| <Cs (g = 011+ 1€ = Al

Therefore, (38) yields
<Cs(ds + d6) < da.

Fpy (BIE) = Fyly (BIE")

.y
Therefore, F"* (&) € Vs, (P(X)) form +ng >n > m > 0, . .
s TG D = [ 1 (A1) = £ (1) @)
Let ¢y (@, x|&’, &) be the function defined by 1
- / / / Is R (e, 1 + (1= ")
. . 0
dyy @, x| ET) = 5 e+ (=0 (T5) p(dx) (& = &) (dx)dr. (78)
fort € [0,1], m +ng > n > m > 0. Then, due to (72), Since A1+atdy € Vs, (P(X)) fora € (0, dg). t € [0, 1], we then
we have get
Fyn (1A + ady) — F'2(BIA)
: /el >y sy
(e, 618, &) . /
_ f’”:,'f}"(ﬂx/)(ff/ + (1 _ t)f”)(dx’) = 0(~/‘/0 IB()C )he,:;) (X lx, A+ at&x),u(dx )dl (79)
<RZf:y”(ff/ + (- t)f”)> for the same «. Moreover, Lemma 6.2 yields
S + (=0 eI @) B BIA + as) — B 310
f<RZf}”(f’>> +d -0 <RZ’,}”(5”)> < C3p) " llady |l = aCzpy " (80)
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for a € (0, d¢). Combining (79), (80), we get

‘// Ip(x )h’"”(x Ix, A+ atd)u(dx")dr| < Czps~

(81)

Using (73), (81), we conclude

‘ / In (YR (6 x, M) (')

IB(x gy (x|, 2 + atdy) u(dx)de

+ Ig(x')(hg"(x |x,A+atdy)— hg"”(x |x, i)),u(dx’) dr
0

< C3yn " 1+ Csa

for a € (0, d¢), as |latdy| < a. Letting a — 0, we deduce

‘ / I YR (e, ) e

<ng

Consequently, (73) yields

’ [ e out)

Ip (x/)h

2o e, A (')

+

[ ) (i) — e ) @)
< ™"+ Cs (ln = 011+ 1€ = 21)

1
+ —

< C3y, 7" +C5(05 + ) < C3p, " 1

as |n—0| < s, |E—A| < d¢, C505 < Cs5d6 < 1/8. Combining
this with (78), we get

| (B1E) B

15 (S & 18 (1
1 — & ddr
n—m l 4 1
< (e g)1e -

as 1’ + (1 —1)&" € Vs (P(X)) results from ¢ € [0, 1] and the
convexity of Vs, (P(X)). Therefore, we have

1
(ngn m Z) ”5/ _5//“.

1
< (C3V2"° + —) Ig" =&l

||§’ &l
— (82)

NE") p(dx’)

| Fen = Frnen| =

Hence, we get

H F;;r,l;;ernO (5/) _ F};:s}erno (5//)
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as C37,° <
(74) implies

1/4. Consequently, (70) holds. Moreover,

| Epem@ = B )]

< H Fm.m+n0 &) — Fm.m+n0 (1) H

Rt

_le- i
- 2

o
<E6+C555=56

+ Cslin =0l

as 701l < ds. [l —A|l < d. Thus, Fy'y" ™ (&) € Vi (P(X)
for m > 0, as F'"mer"0 1) € P(X).

(ii) Let 07, dg be the real numbers defined by d7 = Js,
Jd3 = 05 (05 is specified in (71)). Moreover, let 8, 4, y have the
same meaning as in (i), while #, ¢ are any elements of V5, (0),
Vs; (P(X)) (respectively). Consequently, when ||y — 0] < d7,
IE — Al < dg, (74) yields

H Fm n(é:) Famy”(,l) H <Cs(ly =81+ I — 4D
<Cs5(d7 4+ d3) < Js

for m +no = n > m > 0. Therefore, F;"J' (&) € Vs (P(X))
form-+nyg>n>m>0. O

Lemma 6.6. Let Assumptions 2.1 — 2.3 hold. Then,
following is true:
(i) Re{(Ry'J(O)} # 0, F)5H (&) € Ve, (P(X)) for all
n e Vs (0), ¢ € Vs, (P(X)), n > m > 0 and any sequence
Y = {Ynln=11in Y (s, J5, d¢ are specified in Lemmas 6.4, 6.5).
(ii) There exist real numbers y3 € (0, 1), C¢ € [1, 00) such
that

the

Han(é)_an(é//) §C6V3n_m ||f/—f//||

for all n € V5(0), &', &" € Vs (P(X)), n > m > 0 and any
sequence y = {yntp=1in Y.

(83)

Proof. (i) Let ni(m) be the integer defined by ny(m) = m +
kng for m,k > 0 (ng is specified in Lemma 6.5). Moreover,
let y = {yn}n>1 be any sequence in ).

First, we show

{<Rmn(§)>} #0, (84)
F'H (&) € Vo, (P(X)), (85)
Eyt (&) € Vo (P(X)) (86)

for each 7 € Vs(0), & € Vs, (P(X)), ng(m) > n >m > 0,
k > 0. We prove this by induction in k.

Since no(m) =n =m when no(m) > n >m > 0, we have
Ry () =&, F'J(E) = ¢ for n € Vs (0), & € Vi (P(X)),
no(m) > n > m > 0. Hence, (84) — (86) hold for k = 0
and nn € V5(0), ¢ € V5 (P(X)), ng(m) = n > m > 0.
Now, the induction hypothesis is formulated: Suppose that
(84) — (86) are true for some k > 0 and any 7 € V5(0), & €
Vs (P(X)), ng(m) > n > m > 0. Then, to show (84) — (86)
for n € Vi (0©), & € V5, (P(X)), ng1(m) > n > m > 0,
it is sufficient to demonstrate (84) — (86) for € Vi (0),
& € Vi (P(X)). g1 (m) = n = ni(m), m = 0.
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In the rest of the proof of (i), #, ¢ are any elements
of Vs (@), Vi (P(X)) (respectively). Owing to Lemma 6.5,
we have Re{(Rp\\™™ ()} > 0, FA™"(©&) € Vi, (P(X)),

Fyy™ (@) e Vs (P(X)) for megi(m) = n > ni(m),
m > 0. Since F; . n" (m)(f) € Vs, (P(X)) (due to the induction
hypothesis), we then get

Ref{Ryy™ (Fy ™))} > 0 (87)
™" (Fpi ™ (©)) € Vo (P(X)), (88)
F;I’ljl}(m)an+l (m) (F;;r,lynk (m) (5)) c V§6 (P(X)) (89)

for ngr1(m) = n > nig(m), m > 0. As (R:Z:ynk(m) &) #0
(due to the induction hypothesis), Lemma 6.1 (Part (ii)) and
(87) imply

(R @) =Ry (@) YRy (B0 @)

£0 (90)
for njy1(m) = n > ng(m), m > 0. Since (R} ”k(m) &) #0,
(R0 () 2 0, EPEH (@) € Vi (P(A) (due to the
1nduct10n hypothesis and (90)), Lemma 6.1 (Part (iii)) and
(88), (89) yield

Fm n(é) Fnk(m):n (Fm:nk(m) (5)) c V54 (P(X)), o1
Fm nk+1 (m) ©) = nk(m) iy 1 (m) (Fm g (m) (5))
€V06 (P(X ) 92)

for ngy1(m) > n > ng(m), m > 0. Combining (90) — (92) with
the induction hypothesis, we deduce that (84) — (86) hold for
ng+1(m) > n > m, m > 0. Then, relying on the principle
of mathematical induction, we conclude that (84) — (86) are
satisfied for each 5 € Vs (®), & € Vi, (P(X)), nx(m) = n >
m >0, k > 0. As a direct consequence of this, we have that
(i) is true.

(ii) Let y3, Cs be the real numbers defined by y3 = 2~1/70,
Ce = C5y37"0 (Cs, ng are specified in Lemma 6.5), while
nig(m), y have the same meaning as in (i). Moreover, let 5
be any element of Vs (@), while &', &” are any elements
in Vs (P(X)).

Owing to Lemmas 6.1, 6.5 and (84) — (86), we have

H Fm;nk-%—l (m) (é: ) m nk+1 (m) (é://)
1,

_ H F’;l,ky(m)inkﬂ (m)(F;;:J:,nk(m) (5/))

F'lk(m)inkﬂ ('")(Fm:nk(m) (5//) H

1 H Fm g (m) (é ) Fm ny (m) (f//)
-2

for m, k > 0. Consequently, we have

H Fm:nk (m) (5/) _ F;;"ynk (m) (5//)

p e =m e

‘me(é)_me(é//) _5//”-

< x|
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Combining this with Lemma 6.5 and (84) — (86), we get
| Frey = Fneey
= | Epm @) = Fm (e )|
< Cs | P ey — i "y
< G5yt — & < Copd ™ IE = &Ml (93)

for ngy1(m) > n > ng(m), m, k > 0. Here, we also use rela-
tions Csy3*"™™" = (Cs ynk(m) My < (Csy; ")y =
Ceys ™. Setting k = | (n —m)/ng]| in (93), we conclude that
(83) holds for each n > m > 0 by. O

VII. PROOF OF MAIN RESULTS

In this section, Theorems 2.1 and 2.2 are proved. The proofs
of these theorems crucially depend on the results related to
the kernels S(z, dz’), Sy(z,dz’) and the optimal filter F,"}(<)
(i.e., on Lemmas 5.1, 5.4, 6.6). As the properties of S (z dz ),
Sy(z,dz’) are very similar, the proofs of Theorems 2.1 and
2.2 have many elements in common. In order not to consider
these elements twice (and to prove Theorems 2.1 and 2.2 as
efficiently as possible), we introduce a new kernel T),(z, dz’),
where 7 € C%, z € Z.! Its purpose is to capture all common
features of S(z, dz’), S, (z, dz’) which are relevant for the proof
of Theorems 2.1 and 2.2. Using T,(z, dz’), we recursively
define kernels {T,;’(z, dz)}, _, by T,;)(z, B) = 6.(B) and

e B = [ 1 BT ),

where B € B(Z2).
Regarding 7),(z, dz’), we assume the following.

Assumption 7.1. For each 0 € O, z € Z, Ty(z,d7’) is a
probability measure.

Assumption 7.2. (i) There exist real numbers a. € (0,6], L €
[1, 00) such that

Ty = Ty |z, B) < Ll = 1",
/lf/(z/)quI(z,dz’) <L

for all n,n',n" € V,(@), z € Z B € B(2) (here,
|Tyy — Ty|(z, dz’) denotes the total variation of Ty (z,dz") —
Ty (z,dz), while o, w(z) are specified in Assumption 2.2
and (12)).

(ii) For each n € Vy4(®), there exists a complex measure
7,(dz) such that lim, T,?(z, B) = t,(B) for all z € Z,
B € B(2).

(iii) There exists a real number f € (0, 1) such that

(z, By < Lp"

Jor all n € V,(®), z € Z, B € B(Z), n > 1 (here,
’T,? — r,,’(z, dz’) stands for the total variation of T,/ (z, dz) —
Tn(dz/))~

n
‘Tﬂ — 1y

lTn (z,dz’) can be considered as a mapping with the following properties:
(i) Ty(z, B) maps n € Cd zeZ Be B(Z2) to C, (ii) Ty(z, B) is measurable
in (7, z) for each B € B(Z), and (iii) T;(z, B) is a complex measure in B
for each 7 € Cd, zeZ.
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Remark. According to Lemmas 5.1 and 5.4, both kernels
S(z,dz), Sy(z,dz’) satisfy Assumptions 7.1 and 7.2. These
assumptions capture all common properties of S(z,dz),
Sy (z,dz") relevant for the proof of Theorems 2.1 and 2.2.

Besides the notations introduced in the previous sections,
we rely here on the following notations, too. uj(z0:x) and
F,;’(f,zl;n) are (respectively) the function and the complex
measure defined by

MZ(ZO:n) = un(XOn, Vin),
Fy (& zia) = Fy©)

for € C4, & € M(X), X0, ..., X0 € X, Y0 ... Yn € V,
n > 0and z0 = (yo,x0)s--->2n = (Yn,xn), wWhere y =
{y;}n=1 is any sequence in Y satisfying y, = yx for n >
k> 1.2 @,(¢,z) is the function defined by

(Dn(é, 7) = (Dn,y(é)a

where x € X, y € YV and z = (y,x) (®,,,(&) is specified
in (30)).3 (I)Z (&, z) is the function defined by

D, 2) :/.../cp,7 (Fr . zm). i)

“Ty(zn, dznt1) - - - Ty(z, dz1) %94)

for n > 0. A%(), AN"(&,2), Bj(&,2) are the functions
defined by

B@ = [ [ [ (o0 (Fezm.zm)
— 0

0 (Fr' &z zain ) )
- Ty (20, dz1)7,(dz0),

Fn k+1(§, an) Zn+l)

T (ZVH dZn+1)

o] ] o
F,f (S5 Zkt1:n)s Zn+1

: Tn(Zn dzpt1) - Tn(Zk ,deJrl)(T;;(_ Tn)(Zade),
Biea) = [0, (6 @y - o)G.a)

forn >k > 1.
Under the notations introduced above, we have

n—1

log g (nald) = > @ (Ff (s 21, 2641
k=0

95)

2Symbols ¥1:0> 21:0 denote empty sequences (i.e., sequences without any
element). uﬂ(xon Vi), FO y(f) are specified in (13),(38). F,?;(f) depends
only on yl, ooy vy and is mdependent of other elements of y.

3Functions u”(zOn) F (&, z1:1), ©y(S, ) are just another notations for

”(xon Yin)s F,7 SR ':I),7 y(&). However, notations uj (zo:1), Fy (&, 21:0),

@y (¢, z) are more suitable (than the original one) for measure—theoretic
arguments which the analysis carried out in this section is based on.
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ford € ©, 1 € P(X), x1, ...
and z1 = (y1,x1), ...

S Xn €EX, Vs eV, n>1
,Zn = (Yn, X). We also have

Oy, ) - OhE, ) = (Al D) - Ak, )
k=1
+ Bn(éa Z/) - B;’;(i’ Z//),
n+1

O, 2) - D& 2) = ZA""“@,Z) ZAk”(é,z)

(96)

+AITNQ) + BT & D) - BI(E. D)
97)

for 7 € Vo (0), & € M(X), z,2,2" € Z,n > 1.

Lemma 7.1. Let Assumptions 2.1 — 2.3, 7.1 and 7.2 hold.
Then, there exist a function ¢, mapping 1 € C4 to C and real
numbers dy, y4 € (0, 1), C7 € [1, 00) such that

(98)

(I)Z(f, 7) —@y| =< C7ny4:l

forall n e V5, (0), & € Vs (P(X)), z€ Z, n> 1.

Proof. Throughout the proof, the following notations is used.
74, 09 are the real numbers defined by y4 = max{f'/?, y 1/2},
09 = min{dy, d3, (1 — y4)/L} (B, d7, d3, y3, L are spemﬁed
in Assumption 7.2 and Lemmas 6.5, 6.6). # is any element in
Vs, (®), while 0 is any element of ® satisfying || — 0] < d9.
&, &' ¢ are any elements of Vs, (P(X)), while z, 7/, z” are
any elements in Z. B is any element of B(Z). n, k are any
integers satisfying n > k > 1.
Owing to Assumptions 7.1 and 7.2, we have

|TI7|(Z9 B) STQ(Zﬂ B) + |T7] - T¢9|(Z9 B)
<l+Ljn—0|

1
<1+ Lo < — (99)
V4

as Ldg <1 —y4 < 1/y4 — 1. Consequently, Assumption 7.1
yields

1
|T,7|(B)§ |Tn_7n|(Z, B)+|T;7|(Z, B)SL—FE. (100)

Let C~‘1 = 4C4C¢ where Cy4, Cg are specified in Lemmas 6.4,
6.6. Then, due to to Lemmas 6.1, 6.4, 6.6, we have

‘(Dn (F;;Z_k_H (&, Zkn)s Zn+1) _(Dn (F;;l_k(é:, Zhk+1m)> Zn+1) ’

< Capr(anin) | Fy 7 2i) — Fy 4 zirin)

=Cay (zn+1) H Fyt (F,; (&, z0)s Zk+1:n) —Fy 7 2h1m)

<CaCop} ™ Y (zns1) H Fy(& ) — EH

< C1p " Puzu) (101)
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for z1,...,2a41 € z4 Similarly, owing to Lemmas 6.4, 6.6, Hence, we have
we have

@, (Fp& 2 2t ) = @ (FPE 21, 20 )| > |eytie o - ope o)

n=1
< Ci " ) — FNE o 3 &
< Cay Znt1) ) Fy (& zin) — F(E7, 21m) <G> mf < 1 5 < 0. (108)
< C4Cop3 v @nrn)IE" = &7 n=1 (=
< C~‘1y42” V~/(Zn+1)~ (102) Now, combining (96), (104), (106), we get
n n
Let C = 2C;L?/y;}. Then, using Assumption 7.2 and (&, 7)) — Dy, 2") §Z‘A’;f”(§, 7) +Z‘A’;’”(§, 7"
(99), (102), we conclude k=1 k=1

+ |By& | + | Bre.
<2Conyy +2Cap;.

050 - 0| <Cd [ i

: |T17|(Zn; dzpyr) - |T71|(Z; dzp)

~ 5 Th 1 impli
<CiLyj < Cyyy. (103) en, (103) implies

(Dl’l /’Z/ _(Dl’l //’Z// <‘(Dl’l /’Z/ _(Dl’l //,Z/
Similarly, relying on Assumption 7.2 and (99), (101), 1= ¢ D] = | P2 n€ )
we deduce + ’(DZ &, 7) - ‘DZ@”» 2
}Alz,n(é:, z)} < @”,42(n7k)/,..// W (Zns1) <Cr(2n+ D)y, +2C3y) §C4?;)(§l§)

: |T71|(Zn, dzp41) - |TI7|(Zk; dzi+1)
ATy = yl(z dz) N

A r2pk n—k _ &
<GL Ty = Cand 10 g0 =0+ (0 ) - 0)E.2).
n=0

Moreover, using Assumption 7.2 and (100), (101), we get

Let C7 = C4/(1 — y4)2. Moreover, let

Then, due to (108), ¢,(S,z) is well-defined. Now, (107)

- - 3 . ol
@) eoi [ [ [ e
o
ATyl Gns dznst) -+« Tyl 0, d2) 7y (d20) OhE D) — 4y E )| =X [0hH € 2) - dbeE )
~ 1 - k=
<CiL (L + —) 742 < Cayl. (105) "o
) A <G> kyf <Cmyf.  (110)
Let C3 = C4L% C4 = 4(Cy + C3). Then, owing to k=n
Assumption 7.2 and Lemma 6.4, we have Consequently, (109) yields
~ /! /7 1 1 n /! /7 n 1 "
‘B:;(é,z)‘ §C4//V/(Z//)|T;7I(Z/,dz//)|T77_T;/II(Z,dZ/) |¢7](é ;Z)_¢7](é e )| S‘(D”(é ;Z)_(Dn(é » Z )
<C4L*p" < C3p}. (106) + ’CDZ(Q”,Z/) — (&', 2)
neslt N "o_n
Consequently, (97), (104), (105) yield + ‘qu(é ,20) — ¢y, 20)
<3Cny,.
051 2) - @€, 2)
o e Therefore, ¢,(&,2) = ¢,(&",2") for any &,¢&" €
n+1 n ! . .
Vs, (P(X)), z',7z” € Z. Hence, there exists a function ¢
kyn+1 k, 9 n
SZIAnn (. Z)‘ +Z‘Ann(5’ Z)‘ which maps # € C¢ to C and satisfies ¢, = ¢,(&,z) for
k=1 k=1 all € Vs (®), & € Vs (P(X)), z € Z. Then, using (110),
+ ‘A’,;“(g)‘ n ‘BZ* e, z)‘ + ‘BZ(&, z)‘ we conclude that (98) holds for 7 € Vs (@), & € Vi, (P(X)),
7€ Z. m|

<2Cy(n+ 1)y +2C3y) < Canyj. (107)
Lemma 7.2. (i) Let Assumptions 2.1 — 2.3 and 2.5 hold. Then,

4To get the first two relations in (101), use Lemmas 6.1, 6.4, and notice that integral
inclusions # € V5, (0), F,’;_k"'l (&, 2kn) € V5, (P(X)), F,?’_k(f”, Zkt1:m) €
Vs, (P(X)) follow from Lemma 6.6 and 7 € V5,(®) € Vi, (0), &L E e / . ./(I)’7 (F;;Z(,I, 2, Zn+1) S(zn, dzas1) -+~ S(z,dzy)
Vio (P(X)) C V55 (P(X)). To get the third relation in (101), use Lemma 6.6
and notice that F,; (&, zk) € Vs (P(X)) follows from Lemma 6.4 and (111)
N € V(@) € Vs, (®), & € V5 (P(X)) © Vs (P(X)). To get the last | Lo
relation in (101), use inequality || F,} (&, z¢) — €Il < IFL(E 20l + €] <2+ 18 analytic in y for all n € V55(©), 2 € P(X), z € Z, n = 1
J6 + 09 < 4. (05 is specified in Lemmas 6.5, 6.6).
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(ii) Let Assumptions 2.1 — 2.4 hold. Then, integral

/‘ : / 0, (F;;l(j«a Z1m), Zn+1) Sn(Zn, dzpy1) -+ Sn(Z, dzy)
(112)

is analytic in n for all n € V5(©), L e P(X), z€ Z, n> 1.

Proof. Throughout the proof, the following notations is used.
#(z) is the function defined by ¢(z) = ¢(y) for x € X,
y € Y and z = (y,x). 5 is any element of Vs(®), while A
is any element in P(X). {x,}n>0, {yn}n>0 are any sequences
in X, Y (respectively), while {z,},>0 is the sequence defined
by z, = (Yn,xn) for n > 0 (notice that {z,},>0 can be any
sequence in Z). n > 1 is any integer.
Using Lemmas 6.1, 6.6, we conclude

®, (Fp G 21, 2001 ) =@, (FU52))
:1og<R;;';+1 (Fg; (/1))>
(Rhs @)

=log
0:

(R )

where y = {y;}k>1 is any sequence in Y satisfying y; = yx
for 1 < k <n+ 1. Combining this with Lemmas 5.3, 6.3, 6.6,
we deduce that (D”(F,;’ (A Z1:0)s Znt1)s u}} (z0:) are analytic in
n for each 5 € V(). Moreover, due to Lemmas 5.3, 6.4, 6.6,
we have

(@, (FrGozia), 2 )| = v, (13)
‘MZ(ZO:n) < Kn H&(Zk) (114)
k=1

(v (2) is specified in (12)).
Owing to Assumption 2.5, we have

/ / 7 (2nse1) S Gy dznst) -+ S(z0, dz1)

://.../(1 + ¥ (1)) Q(Xnt1, dynt1)

- P(xp, dxpq1) - - - P(xo, dx1)
<K+1 < o0.
Consequently, Lemma A1.1 (see Appendix 1) and (113) imply

that integral (111) is analytic in # for each 5 € Vs(0©).
Relying on (16), it is easy to show

[+ [ @0 (Fpzinzusn) Sy dznin) -5, Go g2

=/"'/(Dn (F,;Z(/I,Zhn),znﬂ)MZH(Zo:nH)

(v x @) dzpg1) - (v x p)(dzr).
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Moreover, due to Assumptions 2.2, 2.4, we have

n+1

/ / J/(zm)(l'[é(zw)
k=1

(v x w)(dzpg1) -+ (v x w)(dzr)

=[u|™! (/(1 + t//(yn+1))¢(yn+1)v(dyn+1))

: ¢ (ye)v(dy ))
(g [ stoman

< Q.

Consequently, Lemma Al.1 (see Appendix 1) and (113), (114)
imply that integral (112) is analytic in n for 7 € Vg(@). O

Proof of Theorem 2.1. Let 7,(z,dz’) be the kernel defined
by T,(z,B) = S(z,B) for n € C¥, z € Z, B € B(2)
(8(z,dz’) is specified in (14)). Moreover, let T,;Z(z,dz/),
(I)Z(/l, z) have the same meaning as in (94). Then, owing to
Lemma 7.2, @} (4, z) is analytic in 5 for each n € V;(0),
A€ PX), z € Z, n > 1. Moreover, due to Lemma 5.1,
kernel T;(z, dz") (defined here) satisfies Assumptions 7.1, 7.2.
Combining this with Lemma 7.1, we deduce that there exist
a function ¢, mapping n € C¢ to C and real numbers
d9 € (0,05], y4 € (0,1), C7 € [1,00) such that (98) holds
for 5 € V5, (®), 1 € P(X), z € Z, n > 1. Since the limit
of uniformly convergent analytic functions is also analytic
(see e.g., [28, Theorem 2.4.1]), ¢, is analytic in 7 for each
1 € Vs (O).

In what follows in the proof, 8, 1, z are any elements of ®,
P(X), Z (respectively), while n > 1 is any integer. It is
straightforward to verify

Oy(2,2) = E (Po (Fj (A, Z1n), Zns1)| Zo =2),
where Z, = (Y,, X,,). Therefore, (95) yields

n—1

E (log g} (Y110) = > E (¥} (4 20))

k=0
Then, Lemma 7.1 implies

’E (% logqa(lenli)) — o

1nfl
<= E‘CD" 1. Zo) — ‘
< 2 [0 20 —an

n—1
<ﬁ yi{ < C7

R e (e 20

Consequently, there exists a function / : ® — R with the
properties specified in the statement of the theorem. m|

Proof of Theorem 2.2. Let T),(z,dz’) be the kernel defined
by Ty(z, B) = Sy(z,B) for n € C¢, z € 2, B € B(2)
(Sy(z,dz’) is specified in (15)). Moreover, let T,?(z,dz’),
@7 (4, z) have the same meaning as in (94). Then, due to
Lemma 7.2, @} (4, z) is analytic in 5 for each n € V;(0),
L e P(X), z € Z, n > 1. Moreover, Lemma 5.4 implies
that Assumptions 7.1, 7.2 hold for kernel T),(z, dz’) (defined
here). Combining this with Lemma 7.1, we conclude that there
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exist a function ¢, mapping 5 € C“ to C and real numbers
09 € (0,05], ya € (0,1), C7 € [1,00) such that (98) holds
for n € V5(0), L € P(X), z € Z, n > 1. As the limit
of uniformly convergent analytic functions is also analytic
(see e.g., [28, Theorem 2.4.1]), ¢, is analytic in » for each

n € Vs (0).

In the rest of the proof, 8, A, z are any elements of ©,
P(X), Z (respectively), while n > 1 is any integer. It is easy
to show

(.2 =B (@0 (F (1, 207, 200)) | 207 = 2),
where Z0"* = (v, X0*). Then, (95) yields

E (1ogaj (v{;12)) = Sk (o2 287)).

k=0
Therefore, Lemma 7.1 implies

1 A
‘E (;logqg(Y{’i;1 ’/1)) — ¢

1 k 0.}
§;§E‘®6(A,ZO )—¢9’

—1
C7 < Cy
Sy
k=0
Consequently, there exists a function 7 : ® — R with the

properties specified in the statement of the theorem. a

VIII. PROOF OF COROLLARIES 3.1 —4.2

Proof of Corollaries 3.1 and 3.2. Let 0] be any non-empty
bounded open set satisfying c1® C 0. As cl®, X’ are compact
sets, Assumption 3.2 and Lemma A1.2 (see Appendix 1) imply
that there exist functions {&Z(x)}lsisNx» {bﬁ(x)}lgjfl\(V with
the following properties:

() {ai () h<i<n,» (by()}<j<n, map 7 € C, x € C¥ 10
C.

(i) ah(x) = ah(x), b)(x) = bj(x) for 0 € O, x € X,
1 <i<Ny,1<j<N,. _

(iii) There exists a real number a1 € (0, 1) such that &j?(x),
lgé(x) are analytic in (,x) for 5 € Val((:)), x € Vu (X),
I <i <Ny, 1<j=<N,. _

Owing to Assumption 3.2, {a(x)}i1<i<n,. {by(X)}i<j<n,
are positive and uniformly bounded away from zero for
0 € cl®, x € X. Then, due to (iii), there exist real numbers
a € (0,a1), p € (0,1) such that

Re{aj)} = .

jay ()l < . (115)

Re{bjo} =5 1bj0ol = - (116)

B
for € Vy(©), x € Vo(X), 1 <i <Ny, 1 <j <N,.
Let p,(x'|x), g;(y|x) be the functions defined by

Ny
Py lx) = D@l (v (x),

i=1

Ny
Gr(y1x) = Db (x)w;(y)

J=1

7969

for n € C4, x,x' € X, y € Y, while

ro(y, x'|x) = qo(y1x") po(x'x),

Py (v, X'1x) = @y (y1x") py (1)
for the same 7, x,x’, y and € ©. Then, 0wir~1g to (ii), (iii),
Fy(y, x'|x) is analytic in # for each # € V,(0), x,x" € X,
y € Y. For similar reasons, 7y(y, x'|x) = ro(y, x'|x) for the
same x, x’, y and 8 € ©. Moreover, Assumption 3.3 and (115)
imply

Nx
@100 = D Re{ap) f o) = ooy (117)

i=1

Neo N
Py 10 < D lak (o)lvi (x) < = (118)

i=1 '88

for # € V, (@), x, x’ € X. Similarly, (116) yields

Ny Ny
a1 = Y Re {50} ;0 = £ w; 0, (119)
j=1

j=1
Ny 1 Ny

1G] < D 1)) w;(y) < Ezw"(” (120)
j=1 j=1

for the same 77, x and y eNy. ~
Let C; = ﬁ’ze’le, Cy = C|{Ny, y = ,[)’4.92. Moreover,
let ¢(y), w(y) be the functions defined by

N,
() =C1 > wi(,
=1

Ny
p(y)=Co| 14> logw;(y)l
j=1

for y € Y. Then, combining (117) — (120), we get

. (»)
Yo (y) < IFy(y, x|x)| < ¢T (121)
for 7 € V,(0), x,x' € X, y € V. We also get
log ¢ (y) <log(CiNy) + max logw;(y)
1<j<N,
N,
<CIN; [ 14D [logw;(I ] .
j=1
logp(y) >1log(CiNy) + min logw;(y)
1§]§Ny
N,
>—CiNe [ 14D [Togw; ()]
j=1
Therefore, we have
[Togp(M)| < (). (122)

Since [¢(y)v(dy) = C'lNy < 00, (121), (122) imply that
Assumptions 2.1 — 2.3 follow from Assumptions 4.1 — 4.3
when @ is restricted to ® (i.e., when @ is replaced with ®).
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Owing to Assumption 3.5, we have

Ny
[ v10w.an =6+ 3 logw; 010G ay)

j=1

56‘2 + KN, < oo.

Hence, Assumption 2.5 results from Assumption 3.5. More-
over, due to Assumption 3.4, we have

[ vmeenan =tié; Z [ 110z, 0l

J.k=1

+ C1C2Ny < 0.

Thus, Assumption 2.4 results from Assumption 3.4.

Using Theorems 2.1, 2.2, we conclude that there exist
functions [, 1 : ® — R such that 1(9) h(0) are real-analytic
in @ and satisfy lim,_, [,(0, 1) = l(<9), limy,— 00 h, (0, 1) =
h(®) for each 0 € ©, A € P(X) (1,(0, 1), hn(0, 1) have the
same meaning as in (1)). Consequently, Corollaries 4.1, 4.2
hold. We use here the representation ® = (J°, ©,, where
{®,},>1 is a sequence of non-empty open balls satisfying
cl(:)nc(afornzl. O

Proof of Corollaries 4.1 and 4.2. Let ® be a non-empty
bounded open set satisfying cl® C ©. As cl®, X, Y are
compact and Ap(x), Ba_l(x), Co(x), De_l(x) are continuous
in (0, x), it follows from Assumption 4.3 that there exists a
real number » € [1, 00) such that

|87t (7 = a0))| =, (123)
|70 = ot =7 (124)

for@egl(:) x,x' e X, ye).
Let £ = (x e R% x| <7}, ¥ ={y e RY : |ly| <

r}. Since cl@ X, X y are compact sets, Assumptions 4.2,
4.3 and Lemma A1.2 (see Appendix 1) imply that there exist
functions An(x), én(x), CA'n(x), f)n(x) and 0(x), w(y) with
the following properties:

(i) Ay(x), By(x), Cy(x), Dy(x) map 5 € C¢, x € C%
to C4x, Chxdx Cdv, Cdr>dy (respectively), while 0 (x), ©(y)
map x € C%, y € C% 10 C. R
(i) Ag(x) = Ap(x), Bo(x) = By(x), Cop(x) =
Dyp(x) = Dg(x) for 6 € O, x € X, and 0(x) =
D(y)=w(y) forx € X, y e ).

(iii) There exists a real number a1 € (0, 1) such that A,,(x),
én(x), én(x), f)n(x) are analytic in (,x) for 77 € Val((:)),
x € Vg, (X).

(iv) There exists a real number a; € (0, 1) such that o (x),
ﬁ)(y)~are analytic in x, y (respectively) for x € V,, (X), y e
Vo ®). )

Since |detBg(x)|, |detDg(x)| are uniformly bounded away
from zero for 0 € cl®, x € X, Assumption 4.3 and
(iii) imply that there exists a real number a3 € (0, ar)
such that detB a(x) # 0, detDn(x) # 0 for n € Vag(®)

Co(x),
ov(x),
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x € Vi (&X). Therefore,

By (v = A,),

byl (v - 6,)
are well-defined and analytic in (3, x, x’, y) for 5 € Vq, (0),
X € Vg (X), x' € Cé, y e C%. As cl®, X, Y are compact

sets, it follows from (123), (124) that there exists a real number
o4 € (0, a3) such that

Re {B '(x) (x/ - A,,(x))} <r+ %,
Im é;l(x) (x/ - An(x))} ‘ %,
50 o -] <%
{50 (- cam]] <2

for € Va4((:)), x,x" € Vg (X), y € Vg ()). Hence, we have

B (v = Ay(0) € Vo (D),
by () (y . én(x)) € Vo, (D)

for the same 7, x, x’, y. Consequently, (iv) yields that

b (é;l(x) (x/ — An(x))) ,
i (D) (v = €,0))

are analytic in (17, x,x’,y) for n € V4, (0), x,x" € Vy, (X),
y € Vu, (). Since functions (125), (126) are positive and
uniformly bounded away from zero for 7 € cl®, x,x’ € X,
y € ), Assumption 4.2 implies that there exist real numbers
o € (0,a4), p € (0, 1) such that

(125)

(126)

Refo (B,'0) (v - 4,0))} =5 21
‘13 (é,;l(x) (x’ - A,,(x)))‘ < % (128)
Refo (D' (v=Cw))}z5 29
o (D) (v = 6,))] = % (130)

fOr ’7 € Va(c:))» -xa-x/ € Va(X)» y € V(X(y)
Owing to (127), (128), we have

’/ 1()c) x —A (x)))
> [YRe {5 (B,;l(x) (x/ - A,?(x)))} dx' > fm(X) > 0,

(131)
[ (8 (3= Ay a
<[ o6

m(X)

1(x) x —A (x)))’d <= (132)
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for n € V,(®), x € V,(X), where m(X) is the Lebesgue
measure of X. Similarly, due to (129), (130), we have

‘/y i (13,7’1 (x) (y - én(X))) dy‘

> /yRe {12) (ﬁ;l(x) (y — én(x)))} dy > pm(Y) > 0,

(133)
/ !w

for the same 7, x, where m())) is the Lebesgue measure of ).
Further to this, Lemma Al.1 (see Appendix 1) and (128), (130)

imply that
/X D (é;l(x) (x’ - A,,(x))) dx’

[ (570 (v = €y00) ) av

are analytic in (5, x) for 7 € V,(0), x € V,(X).

In the rest of the proof, the following notations is used.
Py(x’|x), @, (y|x) are the functions defined by p,/(x'|x) =0,
Gy (ylx) =0 and

Dy ) (v — €, (0)) d ‘

B, (v = €,))| dy = % (134)

(135)

(136)

. ) (éjl(x) (x/ _ iin(x))) ’
) (B,7 '(x) (x” — An(x))> dx”
ol = — @_glm L=6w))
fy w (Dn 1()6) (y/ - Cn(x))) dy’

for 7 € V,(0), # € CI\ V,(O), x,x' € X, y € ), while
ro(y, x'|x), 7, (y, x"|x) are the functions defined by

ro(y, x'|x) = go(y|x") po(x'|x),
fn(y, x/|x) = 5]17()’|x/)]317(x/|x)

for the same x,x’,y and 0 € ©, 55 € Ce.

As functions (125), (126) and integrals (135), (136) are
analytic in (5, x,x’,y) for 7 € Vu(®), x,x' € V,(X),
y € Vu(Y), it follows from (131), (133) that 7,(y, x'|x)
is well-defined and analytic in 5 for the same 7, x,x’, y.
Similarly, (131) — (134) imply that there exists a real number
y € (0,1) such that y < |7, (y,x|x)| < 1/y for € V. (0),
x,x'" € X, y € ). Further to this, (ii) yields Fo(y, x'|x) =
ro(v, x'|x) for the same x,x’,y and § € ©. Consequently,
Assumptions 2.1 — 2.5 follow from Assumptions 4.1 — 4.4
when @ is restricted to @ (i.e., when O is replaced with C:)).
Then, using Theorems 2.1, 2.2, we conclude that there exist
functions [, 4 : ® — R such that [(9), h(0) are real-analytic
in @ and satisfy lim,_, [,(0, 1) = l~(<9), limy,— 00 1, (0, 1) =
h(@) for 0 € ©, 1 € P(X) (1,0, 1), h,(0, )) have the same
meaning as in (1)). Consequently, Corollaries 4.1, 4.2 hold
(we use here representation © = J;2, 0, where {0, In>1 18
a sequence of non-empty open balls satisfying c1®, C ® for
n>1). O

7971

APPENDIX 1

This section contains some auxiliary results which are
relevant for the proof of Lemmas 5.2, 5.3, 6.3, 7.2 and
Corollaries 3.1 — 4.2. Here, we rely on the following notations.
dy > 1 and d; > 1 are integers, while A is a bounded convex
set in C% . F(w, z) is a function mapping w € C%, 7 € R%
to C, while A(dz) is a measure on R%. f(w) is the function
defined by

fw) = / F(w, 2)4(dz)

for w € Cv,

Lemma Al.1. Assume the following:

(i) There exists a real number ¢ € (0, 1) such that F(w, z)
is analytic in w for each w € Vs(A), z € R%.

(ii) There exists a function ¢ : R%= — [1,00) such that
|F(w,2)| < ¢(z) for all w € Vs(A), z € R%,
Then, we have

dw¢ (@) ||w" — w”|

|F(w',2) = F(w", 2)| < 3
for all w,w” € Vs(A), z € R%  Moreover
if [¢(@)Adz) < oo, then f(w) is well-defined and

analytic for all w € V5(A).

Proof. Owing to Cauchy’s inequality (see e.g., [28, Proposi-
tion 2.1.3]) and (i), (ii), we have

[V F(w

dwd(2)
- (137)

Ol =
for w € Vs5(A), z € R%. Consequently, we get

|F(U)/, Z) -

-l

1
=< / Vi Ftw' + (1 = Hyw", )| llw' — w”|1de
0

_ dup @l — v

- 0
for w', w” € Vs(A), z € R%, as rw' + (1 — H)w” € Vs(A)
results from ¢ € [0, 1] and the convexity of Vs(A). Moreover,
if [ ¢(z)A(dz) < oo, the dominated convergence theorem and
(137) imply that f(w) is well-defined and differentiable for
w € Vs(A). Consequently, f(w) is analytic for w € Vs(A). O

F(w",z2)|

WwF(w + (1 —nHw”, z))T (w' —w")dt

In the rest of this appendix, we use the following notations.
B is a compact set in R% , while g(w) is a function mapping
w € R% to R (d, is specified at the beginning in the
appendix).

Lemma A1.2. Assume that there exists an open set C in R%
such that B C C and g(w) is real-analytic on C. Then, there
exists a function g(w) with the following properties:

(i) §(w) maps w € C4 to C.

(ii) g(w) = g(w) for all w € B.

(iii) There exists a real number ¢ € (0, 1) such that g(w)
is analytic on Vs(B).
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Proof. First, we assume that B is connected (latter, this
assumption is dropped). As g(w) is real-analytic on C, g(w)
has an analytic continuation in an open vicinity of any point
in C. Hence, there exist functions g(w,v), d(v) with the
following properties:

(iv) g(w,v), () map w € C¥, v € C to C, (0,1)
(respectively).

V) g(w,v) = g(w) for w € Vi) (v) NR%, v eC.

(vi) g(w, v) is analytic in w for w € Vs, (v), v € C.
Since B is compact, there exist an integer M > 1 and
points {v;}1<i<m such that v; € B for 1 < i < M and
B C UL, Viswn @i). Let &i(w) = 8(w,v;), Vi = Vi (©:)
for w € Cd, 1 < i < M. As B is connected, for each
1 <i < M, there exists 1 < j < M, j # i such that
Vi N V; NR9%w = @. Moreover, if V; N V; NR9% = @, then
Vinv; N R4 is a non-empty open set and g;(w) = gj(w) =
g(w) for w € V;NV; N R% . Then, by the uniqueness of
analytic continuation (see e.g., [15, Corollary 1.2.6]), for each
1 <i <M, thereexist ] < j <M, j # i and a function
2ij(w) with the following properties:

(vii) g;j(w) maps w € C4 to C.

(viii) &;;(w) is analytic on V; UV;.

(ix) gij(w) = gi(w) for w € V; and g;;(w) = g;(w) for
w e V;.

Following these arguments, we conclude that there exists a
function g(w) with the following properties:

(x) g(w) maps w € C% to C.

(xi) g(w) is analytic on U,Ai1 V.

(xil) g¢(w) = gi(w) forw e V;, 1 <i < M.

Now, we drop the assumption that B is connected (i.e., B is
any compact set in R%). Since B is compact, there exist an
integer N > 1 and open sets {W;}i<i<y In R4 guch that
Wi €C, BNW #0, WwNnW; =@ forl <i,j<N,
i#jand BC Y, W, Let B, =BNW, for 1 <i <N.
Hence, {B;}1<i<n are connected components of B, and thus,
{Bi}1<i<n are compact and disjoint. Then, according to what
has already been shown, there exist open sets {U;}i<j<ny in
C4 and functions {g; (w)}1<i<n with the following properties:

(xiii) B; CU;, UyNUj =W for 1 <i,j<N,i#j.

(xiv) gi(w) maps w € C% to C for 1 <i < N.

(xv) gi(w) = g(w) forw e B;, 1 <i < N.

(xvi) &;(w) is analytic on U; for 1 <i < N.

Let g(w) be the function defined by g(w) = g;(w) for
w e U, 1 <i < N and g(w) = 0 for w ¢Uf-V:1U,-.
Due to (xiii), g(w) is well-defined. As B is compact and
B C vazl U; (owing to (xiii)), there exists a real number
0 € (0,1) such that B C Vs(B) ¢ UL, Ui. Then, (xv),
(xvi) imply that g(w) is analytic on Vs(B) and satisfies
g(w) = g(w) for w € B. O

APPENDIX 2

In this section, we show how Theorem 2.2 can be applied
to finite-state hidden Markov models. We also provide a link
between Theorem 2.2 and the results of [12]. Here, we assume
that X has a finite number of elements. We also assume
X ={l,...,N} and u(x) = 1 for each x € X (in this
case, po(x’'|x) is the conditional probability of Xzfl = x
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given Xﬁ’i = x). Further to this, we introduce the following
assumptions.

Assumption A2.1. py(x'|x) and q9(y|x) are real-analytic in
0 for each 0 € O, x,x' € X, y € ). Moreover, pg(x’'|x)
and qo(y|x) have complex-valued continuations p,(x'|x) and
Gy (y|x) with the following properties:

(i) py(x'|x) and G,(y|x) map n € C¢, x,x' € X, y € Y
to C.

(ii) po(x'lx) = po(x'lx) and Go(ylx) = qo(y|x) for all
e, x,x'cX, yec.

(iii) There exists a real number ¢ € (0, 1) such that p,(x’|x)
and gy (y|x) are analytic in n for each n € V5(0), x,x" € X,
y e

(iv) There exists a real number ¢ € (0, 1) such that ¢ <
|py(xX'|x)| < 1/e for all n € Vs(©), x,x" € X, y € ).

Assumption A2.2. There exists a real number o € (0, 1) and
a vector 6 € ® with the following properties:

(i) qp(vlx)  # 0, qoOIx)/q3(ylx) > o and
gy (V1x)/qa(Ix)| < 1/ for all 6 € ©, n € Vs(0),
xe X, ye).

(ii) [ 1logqy(y1x")|gy(y|x)v(dy) < oo for all x,x" € X.

Assumption A2.3. There exists a real number p € (0, 1),
a vector x € X and functions g%, (;/ : Y — (0, 00) with the
following properties:

(i) gy(¥1%) # 0, 1gy(y|x)/Gn(y1¥)| < 1/B for all n €
Vs(@), x € X, y € ). ~

(ii) 1gy(y19)| = ¢(y) and |log|g,(yID)I| = y(y) for all
neVs(®), yel o

(iii) [ ¢(y)v(dy) < 00 and [y (y)p(y)v(dy) < 0.

Assumptions A2.1 — A2.3 are a particular case of Assump-
tions 2.1 — 2.4 (see Corollary A2.1 and its proof). At the same
time, Assumptions A2.1 — A2.3 include, as a special case, all
conditions which the results of [12] are based on.> Further
to this, Assumptions A2.1 — A2.3 considerably simplify the
conditions adopted in [12].

Corollary A2.1. Let Assumption A2.1 and one of Assumptions
A2.2, A2.3 hold. Then, all conclusions of Theorem 2.2 are true.

Proof. 1t is sufficient to show that Assumptions 2.1 — 2.4
follow from Assumption A2.1 and one of Assumptions
A2.2, A2.3.

(i) In this part of the proof, we demonstrate that Assump-
tion 2.1 holds under Assumption A2.1. Let 1y(dx|y) be the
measure on X defined by

Jo(Bly) = D" qo(y1x)Ip(x)p(x)

xeX
for € ®, y € Y, B C &X. Then, Assumption A2.1 implies

D X I () =& D qo(vIx) Ip () u(x)

x'eB x'eB

=lg9(Bly),

5Assumptions A2.1 and A2.2 follow (respectively) from [12, Conditions
(a), (c.i)] and [12, Conditions (b), (c.iii), Equation (11)], while Assump-
tion A2.3 results from one of [12, Conditions (c.iii), (d.i), Equation (7)] and
[12, Conditions (c.ii), (c.iii), (d.i), Equation (8)].
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1
PRV IC VIO RS IR CESIICOTICY
x'€B x'€B
_ 49(Bly)
a &

for the same 6, y, B and x € X'. Hence, Assumption 2.1 holds.

(i1) In the next part of the proof, we show that Assumptions
2.2 — 2.4 follow from Assumptions A2.1, A2.2. Let C~’1 =
a” ey = aZe?, while Fy(y,x'|x) and ¢,(y) are the

functions defined by

fn(y, x/|x) = 5]17()’|x/)]317(x/|x),
0n() =C1 D q5(vIx)

xeX

for n € C¢, x,x" € X, y € Y. Since ¢,(y) is constant in 7, it
follows from Assumption A2.1 that 7,(y, x’|x) and ¢,(y) are
analytic in 5 for each 7 € V5(@), x, x’ € X, y € Y. Moreover,
Assumptions A2.1, A2.2 yield ¢,(y) # 0 and

~ ’ N x/
|6]:7(ylx ) < Q,g(yl ) (138)
& agc

7y (y, xx)| < = lp, ()]

for the same 7, x, x’, y. Assumptions A2.1, A2.2 also imply
D (X uE) = e D qo(vlx) zae D gy(ylx))
x'eX x'eX x'eX
=ylpe(y)  (139)

for 6 e~®, X E~X, ye.
Let C, = C|N, while ¢(y) and w(y) are the functions
defined by

() =C1 D qy(yln),

xeX

p(y) = 62(1 +>° IIqug(yIX)I)

xeX

for y € Y. Then, due to Part (ii) of Assumption A2.2, we have
J¢()v(dy) =CiN < oo and

[roeeman=cé 3 [ ioea;01igs oo @)

x,x'eX
+ CiCaN < oo. (140)
We also have
log 9, (¥)| <log(CiN) + max log g (y|x)
sélN(l +>° Ilogqg(yIX)I),
xeX
log g, (y)| =log(CN) + )rcléi)g log q;(y1x)
>— ClN(l +>] Ilogqg(yIX)l)
xeX
for n € Vs(0®), y € Y. Consequently, we get
oy < @), [Tog lpyWI < w(y) (141)

for the same #, y. Then, using (138) — (141), we conclude
that Assumptions 2.2 — 2.4 hold.
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(iii) In this part of the proof, we show that Assumptions

2.2 — 2.4 follow from Assumptions A2.1, A2.3. Let C =
p e,y = pe?, while Fy(y,x’|x) and ¢,(y) are the
functions defined by

fn()’a x/|x) = 5117()’|x/)ﬁ17(x/|x)a

op(y) = Cqy(yI%)
fory € C4, x,x’ € X, y € Y. Then, due to Assumption A2.1,
Fy(y,x'|x) and ¢,(y) are analytic in # for each 5 € Vs5(0),

x,x' € X, y € Y. Moreover, Assumptions A2.1, A2.3 yield
@y(y) # 0 and

gy (y12)]
pe
for 7, x,x’, y. Assumptions A2.1, A2.3 also imply

(142)

= lp;()I

~ l
. ) < L
&

> ro(, X0 u ') = go(y12) po(R1x) Zeq0(yI%)
x'eX
=y lpo(y)l (143)

for0 e @, xe X, ye).
Let ¢(y) and w(y) be the functions defined by

p()=Ch(y), w()=C(l+y(»)
for y € Y. Then, Assumption A2.3 yields
lpy (M = Clagy(r19)] < CH(y) = $(»)
for n € V5(®), y € Y. Assumption A2.3 also implies

Ilog |y ()| < log € + [log|g,(y1%)I| <C(1 + w(y))
=y (y) (145)

(144)

for the same 7, y. Then, using Part (iii) of Assumption A2.3,
and (142) — (145), we conclude that Assumptions 2.2 — 2.4
hold. m|

In rest of the section, we explain how Theorem 2.2 can
further be extended in the context of finite-state hidden Markov
models. Here, we rely on the following notations. PV is
the set of N-dimensional probability vectors, while e is the
N-dimensional vector whose all elements are one. For 8 € ©,
y € ), Ro(y) is the N x N matrix whose (x’, x)-entry is
ro(y, x’|x), where ryg(y, x'|x) has the same meaning as in
Section II. Gy(4, y) and hy(4, y) are the functions defined by

Ry (y)A

Go(d,y) = T Ry(Y) i’

ho(h, ) = log (¢” Ro(¥)2)
for € ®, 1 € PN, y € ). Regarding functions rg(y, x|x),
Go(4,y) and hg(4,y), we assume the following.

Assumption A2.4. There exist a real number ¢ € (0, 1) and
a function sg(y, x) mapping 0 € ®, x € X, y € Y to [0, o0)
such that

/
esp(y, x') < ro(y,x'|x) < 0. x)
€

forall® € ©, x,x' € X, y € ).

Assumption A2.5. Gg(1,y) and hg(Z,y) are real-analytic
in (0,2) forall @ € ©, A € PN, y € Y. Moreover, Gg(, y)
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and hg (4, y) have complex-valued continuations é”(f, y) and
ﬁn(f, X) with the folAlowing properties:

(i) Gy(&,y) and hy(&,y) map n € C!, & € CN, y e YV 10
cN and C (respectively). .

(ii) Go(4,y) = Go(4,y) and ho(4,y) = ho(Z,y) for all
0e® LePN ye).

(iii) There exists a real number é € (0, 1) such that Gn(f, y)
and ft,,(f, y) are analytic in (n,&) for each n € Vs(0®), & €
Vs(PN), y e V.

(iv) There exist a real number K € [1,00) and a function
w Y — [1,00) such that Jexp (y)(y))l/;(y)v(dy) < 00 and
1G,E NI =K, [hy(E 0] = w(y)

for all n € Vs(®), & € Vs(PN), y e ).

Assumption A2.4 corresponds to the stability of the hidden
Markov model {(Xg’ﬂ, Vo4 ")},= and its optimal filter, while
Assumption A2.5 is related to the parameterization of the
model {(X,'gl’ﬂ, Y,f’i)}’po. Assumptions A2.4 and A2.5 are
the same as the (corresponding) assumptions adopted in [23].
Further to this, Assumptions A2.4 and A2.5 include, as a

particular case, all conditions which the results of [12] are
based on.

Theorem A2.1. Let Assumptions A2.4 and A2.5 hold. Then,
all conclusions of Theorem 2.2 are true.

Proof. Let e; be the i-th standard unit vector in RN where 1 <
i < N. Moreover, let 7,(y, x’|x) be the function defined by

Fp(y, x'|x) = el G (ex. y) exp (hy (v, y))
for 5 € C4, x,x' e X, y € Y, while ¢,(y), ¢(y) and w(y)

are the functions defined by

0, () =90 =Kexp(y(y), w() =2Ky(®)

for the same #, y. Then, it is straightforward to demonstrate
that Assumptions 2.1, 2.2 and 2.4 hold.
Let §,(x) be the function defined by

0= X [ Aaova)

x'eX

for n € C¢, x € X, while 7y (y,x'|x) is the function be
defined by

Fy(y, x'1x) /8y (x), if $,(x) # 0

;17 (y» -x/lx) = .
0, otherwise

for the same 7, x and x’ € X, y € ). Moreover, let T,(z, B)
be the kernel defined by

TG B = X [ 100/ 0 vy
x'eX
forne(Cd,xeX,yey,aBorel—sethyxXandzz
(y, x). Since Assumptions 2.1, 2.2 and 2.4 hold, Lemma 5.4

implies that Assumptions 7.1, 7.2 hold, too.
Let (¢, z) be the function defined by

D, (&, 2) = hy(€,y)
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forn e C, ¢ e CV,x € X,y € Yand z = (y,x),

while {F}")' (5)}”2mZO are the functions recursively defined

by Fy(&) =¢ and

Fyy @) = Gy (F;;',l:y"(f)» yn+1)

for the same #,¢ and a sequence y = {yu},>1 in ).
Then, owing to Lemma Al.1, the conclusions of Lemma 6.4
hold. Moreover, due to [23, Lemma 3], the conclusions of
Lemma 6.6 also hold provided that elements of CV are
interpreted as complex measures on X. Combining Assump-
tions 7.1, 7.2 and the conclusions of Lemmas 6.4, 6.6, we get
the conclusions of Lemmas 7.1, 7.2. Then, as a direct con-
sequence of the conclusions of Lemmas 7.1, 7.2, we get the
conclusions of Theorem 2.2. O
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