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Summary. The pseudomarginal algorithm is a Metropolis—Hastings-type scheme which sam-
ples asymptotically from a target probability density when we can only estimate unbiasedly an
unnormalized version of it. In a Bayesian context, it is a state of the art posterior simulation
technique when the likelihood function is intractable but can be estimated unbiasedly by using
Monte Carlo samples. However, for the performance of this scheme not to degrade as the num-
ber T of data points increases, it is typically necessary for the number N of Monte Carlo samples
to be proportional to T to control the relative variance of the likelihood ratio estimator appear-
ing in the acceptance probability of this algorithm. The correlated pseudomarginal method is
a modification of the pseudomarginal method using a likelihood ratio estimator computed by
using two correlated likelihood estimators. For random-effects models, we show under regularity
conditions that the parameters of this scheme can be selected such that the relative variance of
this likelihood ratio estimator is controlled when N increases sublinearly with 7 and we provide
guidelines on how to optimize the algorithm on the basis of a non-standard weak convergence
analysis. The efficiency of computations for Bayesian inference relative to the pseudomarginal
method empirically increases with 7 and exceeds two orders of magnitude in some examples.

Keywords: Asymptotic posterior normality; Correlated random numbers; Intractable likelihood;
Metropolis—Hastings algorithm; Particle filter; Random-effects model; Weak convergence

1. Introduction

Consider a Bayesian model where the likelihood of the observations y is denoted by p(y|#) and
the prior for the parameter 6 € © C R? admits a density p(6) with respect to Lebesgue measure
df. Then the posterior density of interest is 7(0) « p(y|0) p(0). We slightly abuse the notation
by using the same symbols for distributions and densities.

A standard approach to compute expectations with respect to 7w (6) is to use the Metropolis—
Hastings (MH) algorithm to generate an ergodic Markov chain of invariant density 7 (6). Given
the current state 6 of the Markov chain, one samples a candidate 6’ which is accepted with
a probability which depends in part on the likelihood ratio p(y|6")/p(y|6). For many latent
variable models, the likelihood is intractable and it is thus impossible to implement the MH
algorithm. In this context, Markov chain Monte Carlo schemes targeting the joint posterior
distribution of the parameter and latent variables are often inefficient as the parameter and
latent variables can be strongly correlated under the posterior, or cannot even be used if only
forward simulation of the latent variables is feasible; see, for example, lonides et al (2006),
Johndrow et al. (2016) and Andrieu et al. (2010), section 2.3, for a detailed discussion.
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Contrary to these approaches, the pseudomarginal algorithm directly mimics the MH scheme
targeting the marginal 7 (#) by substituting an estimator of the likelihood ratio p(y|6")/p(y|0)
for the true likelihood ratio in the MH acceptance probability (Lin ez al., 2000; Beaumont,
2003; Andrieu and Roberts, 2009). This estimator is obtained by computing a non-negative
unbiased estimator of p(y|6’) and dividing it by the estimator of p(y|6) computed when 6 was
accepted. This simple yet powerful idea has become popular as it is often possible to obtain
a non-negative unbiased estimator of intractable likelihoods and it provides state of the art
performance in many scenarios; see, for example, Andrieu ez al. (2010) and Flury and Shephard
(2011). Qualitative convergence results for this procedure have been obtained by Andrieu and
Roberts (2009) and Andrieu and Vihola (2015).

Assuming that the likelihood estimator is evaluated by using importance sampling or particle
filters for state space models with N particles, it has also been shown under various assumptions
by Pitt et al. (2012), Doucet et al. (2015) and Sherlock et al. (2015) that N should be selected such
that the variance of the log-likelihood ratio estimator should take a value between 1.0 and 3.0
in regions of high probability mass to minimize the computational resources that are necessary
to achieve a prespecified asymptotic variance for a particular pseudomarginal average. As the
number T of data y=(y1,..., yr) increases, this implies that N should increase linearly with T
(Bérard et al. (2014), theorem 1) and the computational cost of the pseudomarginal algorithm
is thus of order 72 at each iteration. This can be prohibitive for large data sets.

The reason for this is that the pseudomarginal algorithm is based on an estimator of p(y|
6")/ p(y|0) that is obtained by dividing estimators of p(y|#) and p(y|€’) which are independent
given 6 and 6. However, when one is interested in estimating a ratio, using positively correlated
estimators of the numerator and denominator typically provides a lower variance ratio estimator
than if these estimators were independent; see, for example, Koop (1972). This is exploited by the
proposed correlated pseudomarginal method which correlates these estimators by correlating
the auxiliary random variates that are used to obtain them. Two implementations of this generic
idea are detailed. We show how to correlate importance sampling estimators for random-effects
models and particle filter estimators for state space models by using the Hilbert sort procedure
that was proposed by Gerber and Chopin (2015).

We study in detail the large sample properties of the correlated pseudomarginal scheme for
random-effects models. In this scenario, the log-likelihood ratio estimator based on our cor-
relation scheme satisfies a conditional central limit theorem (CLT) whenever N grows to oo
sublinearly with T and the Euclidean distance between 6 and ¢’ is of order 1/,/T. When the
posterior concentrates towards a Gaussian density of standard deviation 1/,/T, this CLT can
be used to show that a space-rescaled version of the correlated pseudomarginal chain converges
weakly to a discrete time Markov chain on the parameter space. The integrated auto-correlation
time of the weak limit is not impacted by how fast N goes to oo with T. However, the lower this
growth rate is, the more correlated the auxiliary variables need to be to control the variance of
this estimator. We provide results suggesting that N needs to grow at least at rate /T for the inte-
grated auto-correlation time of the original correlated pseudomarginal chain to remain finite as
T — oo. We use these results to provide practical guidelines on how to optimize the performance
of the algorithm for large data sets which are validated experimentally. In our numerical exam-
ples on random-effects models and state space models, the correlated pseudomarginal method
always outperforms the pseudomarginal method and the improvement increases with 7' from
20 to 50 times when T is a few hundred to more than 100 times when 7 is a few thousand.

The rest of the paper is organized as follows. In Section 2, we introduce the correlated pseu-
domarginal algorithm and detail its implementation for random-effects and state space models.
In Section 3, we present various CLTs for the log-likelihood estimator and log-likelihood ratio
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estimators that are used by the pseudomarginal and correlated pseudomarginal methods. In
Section 4, we exploit these results to analyse and optimize the correlated pseudomarginal kernel
in the large sample regime. We demonstrate experimentally the efficiency of this methodology
in Section 5 and discuss various potential extensions in Section 6. All the proofs are given in
the on-line supplementary material. The numerical results have been generated by using Ox
version 4.0 (Doornik, 2007). The computer code to replicate the experiments is available on line
from https://github.com/mikepitt1969/correlated.

2. Metropolis—Hastings and correlated pseudomarginal schemes

2.1. Metropolis—Hastings algorithm
The transition kernel Qpp of the MH algorithm targeting 7w (#) by using a proposal distribution
q(0,d0")y=q(0,0")dd’ is given by

Omu(0,d0") =q(0,d0" )Y amu (8, 0') + {1 — omu (0) }6p(db"), )
where
. m(@)q@,0)  p(y|0) p@Hq©',0)
0,0") = = , 2
MO 0= 6q@.0) = p(10) p(6)a(0.0) @
and

amu(0,6) =min{1, rmMu(6,6")},

/ / 3
omu(0)= [ q(0,d0")amu(8,6').
Implementing this MH scheme requires being able to evaluate the likelihood ratio p(y|60")/p(y |
) appearing in the expression of ryy (0, €'). When it is not possible to evaluate this ratio exactly,
this MH algorithm cannot be implemented.

2.2. The correlated pseudomarginal algorithm

Assume that p(y| 6, U) is a non-negative unbiased estimator of the intractable likelihood p(y | 6)
when U ~m. Here U corresponds to the /-valued auxiliary random variables that are used to
obtain the estimator. We assume that m(du) =m(u)du and introduce the joint density 7 (6, u)
on © x U, where

7(0,u) =7 (O)m(u) p(y|0,u)/p(y10). “4)

As p(y|6,U) is unbiased, 7(6, u) admits 7(f) as the marginal density. The correlated pseudo-
marginal algorithm is an MH scheme targeting (4) with proposal density g(#,dé")K(u,du’)
where K admits an m-reversible Markov transition density, i.e.

m)K@,u)=mu KW', u). 5)

This yields the acceptance probability

. pOy10,u")/p(y]0)
ag{@,u), (@, u) me{l,rMH(@,e/) - . (6)
ol ) p(y10,1)/p(y16)
The correlated pseudomarginal algorithm admits 7 (6, «) as an invariant density by construction

and its transition kernel Q is given by

0{(0,u), (d0',du")} =q(0,d0") K (u,du" Yoo {(0,u), (0, u") }+{1— 00O, u) }60,u)(dO’,du’), (7)
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Table 1. Algorithm 1: correlated pseudomarginal algorithm

1, sample &' ~g(6, -)

2, sample e~ N (0p7, Iy7) and set U’ = pU + /(1 — p*)e
3, compute the estimator p(y|6’,U’) of p(y|0')

4, with probability

ap{(6.U), (@, U/)}:min{l P10, U") p(8") q(0 ,9)}

T p(y16,U) pd) q,0)
output (¢, U’); otherwise, output (6, U)

where 1 — 9o (6, u) is the corresponding rejection probability. For K (u, u") =m(u’), we recover the
pseudomarginal scheme. Data-informed proposals such as the preconditioned Crank-Nicolson
Langevin proposal of Cotter et al. (2013) and its extensions proposed by Titsias and
Papaspiliopoulos (2018) could also be used to update the auxiliary random variates at the
cost of more complex acceptance probabilities.

Let (z; i1, 2) be the multivariate normal density of argument z, mean p and covariance matrix
¥ and let X ~ N (u, ) denote a sample from this distribution. Henceforth, we focus on the case
where the likelihood estimator is computed by using M > 1 standard normal random variables
and the corresponding Crank-Nicolson proposal (Cotter ez al., 2013) is used. Hence we have

m(u) =u;0p, Inr),
Kp(u,u'y=p{u'; pu, (1 — p*) Iy},

where pe (—1,1), 0,7 is the M x 1 vector with O-entries and s the M x M identity matrix. It is
straightforward to check that K, is m reversible. There is no loss of generality to select m as a
normal density since inversion techniques can be used to form any random variable of interest.
(For example, in Section 2.3.2, it is necessary to generate uniform random variates and these
may be constructed as ®(u;) where u; is a scalar element of u and ® the cumulative distribution
function of the standard normal distribution.)

The selection of m as a normal distribution and K, as a proposal is advantageous because
K, can be interpreted as a discretized Ornstein—Uhlenbeck process. This is key in establishing
the main theoretical result of Section 3 whose proof is simplified by the use of It6’s lemma and
Stein’s lemma. This allows us to provide useful guidelines on how to optimize the parameters
of the correlated pseudomarginal. Moreover, K, is cheap to simulate from and admits a single
interpretable parameter.

Algorithm 1 in Table 1 summarizes how to simulate from Q{(6, U), -}. Contrary to the pseu-
domarginal method corresponding to p =0, we need to store the vector u instead of p(y |6, u)
to implement the algorithm when p## 0. In the applications that are considered, this overhead
is mild.

The rationale behind the correlated pseudomarginal scheme is that if (6,u) — p(y|6,u) is
a sufficiently regular function and (0, U) and (¢, U’) are sufficiently ‘close’ then we expect the
ratio estimator p(y |6, U")/p(y |6, U) to have small relative variance and therefore to mimic the
‘exact’” MH scheme Qwmpy better. In many situations, the posterior m(6) will be approximately
normal for large data sets with covariance scaling like 1/,/T, so an appropriately scaled MH
random walk or auto-regressive proposal g(6, d6’) will ensure that 6 and 6’ are close. We explain
in Section 3 how p can be selected as a function of T to ensure that U and U’ are sufficiently
close that the log-likelihood ratio estimator log{p(y|¢’,U")/p(y |0, U)} satisfies a conditional

®)
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CLT at stationarity. As explained in Section 1, properties of this estimator and in particular its
asymptotic distribution and variance at stationarity are critical to our analysis of the correlated
pseudomarginal scheme in the large sample regime that is detailed in Section 4.

2.3. Application to latent variable models
2.3.1. Random-effects models
Consider the model

X2 £, Yil X~ go(-1X0), ©)

where {X,;¢ > 1} are R¥-valued latent variables, {Y¥;;t > 1} are Y-valued observations, Y being
a topological space, and fy(-) and gg(-|x) are densities with respect to reference Borel measures.
Foranyi<j,leti:j={i,i+1,...,j}. For arealization Y|.r = y;.7, the likelihood satisfies

T
pOLTIO) =11 P(3110), (10

t=1

with
PMW=/MMM%WNM (1

If the T integrals appearing in expression (10) are intractable, we can estimate them by using
importance sampling to obtain the following unbiased likelihood estimator

T (1 N
ﬁ(y1T|05U)=H{N ZW(}’taXt,ue)}a (12)
=1 i=1

where the importance weight w(y, U, ;; 0) is given by
9o e | X1, 1) fo(Xr,4)
q0(X1,i | yi)

assuming that there is a deterministic map =, : R” x © — R¥ such that X:,i=Z1(U,i50)~qa(-1yr)
for Ui ~N(0,,1,). Let U be the column vector consisting of all the components of U; ; for
tel:Tandiel:N.Itisclear that U ~N(0y, Ips) where M =TNp.

W(yt, Ut,i;9)= s (13)

2.3.2. State space models

Consider a generalization of model (9)-(10) where the latent variables {X;;7 > 1} now arise
from a homogeneous R¥-valued Markov process of initial density vy and Markov transition
density fp with respect to Lebesgue measure, i.e., fort > 1,

Xy~ vy, Xew11Xe~ fo (-1 X0), Y| Xt~ go (-1 Xs). (14)
For a realization Y;.7 = y;.7, the likelihood satisfies the predictive decomposition
T
pOLr 1O =pO110) [T pOr | y1:0-1,0), (15)
=2
with
Pt y1a-1,0) Z/QG()’t [x0) po(xe | yr1:e—1) dx, (16)

where pg(x1 | y1.0) =vp(x1) and py(x; | y1.,—1) denotes the posterior density of X, given Y, | =
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v14—1 fort > 2. Importance sampling estimators of the likelihood have relative variance typically
increasing exponentially with 7 so the likelihood is usually estimated by using particle filters
instead.

Particle filters propagate N random samples, termed particles, over time by using a sequence
of resampling steps and importance sampling steps using the importance densities gg(x; | y1) at
time 1 and gg(x; | v, x,—1) attimess > 2. Let = : R” x © - Rfand 5, : R¥ x R? x © — R forr > 2
be deterministic maps such that X1 ==1(V;0) ~qp(- | y1) and X; =Z;(x;—1, V;0) ~qo (- | ys, X1—1)
fort>2if V~N(0,,I,). We also propose to use normal random variables to obtain the uniform
random variables that are necessary to sample the categorical distributions appearing in the re-
sampling steps. By using these representations, we obtain an unbiased estimator p(y, |6, U) of
p(y; | 0) where U follows a multivariate normal distribution (Del Moral, 2004). When this esti-
mator is used within a pseudomarginal scheme, the resulting algorithm is known as the particle
marginal MH algorithm (Andrieu et al., 2010). However, if this likelihood estimator is used in
the correlated pseudomarginal context, the likelihood ratio estimator p(yy.7 |6, u’)/ p(y1.710, u)
can significantly deviate from 1 even when (6, u) is close to (6, u’) and the true likelihood is con-
tinuous at 6. This is because the resampling steps introduce discontinuities in the particles that
are selected when 6 and u are modified, even slightly (Malik and Pitt, 2011).

To reduce the variability of this likelihood ratio estimator, we use a resampling scheme based
on the Hilbert sort procedure that was introduced by Gerber and Chopin (2015). This procedure
is based on the Hilbert space filling curve which is a continuous fractal map H :[0, 1]— [0, 1]
whose image is [0, 1]%. It admits a pseudoinverse 4 :[0, 11¥ — [0, 1], i.e. Hoh(x) =x for all x e
[0, 1]¥. For most points x and x that are close in [0, 1]¥, their images 4(x) and A (x’) tend to be
close. This property can be used to build a ‘sorted’ resampling procedure which will ensure that
when the parameter or auxiliary variables change only slightly the particles that are selected
remain close. Practically, this resampling procedure proceeds as follows:

(a) the R¥-valued particles are projected in the hypercube [0, 1]* by using a bijection x: RF —
[0, 11%;

(b) the resulting [0, 1]*-valued particles are projected on [0, 1] by using the pseudoinverse /;

(c) these projected [0, 1]-valued particles are sorted;

(d) the systematic resampling scheme proposed by Carpenter et al. (1999) is used on the
sorted points.

Introduce the importance weights wi(x1;0) =vg(x1) go(y1 1 x1)/qe(x1 | y1) and w;(x;_1, x;;6)
= fo(xs | x—1) 9o | x) /qo (x¢ | yr, x:—1) for ¢t = 2. The only difference between the resulting par-
ticle filter summarized by algorithm 2 in Table 2 and the algorithm of Gerber and Chopin
(2015) is that we use normal random variates instead of randomized quasi-Monte-Carlo points
in [0, 1]7. For the mapping x», we adopt the logistic transform that was used in Gerber and
Chopin (2015).

If we denote by U the column vector composed of the components of (Uj_1,...,Ur, N, UIR, .
U}e_l), then U ~N'(0y, Iy) where M =TNp+ T — 1. The corresponding unbiased likelihood
estimator is given by

A | N T (1 N
P17 10,0)= {N Zwl(Xl,i;G)} I1 {N > wt(Xt—l,o,l(A,L,-),Xt,i;e)}- (17)
i=1

=2 i=1
We can now use this estimator within the correlated pseudomarginal scheme. Many valid alter-
natives and generalizations of this scheme are possible as discussed in Section 6. For example,
we found that introducing an additional Hilbert sort step (Table 2) after resampling can slightly
improve performance without affecting the scaling properties.
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Table 2. Algorithm 2: particle filter using Hilbert sort

1, sample Uy ; ~N(0p, I ) and set X1 ; =2 (U ;;0) foriel: N
2, fort=1,...,T—1:

(a) find the permutation o; such that hox (X, 5,(1)) <... < hox (X; 5, n)) ifk > 2,
or Xt,at(l) <... < Xfﬂ't(N) ifk=1,

(b) sample UR~N(0, 1), set Uy =(i—1)/N+DUR)/N forie1:N;

(c) sample A;; ~ F; " (U;;) foriel:N where F,; " is the generalized inverse distribution
function of the categorical distribution with weights {w| (X 5, );0);ie 1: N} if
t=1and {Wt(erl.cf,,l(A,,Lg,(,-))’Xt,ot(i);g);iE 1:N}fort > 2

(d) sample Uy y1,; ~N(0p,Ip) and set X, ; =E11 X041 ) Uip1,:0) foriel:N

2.4. Discussion
Ideas related to the correlated pseudomarginal scheme have previously been proposed: Lee and
Holmes (2010) suggested combining pseudomarginal steps with updates where only 6 is updated
while U is held fixed, but this scheme scales poorly with T as it still uses pseudomarginal steps.
Andrieu et al. (2012) proposed combining pscudomarginal steps with steps where @ is held fixed
and correlation between p(y|6,U) and p(y|6,U’) is introduced by sampling U’ by using an
m-reversible Markov kernel K. However, the crucial selection of K was not discussed. It was
independently proposed by Dahlin ez al. (2015) to use the correlation scheme (8) but the guide-
lines for the correlation parameter p therein do not ensure that the variance of the log-likelihood
ratio estimator is controlled as 7 increases. This work also relies on a standard particle filter.
As the density m of U is independent of €, it might be argued that a Gibbs algorithm sampling
alternately from the full conditional densities 7w (0|u) and 7 (1|6) of 7 (0, u) could mix well. Related
ideas have been explored in Papaspiliopoulos ef al. (2007). Such a Gibbs strategy is usually not
implementable in the applications that are considered here. Particle Gibbs samplers have been
proposed to mimic this strategy but their computational complexity is of order 7> N per iteration
for state space models when using such a parameterization (Lindsten et al. (2014), section 6.2).
Thus they are not competitive with the pseudomarginal algorithm whose cost is of order 72 per
iteration. An alternative approach for updating U given 6, which has been proposed by Murray
and Graham (2016), is to use elliptical slice sampling. However, in this context, no guidelines
for the selection of N have been proposed. Experimentally, this method is not competitive with
an appropriately tuned correlated pseudomarginal scheme when the same value of N is used
for both methods. We observed that elliptical slice sampling is attempting many moves on the
ellipse which are not on the support of the slice, thus requiring multiple expensive evaluations
of the simulated likelihood for each sample.

3. Asymptotics of the log-likelihood ratio estimators

To understand the quantitative properties of the correlated pseudomarginal scheme, it is key to
establish the statistical properties of the likelihood ratio estimator appearing in its acceptance
probability (6). For the random-effects models that were introduced in Section 2.3.1, we establish
conditional CLTs for the log-likelihood estimator (12) and the corresponding log-likelihood ratio
estimators used by the pseudomarginal and the correlated pseudomarginal algorithms when
N — oo and T — oo. Here N will be a deterministic function of 7' denoted by N7. We show
that these estimators exhibit very different behaviours, underlining the benefits of correlated
pseudomarginal over pseudomarginal schemes.
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Consider a sequence of random variables {M7; T > 1} defined on a probability space (2, G, P)
and a sequence of sub-c-algebras {G”; T > 1} and write — p to denote convergence in probabil-
ity. We also write M7 |GT = N if M ~ X and E[ f(MT)|GT]—p E[ f(M)] as T — oo for any bounded
continuous function f.

Henceforth, we shall make the assumption that ¥; ~I'P 1, and write Y7 for the o-field that
is spanned by Y;.7. When additionally U ~m, we denote the associated probability measure,
expectation and variance by P, E and V. As our limit theorems consider the asymptotic regime
where T — oo and Ny — oo, we should write m7 and 77 instead of m and 7 and similarly U7,
Ul and U], instead of U, U, and U, ;. The probability space is defined precisely in section A. 1
of the on- 11ne supplementary material. For notational simplicity we do not emphasize here this
dependence on T but it should be kept in mind that we are dealing with triangular arrays of
random variables. We can write unambiguously E[« (Y1, U, 1;6)] rather than E[¢)(Y;, U lT ;0] as

~N(0p, I,) under P for any T > 1.

3.1.  Asymptotic distribution of the log-likelihood error

Let ~v(y1;0)% = V{w(y1, U1, 1; 0)} be the conditional variance given Y; = y; and () =
V{w(Y1,U;,1;0)} = [E[W(Y1,9) ] the unconditional variance of the normalized importance
weight

w(¥y, Uy, 150)
Y;, U 1;0)=————— 18
w( V1,1, ) p(Y,|9) s ( )

where w(Y;, Uy, 1;0) is defined in equation (13).
Our first result establishes conditional CLTs for the log-likelihood error

Zr(®)=log{p(Y1.710,U)} —log{p(Y1.T |0)}, 19
when U arises from the proposal m or from the equilibrium distribution

— (Yl‘|9suf)
m®) =1 p(il0)

I
o
>

So(ut;oera]pNT), (20)

with (0, u) as defined in equation (4).
Theorem 1. Let Ny = [BT®] with % ;<a<1,8>0andY;~ D

(a) If Elw(Y, Uy, 1:6)8] < 00 and U ~m then
T D2Z70)+ 5T 02571701V = N{0,5715(0)}. @
(b) If E[ww (Y1, Uy, 1;0)°1+ E[y(Y1;6)*] < 00 and U ~7(-|#) then

T D2Z7(0) = 3T P25 1701V = N{0,5715(0)*}. (22)

Remark 1. To establish results (21) and (22), for <a < 1, theconditions E[w (Y7, Uy, 1; 0¥ <
oo and E[w (Y1, Uy, 1; :0)°] < oo respectively are sufﬁc1ent

For particle filters, a CLT for Z7(#) of the form (21) has already been established for the
case =1 in Bérard et al (2014), when using multinomial resampling under strong mixing
assumptions. We conjecture that both result (21) and result (22) hold under weaker assumptions
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for % < a< 1 and the Hilbert sort resampling scheme. However, it is very technically challenging
to establish this result. In the simpler scenario where one uses systematic resampling, such a
CLT has not yet been established. Some of the technical problems which arise when attempting
to carry out such an analysis are detailed in Gentil and Rémillard (2008).

Result (21) suggests that, for large T under the proposal, Z7 () is approximately normal with
mean —(3 1 T1=%~(0)2/2 and variance 3~ T1=%(0)%. Result (22) suggests that at equilibrium
Zr(0) is approximately normal with the same variance but opposite mean.

3.2. Asymptotic distribution of the log-likelihood ratio error

Assume that we are at state (6, U) and propose (8,U’) using ¢’ ~¢g(0,-) and U’ ~m as in
the pseudomarginal algorithm or 6’ ~¢(0,-) and U’ ~ K,(U, ) as in the correlated pseudo-
marginal algorithm. In both cases, the acceptance ratio (6) depends on the log-likelihood ratio
error

(23)

R7(6,6") =log{w} _lo {p(YlTIQ')} '

p(Y1.710,U) p(Y1.7 10)
We examine here the limiting distribution of Ry (6,0 +¢//T) for fixed 6 and &, the rationale
being that the posterior typically concentrates at rate 1/,/T when T increases. Thus a correctly
scaled random-walk proposal for an MH algorithm will be of the form 6’ =6 + £/./T where the
distribution of ¢ is independent of T'.

For the pseudomarginal algorithm, we have the following conditional CLT.

Theorem 2. Let 6 and ¢ be fixed. Assume that ¢ +— w(y1,u1,1;9) and 9+ E[ww (Y1, Uy, 1; 9°]
are continuous at ¥ =46 for any (yi,u;,1) € Y x R?, ¥+ ~(¢¥) is continuously differentiable
at ¥ =0 and Elw (Y1, Uy, 1;9)°] + E[y(¥1;0)*] < 00. For Ny = [T with  <a < 1, >0,
Y; ~1D U ~7(-|0) and U’ ~m where U and U’ are independent, we have

T DPRRr0.0+¢/yD+TV257190) | YT = N {0,267 17(0)%}. (24)

This result shows that the log-likelihood ratio error in the pseudomarginal case can have only
a limiting variance of order 1 if Nt is proportional to 7. The log-likelihood ratio estimator that
is used by the correlated pseudomarginal exhibits a markedly different behaviour if we consider
the Crank-Nicolson proposal (8), U'~ K ,, (U, -), with

N
pr =exp (—w;) : 25

for some 9 > 0. Denote by F! the o-field that is spanned by {Y;;te1:T} and {U, ;;t€l:
T,iel:N}. We also denote the Euclidean norm by || - | and write V,, f = (8,1 f, ..., du» f) fora
real-valued function f:R” — R where u=(u', ..., u?).

Theorem 3. Let 0 and € be fixed. Let ¥, ~1P i, U ~7(-|0) and U’ ~ K, (U,-) where pr is
given by equation (25). Under assumptions 1-6 in section A.5 of the on-line supplementary
material, if Ny — oo as T — oo with N7 /T — 0, we have

Rr(0,0+¢/yD| FT = N{—r(0)*/2,k(0)*}, (26)
where

K(0)? =20 E{ ||V, (Y1, Ur, 1;0) 1%} 27)
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Assumptions 1-6 in the supplementary material are differentiability and integrability assump-
tions on w(y,u;#) with respect to y, u and . This result states that the limiting variance of
the log-likelihood ratio for the correlated pseudomarginal scheme at equilibrium is of order 1
when N7 grows sublinearly with 7T, although it will typically grow exponentially with p, the
dimension of Uy, ;. Moreover, the distribution of the log-likelihood ratio error is asymptotically
independent of U, suggesting that the correlated pseudomarginal chain is less prone to sticking
than the pseudomarginal chain at stationarity.

This conditional CLT has not been established for particle filters. For univariate state space
models, i.e. k=1, we have observed experimentally on various stationary state space models
that a similar conditional CLT appears to hold. For multivariate state space models, the CLT
appears to hold only conditionally on Y7 when N7 grows at least at rate 7%/ *+1); see Section 5.

4. Analysis and optimization

4.1. Weak convergence in the large sample regime

The use of weak convergence techniques to analyse and optimize Markov chain Monte Carlo
schemes was pioneered by Roberts et al. (1997) and has found numerous applications ever since;
see, for example Sherlock et al. (2015) for a recent application to the pseudomarginal method.
The high level idea behind this approach is to identify an appropriate asymptotic regime under
which a component of the original Markov chain, rescaled appropriately, converges to a limiting
process which is simpler to analyse and optimize. To the best of our knowledge, all previous
contributions have considered the asymptotic regime where d — oo, d being the parameter
dimension, while 7 is fixed. In these scenarios, under time rescaling, the limiting Markov process
is usually a diffusion. We analyse here the correlated pseudomarginal scheme under the standard
large sample regime of asymptotic statistics where d is fixed and 7 — oo. In this context, after
space rescaling, the parameter component of the correlated pseudomarginal chain, targeting
the posterior w7 () that is associated with the observations Yi.7, converges towards a discrete
time Markov chain. Our analysis assumes that the statistical model is sufficiently regular to
ensure that {77(0); T > 1} can be approximated by normal densities which concentrate. Here
77(0) is interpreted as the density of a Y7 -measurable random probability measure; see, for
example, Berti ez al. (2006) and Crauel (2003) for a formal definition. We write —r to denote
convergence in probability with respect to the law of {¥;;¢ > 1}.

Assumption 1. There is a d x d positive definite matrix ¥, a parameter value # € RY and an
R?-valued random sequence {07; T > 1}, 67 being YT measurable, such that as T — 0o

/m(a)—@(e); 07,5/ d§ — pr 0, 07— pr0.

This assumption will be satisfied if a Berstein—von Mises theorem holds; see van der Vaart
(2000), section 10.2, for sufficient conditions.

Consider the stationary correlated pseudomarginal chain {(91,UT);n > 0} with proposal
qr(0,0) targeting the random measure 77(df, du) =77 (d0)7r(du|d) associated with the ob-
servations Y;.7. By rescaling the parameter component of the correlated pscudomarginal chain
using 91 := \/T(9T — ), we obtain the stationary Markov chain {(97, UT);n > 0} with initial
distribution (3], UJ) ~ 77 where

#r(0.u) =Fr(O)F 7 @lf),
@) =nr@r+0/JT)/JT, (28)
Frw|f)=7r@|fr +0/yD),



Correlated Pseudomarginal Method 11

and the associated proposal density for the parameter becomes

qr(r+0/yT.0r+0'/JT)
JT '

We shall assume here that we use a random-walk proposal that is scaled appropriately.

Gr(0,0)= (29)

Assumption 2. The proposal density is of the form
qr0,0) = JTu{JT(O —6)}, (30)
where v is a probability density on R?, i.e. 8’ ~ g7 (6, -) when §' =0+ £/ /T with £ ~v.

Finally, we assume that a uniform version of the CLT of theorem 3 holds in a neighbourhood
of 6, where 6 is specified in assumption 1. We denote by dpy (11, ) the bounded Lipschitz metric
between two probability measures p and v; see, for example, van der Vaart (2000), page 332, or
section A.9 of the on-line supplementary material.

Assumption 3. There is a neighbourhood N(0) of 6 such that the log-likelihood ratio error
that is considered in theorem 3 with £ ~v(-) satisfies as T — oo

sup E(dpL[law{R7(0,0+¢//DIF" }, N{—r(0)*/2, s |YT) —>pr 0.
9eN(B)

In assumption 3, the expectation is with respect to ¥;, U and U’ distributed as in theorem 3. For
the random-effects model of Section 2.3.1, we prove that assumption 3 holds under regularity
conditions that are given in section A.6 of the on-line supplementary material. y

Under assumption 2, the proposal that is defined in equation (29) satisfies §;(9,6) =v (€' —
0):=G(f, ). In this case, the corresponding transition kernel of the rescaled correlated pseudo-
marginal chain is given by

Q7r{(0,u), (46, du")} =G(6,d0) K yy. (u, du" Y g {0, 1), (6, u")} +{1 = 00, (8,1)}8 5, (6, du)
(€2))

with acceptance probability

7%T(é‘/a u/) q(é/a é)K[)T (l/l,, l/i) }

g, {(0,u), @, u) :min{l, -
ord ' 70,1 G0,0)K py (u, ')

and corresponding rejection probability 1 — QQT(é,u). The kernel Q7 is assumed to be Y7
measurable. Let ©O7 = {19,{ ;n > 0} denote the non-Markov stationary space-rescaled param-
eter sequence arising from the correlated pseudomarginal chain. The following result shows
that the sequences {O7; T > 1} converge weakly as T — oo to a stationary Markov chain corre-
sponding to the penalty method—an ‘ideal’ Monte Carlo technique which cannot be practically

implemented (Ceperley and Dewing, 1999; Nicholls e? al., 2012).

Theorem 4. If assumptions 1-3 hold and ¥ — x(¢9) is locally Lipschitz at ¥ =@ then the
random probability measures on (R?)* given by the laws of {©7:T > 1} converge weakly
in probability pY as T — oo to the law of a stationary Markov chain {1J,;n > 0} defined by
99 ~N(0,%) and 9, ~ P(9¥,_1, ) for n > 1 with

P(0,d0")=G(0,d0)ap@,0") +{1—0p(0)} 55(d0), 32)

and
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o . 0;0,%)G(,0)
0.0 = [ o(dri—r2/2, K> {1,@(~ A AL }
r(6.6) / prn=mzeming b G0 S ada S0

1 — op(f) being the corresponding rejection probability and x := r(6).

The consequence of this result is that, as 7 — oo, only the asymptotic distribution of the
log-likelihood ratio error at the central parameter value # impacts the acceptance probability
of the limiting chain. For large T and a proposal of the form that is specified in assumption 2,
we thus expect some of the quantitative properties of the correlated pseudomarginal kernel Q,
where we now omit 7 from the notation, to be captured by the Markov kernel

0(0,d0") =q(, d0’)aQ(9, 0+ {1- QQ(9)}59(d9/), (33)
with

ay0,0)= / o(dr; —x?/2, k%) min{ 1, rmu (6, 0') exp(r) },

where 1 — 0 (6) is the corresponding rejection probability and rvy is defined in equation (2).
We have obtained equation (33) by using the change of variables § =07 + 6/,/T and substi-
tuting the true target for its normal approximation in equation (32), hence removing a level of
approximation.

4.2. A bounding Markov chain

We analyse here the stationary Markov chain with transition kernel Q arising from our weak
convergence analysis. To state our results, we need the following notation. For any real-valued
measurable function 4, probability measure ¢ and Markov kernel K on a measurable space
(E, &), we write pu(h) = [ h(x)p(dx), Kh(x)= [ K(x,dx")h(x') and

K"h(x)= / / K" Y (x,d2)K(z, dx)h(x))
EJE

for n > 2 with K! = K. We also introduce the Hilbert space L?(u) = {h:E— R|pu(h?) <
oo} equipped with the inner product (g, k), = / £ g_gx)h(x) p(dx). For any h e L*(y), the auto-
correlation at lagn > 0is ¢, (h, K) = (h, K"h),/ju(h”) where h =h — ju(h). The integrated auto-
correlation time that is associated with a function 4 under a Markov kernel K is given by
IF(h, K) =1+2%% 1 ¢,(h,K) and will be referred to subsequently as the inefficiency. For
1(dx) = pu(dxy, dxy), we shall slightly abuse the notation and write IF (%, K) instead of IF(g, K)
when g(x1,x2) =h(x1) or g(xy,x3) =h(x). When estimating u(k), n IF(h, K) samples from a
stationary Markov chain of p-invariant transition kernel K are necessary to obtain an estima-
tor of approximately the same precision as an average of n independent draws from p; see, for
example, Geyer (1992).

We provide an upper bound on IF(k, Q) which we exploit to provide guidelines on how to
optimize the performance of the correlated pseudomarginal scheme in Section 4.4. The inef-
ficiency IF(h, Q) is difficult to work with but we give an upper bound that depends only on
IF(h, Omnu) and k. To proceed, we introduce an auxiliary Markov kernel Q* given by

0*(0,d0") = ou (k) Omu (0, d0") 4 {1 — ou (k) }6¢(d6'), (34)

where Qwmpy is defined in equation (1) and

QU(K,)Z/@(dr;—Iiz/z, k%) min{1l, exp(r)} =2P(—x/2). (35)
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We denote by 0y-(x) and 04 (K) the average acceptance probability of Q* and O respec-
tively, at stationarity. The kernel Q* is a ‘lazy’ version of Qymy which satisfies the following
properties.

Proposition 1. The kernel Q* is 7 reversible and IF(h, Q) < IF(h, Q*) for any h € L%(n),
where

IF(h, Q%) = {14 IF(h, Omn)}/0u (k) — 1, (36)
with equality when oMy (6) =1 for all 6 € ©, and
0¢+ (k) =ou(K)T(oMH) < 04 (K). (37
Moreover, Q* is geometrically ergodic if Qmp is geometrically ergodic.

For any - or 7-invariant Markov kernel K, we define the relative inefficiency RIF (%, K) and
the auxiliary relative computing time ARCT (4, K) with respect to the MH kernel Qwp using
the exact likelihood by

IF(h, K)
RIF(, K) = — )
IF(h, OmH) (38)
ARCT(h,K)::/{RIZF(h’K)}.
k=ou (K)

We next minimize ARCT(h, Q*), which is an upper bound on ARCT(k, 0), with respect to
k—this quantity is a component of the function that we need to minimize to optimize the
performance of the correlated pseudolikelihood algorithm; see Section 4.4.

Proposition 2. The following results hold.
(a) IfIF(h, Omy) =1, then

RIF(h, 0*)={2—ou(K)}/ou(k),

and ARCT(h, Q*) is minimized at x = 1.35, at which point py(x) =0.50, RIF(h, Q*) =
2.99 and ARCT(h, Q*)=1.81.
(b) AsIF(h, OQmn) — oo,

RIF(h, 0*)=1/0u(k),

and ARCT(h, Q*) is minimized at x = 1.50, at which point py(x) =0.43, RIF(h, Q*) =
2.20 and ARCT(h, Q*)=1.47.

(¢) RIF(h, O*) and ARCT(h, Q*) are decreasing functions of IF (7, Ompy). The minimizing
argument rises monotonically from 1.35 to 1.50 as IF(h, Qmu) increases from 1 to oco.

Fig. 1 displays oy (x), RIF(h, O*) and ARCT(h, Q*) against x. The two scenarios that are
displayed are for IF (i, Qmu) =1, corresponding to the ‘perfect’ proposal case where g(6,6") =
m(#"), and for the limiting case where IF (i, Qmpy) — 00. These correspond to parts (a) and (b)
of proposition 2. From Fig. 1, it is also clear that ARCT(k, Q*), for both scenarios, is fairly flat
as a function of . The function only approximately doubles relative to the minimum at k=1
or k=4.

4.3. A lower bound on the integrated auto-correlation time
We stress here that theorem 4 does not imply that the inefficiency of the correlated pseudo-
marginal scheme converges, as T — o0, to the inefficiency of the limiting chain that is identified
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therein. In fact, whereas theorem 4 holds whenever Ny — oo and Ny =o(T) as T — oo, our next
result suggests that Ny must grow at least as fast as /T for the inefficiency of the correlated
pseudomarginal scheme to remain bounded. To simplify the presentation in this section, we
assume further on that d =1.

In the correlated pseudomarginal context, the sequence of auxiliary variables {U,;n > 0}
evolves at a much slower scale than {,;n > 0} as it is driven by the proposal K, where pr is
given by equation (25). When N grows too slowly with T, we expect and observe empirically
that the inefficiency IF (h, Qr), for any function 4, is of the same order as the inefficiency of
{E[h(¥,)|U,];n = 0}. Moreover, under regularity conditions (see for example Doucet et al.
(2013), lemma 2), we have for large T

A 3 A ¥ A «
E W) Unl=hOr) + 2 Vo.oh Or) + = Voh@r) ¥ Or, Up) + Op(T™2), (39)
where
U(lr,U)=Vylog{ p(Y1.7 |07, U)/ p(Y1.r |07} (40)

is the error in the simulated score at 7 and will be referred to as the score error. As a first step,
we obtain a lower bound on IF (W, Q7).

Proposition 3. Under regularity conditions given in section A.10 of the on-line supplementary
material, there is a constant C > 0 such that IF(V, O7) > CVz,.(¥) PY —almost surely.

It follows from calculations that are similar to those in section A.11 in the on-line supple-
mentary material (see also Lindsten and Doucet (2016), proposition 3) that under regularity
conditions there exists A >0 such that V. (¥) ~ AT/N PY—almost surely. By combining equa-
tion (39) and proposition 3, we thus expect the inefficiency of {E[k(9,)|U,];n > 0} to be lower
bounded by a term of order

IF(W, 0V (/D) , T T
Vi, (h) ~ " Nr T?
for Ny =[(T], someconstant B>0and 7 sufficiently large. This result suggests that a necessary

condition for IF(h, Q) to remain finite as T — oo is to have N7 growing at least at rate /7. This
is validated by the experimental results of Section 5 which also suggest that this rate is sufficient.

T =BT~

4.4. Optimization

We provide a heuristic to select the parameters of the correlated pseudomarginal scheme to
optimize its performance which is validated by experimental results in Section 5. Again, we set
d =1 for simplicity. For a test function 4 : © — R, we want to minimize

CT(h, Qr)=Nr IF(h, O1), (41)

where the factor Nt arises from the fact that the computational cost of the likelihood estimator is
proportional to N7 for random-effects models. The results of Section 4.3 suggest that we should
choose the number of Monte Carlo samples to scale as Ny = BT1/2 50 that pT= exp(—z/JﬂT’lp).
It remains to determine ¢ and 3.

To evaluate equation (41), we first decompose the functional of interest evaluated at the
parameter at the nth iteration as

h(9,) = f(Up) + g0, Uy),

where
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JU) :=Ez [R(9)]U],

42
90, U) :=h() — Ez; {h(I)|U}. @

It is easy to check that

Vi (h) IF(h, Q1) < 2V (NIF(f, Q1) +2Vz:(9) IF (g, O7).

Assumption 1 combined with mild regularity assumptions on % and integrability conditions
shows that Vz {h(9,)} ~ ¥;/T, where £, =1’ (6)|*E. Since f(U,) and g(¥,,U,) are clearly
l_lglcorrelated, it follows that Vz, (h) = V7, (f) + Vz,(9). From equation (39) we have Vz, (f) ~
Y Vi, (¥/T)~ X s /(TNr); therefore
Sh_ Bp S
\/ = N — - —
7 (9) T Ny T

Using the reasoning of Section 4.3 and the calculations above we obtain
2
IF(h, Q1) < Z—f{\/ﬁr(\/Tf)IF(f, Or) +Vz (VT9IF(g, O1)}
h

w_z{zflmf, Or)+2,1F(g, QT)}. 43)
i UNT

Proposition 3 states that IF (¥, Q7) is of order at least T/ N7 in probability as T — oo. Numerical
results suggest that in fact we have IF(U, Qr) ~ A/{érou(k)} where 67 = N7 /T = —log(pr)
as illustrated in Section 5.1, Fig. 5. Hence, by substituting this expression of IF(¥, Qr) in
approximation (43), it follows that

IF(h QT><_2{Z_f 4 LS, IR QT)}
’ ~ ¥, | N7 brou(k) ’ ’

where the symbol ‘<’ means that an approximation has been used. It can also be observed
empirically from Fig. 4, described in Section 5.1, that the auto-correlations of g(1,,, U,) decay
exponentially, at a rate that is independent of 7. We expect that, at least approximately, we have
IF (g, Q7) ~IF(h, Q) in probability. Therefore overall, for some constant B >0, we have that

IF(h, O7) 52{ + IF(h, QT)} ) (44)

oUu(K)oT Nt

We are interested in optimizing CT(k, Q7) = Ny IF(h, Q1) with respect to 1) and 5 where we
recall from equation (27) that 67 =y N7 /T =v(//T =rk>3/(y*/T) as k> =1>. Therefore

CT(h, Q7) <212 { + BIF (h, Qﬂ} , (45)

Bou (k)K?

where C = sz, and the upper bound on CT (4, Q7) is minimized at

8* =/ { c }
o0 R2 TE (G, Op)
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By plugging 3* in the right-hand side of expression (45), we obtain by proposition 1 that

CT(h, Q1) S4/{C IF(h, OMm) T} ARCT(h, Q1) S4/{C IF(h, Omn)T} ARCT(h, 07) (46)

where ARCT was introduced in expression (38). In practice we minimize ARCT(h, QF) with
respect to x, following proposition 2. The minimizer £ is a function of IF (%, Qmp) which varies
only slightly as IF(h, Qmp) varies from 1 to oo as observed in Fig. 1. Consequently, we propose
the following procedure to optimize the performance of the correlated pseudomarginal. Let T
be fixed and sufficiently large for the asymptotic assumptions to hold approximately. First, we
choose a candidate value for N and determine ¢ such that the standard deviation of the log-
likelihood ratio estimator around the mode of the posterior, estimated through a preliminary
run, satisfies 4~ 1.4. Second, fixing ¢ at 1), we evaluate for several values of 3 the computation
time CT(k, Q1) which we assume is of the form of the upper bound (495), i.e.

CT(h, Q1)=Co/B+C115, (47)

with x and T kept constant; see Fig. 6 in Section 5.1 for empirical results. This function is
minimized for 8= ./(Co/C). Practically we evaluate CT(h, Qr) on only a subset of the data.
We then estimate through regression the constants Co and C; by Co and € which in turn provide
the following estimate of 3:

B=/(Co/CY). (48)

We examine in Section 5.1 the assumptions that were made here, illustrate this procedure and
demonstrate its robustness.

5. Applications

5.1.  Random-effects model
We illustrate the performance of the pseudomarginal and correlated pseudomarginal schemes
on a simple Gaussian random-effects model where

IID

Xl‘ ~ N(ea 1):

(49)
Y1X, ’\’N(Xb 1)-

We are interested in estimating 6 (which has a true value of 0.5) to which we assign a zero-mean
Gaussian prior with large variance. In this scenario, the likelihood is known as Y, ~ N (6, 2).
This enables detailed experimental analysis of the log-likelihood error and the log-likelihood
ratio error. This also enables us to implement the MH algorithm with the true likelihood. The
same normal random-walk proposal is used for all three schemes (MH, pseudomarginal and
correlated pseudomarginal) and the following unbiased estimator of the likelihood is used for
the pseudomarginal and correlated pseudomarginal schemes:

T
ﬁ()’l:Tw,U): H ﬁ(yt'es Ul)5

=1 (50)
. 1 X 1D
p(yz|9,U1)=NZcp(yz;9+Uz,i,1), Ui ~ N(O,1).
i=1

The inefficiency is estimated for all three schemes for i(6) =60 using 1 + 2252 lqAS,, where ¢, is
the estimated correlation for 6 at lag n and L is a suitable cut-off value. We use the notation
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Z=log{p(y1.r10,0)/p(y1.710)} and W =log{ p(y1.7 |0, U")/ p(y1.7 | &) } where §' ~ (6, -) and
U ~K,(U,-) and write R=W — Z for Rr(6,6’) defined in equation (23).

As discussed in Section 4, for large data sets, the relative inefficiency RIF =1F/IFyy and
associated relative computing time RCT = N RIF of the correlated pseudomarginal scheme
depend on the standard deviation s of R at stationarity and the correlation parameter p. To
validate experimentally the results of Section 3, we first analyse the case where 7 =8192 in more
detail. We run the correlated pseudomarginal algorithm by using a random-walk proposal for
N =80 and p=0.9963, so that k =1.145. The draws of W and Z at equilibrium, together
with R, are displayed in Fig. 2. The draws of Z are approximately distributed according to
N(0c?/2,0%) (Fig. 2(c)), where the variance o is high. The draws of R appear uncorrelated
(in unreported tests) and their histogram is indistinguishable from the expected theoretical
distribution A’ (—x?/2, ) established in theorem 3 (Fig. 2(d)). This is in agreement with theorem
1, equation (22), the posterior of ¢ being concentrated. The resulting draws and correlogram
(Figs 2(b) and 2(f)) of # demonstrate low persistence.

For the pseudomarginal scheme, it is necessary to take N = 5000 samples to ensure that the
variance of Z evaluated at a central value f is approximately 1 (Doucet et al., 2015). We next
validate experimentally the theoretical results of Section 4 by investigating the performance of
the correlated pseudomarginal algorithm for this data set, varying N, and thus also x> = V(R),
while keeping p =0.9963. Fig. 3 displays the values of RIF and RCT against x as well as
the marginal acceptance probabilities, showing that RCT is approximately minimized around
x=1.6 close to the minimizing argument of ARCT (h, QF) that was established in proposition
2 which satisfies expression (46). Figs 3(c) and 3(d) show that log(x?) decreases linearly with
log(N) as expected (Fig. 3(d)) and that the marginal probability of acceptance in the correlated
pseudomarginal scheme is close to the asymptotic lower bound (Fig. 3(c)) given by expression
(37). From these experimental results, it is clear that, for all values of N that were considered,
the gains of the correlated pseudomarginal scheme over the pseudomarginal method in terms
of RCT are very significant. The optimal value of N for the correlated pseudomarginal scheme
is 35 (k= 1.6) which gives RCT =61 against a value of RCT = 14100 for the pseudomarginal
scheme. Consequently, the pseudomarginal method would take more than 200 times as long in
computation time to produce an estimate of the posterior mean of § of the same accuracy.

We next investigate the performance of the correlated pseudomarginal method when 7 and
N =./T vary while v, or equivalently p, is scaled such that « is approximately constant. The
results are recorded in Table 3. They suggest that the scaling N = 3./T is successful as IFcpm
appears to stabilize whereas the scaling N = 8T is necessary for IFpy; to stabilize. Experimental
results that are not reported here confirm that, if N grows at a slower rate than /7T , then IFcpym
increases without bound with 7.

We now justify empirically some of the assumptions that were made in Section 4 to guide the
selection of the parameters ¢ and 3. First, we show that the correlated pseudomarginal process
can be thought of as a combination of two different processes: a ‘slow’ moving component
fU,) =~ f (Up) =07 + ST (@7, U,), the modified score error associated with the score error
ql(éT, U, ) defined in equation (40) and a ‘fast’ component g(¢,,, U,) =9, — f(U,) ~ §(9,, U,) =
Yn — f(U,). We display these components for a correlated pseudomarginal run and the associ-
ated correlograms in Fig. 4 for fixed k. We also illustrate in Fig. 5 that IF (U, Q7)) ~ A/{ér0u(x)}
where 67 =9 Nt /T = —log(pr). The optimization scheme that was developed in Section 4.4 es-
sentially selects 3 such that the asymptotic variances of both the slow and the fast components
(U, and §(9,, U,) are of the same order.

To apply the optimization procedure, we first run the algorithm for N =20 and tune v to
obtain £~ 1.4. For the resulting value 1&, we then evaluate CTcpy = N IFcpm for various values
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Table 3. Random-effects modelf

T N p k* Omm IFmu  dcem  IFcem  RIFcpm
1024 19 09894 2.0 0.71 10.71 0.48 43.26 4.04
2048 28 0.9925 19 0.69 8.21 0.49 38.50 4.61
4096 39 09947 1.7 0.72 11.75 0.51 21.01 1.79
8192 56 09962 1.8 0.81 15.61 0.50 24.25 1.55

16384 79 09974 1.8 0.70 9.37 0.50 20.05 2.14

tInefficiency and acceptance probabilities oy and gcpy for the MH and
correlated pseudomarginal algorithms, N = 3,/T and p selected such that x2
is approximately constant.

of # and perform a regression based on equations (47) and (48). Practically, we use only a
subset of the data to perform this optimization to speed up computation. The results are fairly
insensitive to the size of this subset as illustrated in Fig. 6 and suggest selecting 5 around 0.25.

5.2. Heston stochastic volatility model

We investigate here the empirical performance of the correlated pseudomarginal algorithm on
the Heston model (Heston, 1993; Chopin and Gerber, 2017), which is a popular stochastic
volatility model with leverage which is a partially observed diffusion model. The logarithm of
the observed price P(f) evolves according to

dlog P(t) = o (DdB(),
do? () = v{p — 2O }dt +wo () dW(r),

where o (7) is a stationary latent spot stochastic volatility process such that o2(f) ~ G (e, 3) where
G(a, B) is the gamma distribution of shape a =2uv/w? and rate 3 =2v/w?. The Brownian
motions B(7) and W(z) are correlated with y = corr{B(r), W(r)}. The returns Y =log{ P(75)} —
log{ P(1,_1)} are observed at equally spaced times 79 <...<7p, where A =71, — 7,_; for all
s=1,...,T. Conditionally on the volatility o%(r) and driving process W(r), we have

Y~ N{x7s; (1 = xHo2*}, (51)

Ts
af*:/ a2 dt,
Ty

s—1

(52)
%=/Samdwm.
Ts—1

To perform inference, we first reparameterize the model in terms of x(r) =log{o?(t)}. We apply
Ito’s lemma to x(¢) and discretize the resulting diffusion by using an Euler scheme. We write
xj =x(7y +¢€i), where e=A/I for i=0,...,I so that xj :xf)*l. The evolution of these latent
variables is given by

o wz xé‘
Xipp =%+ G[U{/J exp(—x;}) — 1} — > eXp(—xf)} + /ewexp (—2’> i,

where n; ~"P A/(0, 1) for i =0, ..., 1 — 1. Under the Euler scheme, the returns satisfy
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Table 4. Heston model: posterior means and standard deviations over 10000 iterationst

N 1 ¢ w X p OCPM

E(0) (SD(0))

80 1.258/(0.098)  0.981(0.0027)  0.142(0.0099)  —0.676 (0.027)  0.9975
150 1.253(0.098)  0.981(0.0028)  0.142(0.0105)  —0.672(0.034)  0.9953
300 1.255(0.099)  0.981(0.0028)  0.142(0.0110) —0.671(0.032)  0.9907

CT(9)

80 9995 12555 13571 33794 0.276
150 19691 20256 17931 32588 0.272
300 32970 30432 35103 35505 0.281

+The computing time CT =1IF x N for the correlated pseudomarginal scheme for N =3,/T and
p selected such that x~ 1.4 at 6 and acceptance probability ocpp-

Yo~ N{x3s (1 =262}, (53)

I
6% =e 3 exp(x)),
i=1
, (54)
Vs =€ exp(x;/2)mi,
i=1

where 6?* and 9, are the Euler approximations of expressions (52). We are interested in inferring
0= (u,v,w,x) given T =4000 daily returns y;.7 from the Standard & Poors 500 index from
August 15th, 1990, to July 3rd, 2006. We use here 7 =10. Although the state is scalar, it is very
difficult to perform inference by using standard Markov chain Mante Carlo techniques as this
involves TI =40000 highly correlated latent variates.

We first run the correlated pseudomarginal scheme keeping the parameter fixed at the posterior
mean 6, estimated from a full correlated pseudomarginal run, and only updating the auxiliary
variables. We display the histograms of Z =log{p(yi.7 | 0, U}, W=log{p(yi.r| 0, U’)} and
R=log{p(y1.T 16, U’)/ﬁ(yl;Tlé,U)} in Fig. 7 for N=280 and N =300 using the parameters
given in Table 4. We observe that R is approximately distributed according to NV (—x2/2, x?)
for k=1.35 in both cases. Additionally the sequence of estimates is almost uncorrelated across
correlated pseudomarginal iterations.

Using N =300, we first select ¢» =0.125 to achieve x = 1.4 at §. We then run the correlated
pseudomarginal scheme by using a random-walk proposal for other values of N, N =(3,/T,
and compute CT =1IF x N. These results are summarized in Table 4. The posterior estimates
are in very close agreement across the various values of N. In unreported results, we observe
empirically that the dependence of CT on (3 for parameters (u, ¢ :=exp(—v),w, x) matches
equation (47) which can be optimized, suggesting an optimal value of N around 70-80. As in the
random-effects scenario, we observe on data sets of increasing length that the scaling N = 5.,/T is
successful as IFcpyp appears to stabilize. In this context, the pseudomarginal method is extremely
expensive computationally as we need approximately N =20000 to obtain a standard deviation
of Z around 1 (Doucet et al., 2015), our implementation taking 7 min per iteration to run
on a standard desktop computer. In terms of CT, the correlated pseudomarginal scheme is
approximately 100 times more efficient than the pseudomarginal scheme.
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5.3. Linear Gaussian state space model
We examine empirically the performance of the correlated pseudomarginal method for multi-
variate state space models by using the particle filter with Hilbert sort described in algorithm
2 (Table 2) and compare it with the pseudomarginal method. Attention is restricted to a lin-
ear Gaussian state space model which allows exact calculation of the likelihood and of the
log-likelihood error Z1 (6, U) =log{p(Y1.7 |0, U)/p(Y1.7 | 0)}. Similar empirical results for non-
linear non-Gaussian state space models were observed.

We consider the model that was discussed in Guarniero et al. (2017) and Jacob et al. (2016)
where {X;;¢ > 1} and {¥;;¢ > 1} are R¥ valued with

X1~N(0, 1), X1 =49 X+ Viq1, Yi=X,+W, (55)

where V, ~1IP NV (O, 1), W, ~1P NV (O, Iy) and Ay 7 =gli=/+1,

We use the transition density of { X;; ¢ > 1} as proposal density within the particle filter. We in-
vestigate the variance of the error in the log-likelihood estimator Z =log{ p(y1.710, U)/ p(y1.710) }
by running the correlated pscudomarginal procedure holding the parameter fixed and equal to
its true value 6 =0.4. Next, we investigate the variance of the error in the log-likelihood ra-
tio estimator R=1log{p(y1.710',U")/p(y1.r|0")} — Z where U’ ~ K, (U, ) is the proposal when
0’ =0. This is performed for various values of T, with N =[3T%] and p=exp(—yN/T) for
ke{2,3,4}.

We shall now discuss the choice of « for state space models. In sharp contrast with random-
effects models, we found empirically that there are dimension-dependent limitations to the
realized correlation that can be achieved through the particle filter with Hilbert sort. In particular
we found that, because of resampling, the realized correlation is limited by min{1 —c; N~1/%, 1 —
26} for some constants ¢; and ¢y, unless we set § extremely small. Since the inefficiency tends
to increase if we set & too small, we balance the two terms by choosing § = N~/%, thus setting
a=k/(k+ 1) for the following examples.

We run the correlated pseudomarginal chain for 1000 iterations, recording x% = V(R)
and o2 =V(Z). The values of 3 and v have been chosen so that they result in a particular
target value of x% as will be evident from the following tables. The asymptotic acceptance
probability of the correlated pseudomarginal scheme is thus in this case given by ocpm (k) :=
ou (k) =2®(—k/2) whereas it is gpp (o) =2P(—0//2) for the pseudomarginal scheme (Doucet
et al., 2015).

The results for k=2 are reported in Table 5, where the two eigenvalues of Ay are 0.56
and 0.24. The scaling rule proposed results in values of x> which are approximately constant,
remaining at values that are close to 2 for T > 1600. The implied acceptance probability of the

Table 5. Linear state space model: results for k =2 for varying T+

T N  §=-log(p) &> o>  ocem(K)  opm(0)

100 18 0.0216 2.59 16.3 0.42 0.004
400 46 0.0138 271 20.5 0.41 0.0013
1600 116 0.0087 2.01 34.1 0.48 3.6x 1073
6400 294 0.0055 2.07 49.7 0.47 6.0 1077
25600 742 0.0034 1.97 1059 0.48 34x10713

tState dimension k=2 with 3=0.854, ) =0.12 and a = 3.
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Table 6. Linear state space model: results for k =3 for varying T

T N bs=-log(p) K> o> ocem(K)  opm(0)

100 49 0.0205 315 137 0.37 0.0089
400 140 0.0147 297 16.6 0.39 0.0039
1600 397 0.0104 3.44 267 0.35 0.00025
6400 1124 0.0074 3.03 341 0.38 3.66 x 1073
25600 3181 0.0052 269 494 0.41 6.74 x 1077

tState dimension k=3 with 3=1.57, ¥ =0.042 and a = %.

CPM scheme ocpm (k) therefore settles at a value that is close to 0.5. By contrast, the marginal
variance o increases at the expected rate 7'~ and accordingly the acceptance probability of
the corresponding pseudomarginal scheme, gpm (o), is very low even for T =100. Similar re-
sults are found for the case k = 3, which are reported in Table 6, where the eigenvalues of Ay are
(0.6605, 0.3360, 0.2035), resulting in a model with moderately high persistence. In this case we
set = %. Although less dramatic, the implied gain of the correlated pseudomarginal method
over the pseudomarginal method is substantial even for 7= 100 and increases with 7.

The full correlated pseudomarginal procedure is now implemented for 7 =400 and T = 6400
when k=2 and k=3 by using the parameters of Tables 5 and 6. An auto-regressive proposal
is employed for 6 which is based on the posterior mode and the second derivative at this point
(Tran et al., 2016Db).

The results for k=3 and T = 6400 are shown in Fig. 8. The mixing for € is fairly rapid for the
achieved value of k =2.26. The empirical distributions of Z under m and 7 are plotted (Fig. 8(c))
and are close to the theoretical distributions N'(—c%/2, 02) and N (02 /2, o%) respectively, where
o ="7.5. Figs 8(d)-8(f) show the draws of R, its empirical distribution and the associated correl-
ogram arising from the correlated pseudomarginal scheme. It is clear that R is approximately
distributed according to N'(—x?/2, k2), which is overlaid, but the correlogram decays slower
than for random-effect models and one-dimensional state space models. The gain over the pseu-
domarginal method is around %, meaning that we need around 50 times as many particles in
the pseudomarginal method to achieve similar results to the correlated pseudomarginal scheme.
When T =400, we obtained x=1.92 and o =4.30, resulting in gains over the pseudomarginal
of approximately 18 fold. When k =2, the gains are more impressive and are around 25 fold for
T =400 and 80 fold when 7 = 6400.

6. Discussion

The correlated pseudomarginal method is an extension of the pseudomarginal method using an
estimator of the likelihood ratio appearing in its acceptance probability obtained by correlating
estimators of its numerator and denominator. We have detailed implementations of this general
idea for random-effects and state space models. For random-effects models, we have provided
theory to apply this methodology efficiently and have also verified empirically its efficacy for
state space models. In our examples, the computational gains over the pseudomarginal method
increase with 7" and can be over two orders of magnitude for large data sets. The correlated pseu-
domarginal method is particularly useful for partially observed diffusions where sophisticated
Markov chain Monte Carlo alternatives, such as particle Gibbs techniques, are inefficient.
From a theoretical point of view, in the random-effects scenario, we have obtained a result
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suggesting that a necessary condition to ensure finiteness of the integrated auto-correlation
time of the correlated pseudomarginal chain, as T increases, is to have Ny growing at least
at rate /7. Our experimental results suggest that this condition is also sufficient and thus
that the computational cost per iteration of the correlated pseudomarginal method is O(T3/%)
versus O(T?) for the pseudomarginal method. For state space models, our empirical results
indicate that this scaling degrades with the state dimension k and that we need Ny to grow
at rate T%/*+D leading to a computational cost per iteration of order O(T@k+D/k+1)y yp
to a logarithmic factor (the particle filter with Hilbert sort has computational complexity
Nrlog(Nr) per observation), for the correlated pseudomarginal method versus O(T?) for the
pseudomarginal method. It would be of interest but technically very involved to establish these
results rigorously.

From a methodological point of view, it is possible in the state space context to use alternatives
to the Hilbert resampling sort to implement the correlated pseudomarginal algorithm (Lee,
2008; Malik and Pitt, 2011; L’Ecuyer et al., 2018) and several such methods have been proposed
following the first version of this work (Doucet ef al., 2015); see, for example Jacob et al. (2016)
and Sen et al. (2018). Empirical results in Jacob ef al. (2016) and L’Ecuyer et al. (2018) and
our own experiments indicate that all these procedures provide roughly similar improvements
over the pseudomarginal method. One direction of interest is to use the sequential randomized
quasi-Monte-Carlo algorithm, proposed and analysed by Gerber and Chopin (2015), within the
correlated pseudomarginal scheme by correlating the single uniform distribution that was used to
randomize the quasi-Monte-Carlo grid. This is one motivation behind choosing the Hilbert sort
procedure over alternative schemes, since this algorithm comes with theoretical guarantees. In a
random-effects context, the use of quasi-Monte-Carlo methods has already been demonstrated
to provide significant improvements (Tran et al., 2016a). Finally, a sequential extension of the
particle marginal MH algorithm (Andrieu et al., 2010), a pseudomarginal method, has been
proposed in Chopin ez al. (2013) and it would be interesting to develop an efficient sequential
version of the correlated pseudomarginal scheme.
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A.1 Notation

For each T we define a reference probability space (7, Gr,Pr) which supports the following random
variables:

1. 87 ~ 7, where 7w denote the posterior distribution associated to observations yi.7,
2. {UtTZ :t€1:T,i€1l: N} independent and identically distributed N(0,, I,) random variables,

3. {Bli(:):t €1:T,ie1: N} where the Bf;(-) are mutually independent, p—dimensional standard
Brownian motions.

More specifically, we set
7 =0 x RPNT 5 CP[0, 00)NT

and

T N T N
Pr (a07, {duf,},  {d(85:())},,) = mr(a8") [T TT w(duf; 0, 1,) [T [T W (a55,0)).

t=114=1 t=114i=1

where WP(d-) denotes the Wiener measure on C?[0,c0), the space of RP- valued continuous paths on
[0, 0).

Let 9 = Y, y; is Y-valued and B()) the associated Borel o-algebra. We consider the product space
(Q,G,P) where

Q=9 x[[2r. 6=B®Q) e (@),
T

and

(HM dy; ) (®rPr).

In most cases we will be working with the probability measure P capturing the scenario when the CPM
algorithm is in the stationary regime. This measure is defined as follows. For every T' > 1 and sequence
of observations y1.7, we define the probability measure IP’Z#:T by

d ™YLT T N
EIP (QT {u, i,t’{ﬁgi ) H x > @y 0", uly),
=1

t=1

where @ (;-,-) is defined in (18), and let

P= (ﬁ u(dyt)> ® (®TE~D1#:T) :
t=1

We will denote by E, V and E, V the expectation and variance under P and P respectively.

When T and 7 are understood fixed, allowing some abuse of notation, we will write P to denote the
measure

T T

N T N
IED(dyl,...7dyT7{dufi}m,{d(BtT’i(-))}t’i) = [ n(dye) HHw(duZi;opJp)HHWﬂ dBri()),
t=1 t=11i=1

t=1i=1

and similarly

P (dyl, o dyr, {dug:i}m ) {d (ﬁ;rz()) }“)

T N

T
mr ({duf;}ei | 07) T wldye) TTTT WP (d85()

t=1 t=11i=1

T 1 N T N
Hﬁzw(yt;eT utz HH@du?z7O I)

t=1 i=1 t=1i=1 t

p(dye) [TTTW? (@8550)) -

1 t=11=

:jﬂ



To simplify notation, we will often drop the superscript 7', since we will always be considering variables
belonging to the same row. In addition we will write N for Nt in the proofs, omitting the explicit
dependence of Ny on T. In the proofs of Theorem 1, Theorem 2 and Theorem 3, we also write m,

#(du | 0), By, Uy, instead of mr, 7p (du” | 67), BT, and U7, Notice that E (w (Yl,Ufl;e)j) is
independent of T' for any j as U{; ~ N(0,,1,) under P.

A.2 Proof of Part 1 of Theorem 1

The starting point of our analysis is the following decomposition

T .
log 7 (Yiir|6) — logp (Yier 6) =Zlog{1+5“\}%9)}, 1)

with

N(Y;iv ) fp(Y%I zy'tggYHe) \/Lz{w }/taUtw )_1}

We will denote by p; () the i*® order cumulant of the normalized importance weight @ (Y1, Uy 1;60) given
in (18) under P and by ~ ()” its variance, so that ps (0) = v (6)°.

We first present three preliminary lemmas.

Lemma 1. The terms {en (ys; 9)}?:1 are independent, and for any y € Y we have E (en (y;6)) =0 and

E (=n (536)°) = V (w(y, U1:60)) = p2 (4 6) = 7 (5:6)° (2)
E <€N (%9)3) = '03\%\;70)7 3)
E (5N (v 9)4) = 3y (y;0)" + %7 (4)

E (e (s0) = LR S0

where p; (y; 0) denotes the ith-order cumulant of w(y, Uy 1;0) and p; (0) =E (p;(Y;0)) = [pi (y;0) p (dy).

The proof of Lemma 1 follows from direct calculations so it is omitted.

Lemma 2. Letk > 2. IfE (w(Yl,Ul,l;H)k) < oo then limsupy_, E <|5N(Y1;9)\k> < o0.

Proof of Lemma 2. It follows from a successive application of Marcinkiewicz-Zygmund, Jensen and C,,
inequalities that for any k > 2, there exist b (k) ,c (k) < oo such that

k

T { (Yllezv )_1}

uMz

E (\5N(Y1;9)|k) —E ‘

N k/2
NZ @(V1,U:0) — 1}

N
Z YlyUlza )71|k)

Elw(Y1,Uiy; )—1|k)
(k) (B (@(¥1,U11;0)%) + 1) .

= b (k)
b (k)

/N

o

This concludes the proof. O



Lemma 3. Consider the triangular array {en (Yy;0)} and let k > 2. If there exists a 6 > 0 such that
E (w(yla U1,1§9)k+6) < 00 then

T
T~ en(Vi0)" —E (en(Y150)*) =5 0. (5)
t=1
IfE (w(Yl, U171;9)2k) < 0o then we have for any A > 0

a+ a-=-x»

T

)

Y en(Yii0)F — T2 E (en(Y1:0)%) —p 0. (6)
t=1

T

Proof of Lemma 3. Equation (5) follows directly from a weak law of large numbers (WLLN) applied to
the triangular array ey (Y;; 0)F —E (EN(Yl; 9)’“); see, e.g., (Douc et al., 2014, Theorem B.18). This results

holds as E (w(Y1,Uy,1;0)F°) < oo so limsupy_, E (|5N(Y1;9)|k+5) < 00 by Lemma 2. To establish
(6), we use that for any € > 0

s oy [ o s i)
IP){|T 2 t=zl{€N(Yt;0) ~ElenCuON} ZG}S T

E ([EN(Yl; 0) — E (en (Vi; a)k)]Q)

Tre2

— 0.

The result follows. O
We can now give the proof of Part 1 of Theorem 1.

Proof of Part 1 of Theorem 1. We first perform a fourth order Taylor expansion of each term appearing
in (1), i.e.

log{1—|— EN\(/}%Q)} _ gN\(/?v;a) B EN(;;‘,\;Q)Q . ggj(vyf/;%)a ~ ENZ(SZ/\?;QQ)AL R () -
where
oy 1 1 en(Y;6) °
Fewisb) =5 (1+En(Yi:0))° { VN } )

with [ (Y3 0)] <

L\}%G)‘ . To ensure that these Taylor expansions are valid for ¢t € 1 : T, we control

en (Ye;6)

the probability of the event B (YT, e) = {max v/

t<T

‘ > e}. We have for any € > 0

ST

E (EN (Y1 9)8)
eSN4

E (EN (Y1 9)8)

— 6864T4O‘_1 ’

<T

since N = [BT*]. As E (w (Yl, Ulqjl; 9)8) < oo by assumption, the complementary event satisfies for
a>1/4
lim P((B(Y7,¢)°) = 1. 9)

T—o0



On the event (B (YT, e))c, the Taylor expansion (7) holds for all t € 1: T so we can write

'~ T
log p (Yi.7|0) —logp (Yi.7[0) 1 _
T2 = Giagis 2 on (Yii6) (10)
t=1
1 T
2
T 9RT(H/2 ZEN (Y2;0) (11)
t=1
1 T
. n\3
+ sgeranan 2L on (Vi) (12)
t=1
1 T
4
~ sgraTan 2. on (Yif) (13)
t=1
1 T
+ WZRuN (Yi;0) (14)
t=1

+ op (1) .

We first control the remainder (14), using the fact that (8) can be controlled on the event B® (YT, e), as
follows

1
T(1—a)/2

T
Z Rt,N (Yt§ 9)

t=1

IN

1 1 1 s
535/2 (1— 6)5 T(—a)/2 N5/2 Z len (Y2 0)]

< 1 1
- 5B5/2 (1 _ )5 T(4a 1)/

~ (Y 0)

||M%

The WLLN for triangular arrays holds by a similar argument to Lemma 3 so we have

T

1

72 lew Vi 0)P — E (Jew (130)[°) 2 0.
t=1

Hence as a > 1/4, we obtain

1

T
Z Rin (Yi;0)
t=1

The term on the r.h.s. of (10) satisfies a conditional CLT for triangular arrays; see Lemma 19 in Section
A.9. Indeed, we have for any € > 0
) )

(16)

—1
ZE(W Vi) ey vz vy | Y

2 EN Yta
ZE< 2T H{\sN(Yt;G)lzﬁe}

using (4) to obtain the last equality. Hence the following conditional Lindeberg condition holds

1ZE<€N Y;;0) ]I{|5N Y130)|>v/Te} yT) —e0.



As (2) holds, by the strong law of large numbers (SLLN), the limiting variance is given by

T
o1 o2l v e L N2 a1 (2
Tlgan;E(aN (vi;60)°| 97 —Tlggoﬁgv(lﬁ,@) =87y ().
Lemma 3 shows that the second term (11) satisfies
1 T
2 —a 2
T0+a)/2 Z en (Yi;0)" — T )/27 (0)" —p 0, (17)
t=1
and that the third term (12) satisfies
T
1 3 p3 (0)
T(+2a)/2 ZEN (¥2:0)" — B1/27Ba=1)/2 —r 0, (18)
=1

hence it vanishes for o > 1/3. Similarly, Lemma 3 and (4) show that

T 4
1 i 3v(0) ps(0)
T(+3a)/2 >_ev (¥50)" - TGa—D/2 ~ gTGa-1/2 F 0 (19)
t=1

where mﬂf;i(fiw — 0 for any a > 1/5.

The term T—(1—a)/2 {logp (Y1.7|0) —logp (Y1.7|6)} is asymptotically equivalent in distribution to the
sum of the terms (10), (11), (12), (13) and (14). By combining (9) to the fact that (10) satisfies a
conditional CLT, that (17), (18), (19), (15) hold and Lemma 21, the result follows. O

A.3 Proof of Part 2 of Theorem 1

Lemma 4. For any y € Y and integer k > 1, if E [|5N (y; 9)\k+1} < o0 then E [|5N (y; 0)|k} < oo and

Lg {EN (v3 9)“1 :

E {&v (y;9)k} =E [ezv (y;G)k} + Wi

Proof of Lemma /4. We have

_ 1 N g

E {5N (y;a)k} = Vi // [z {@ (y,u1,430) — 1}] 7(du1,1:50)
i=1

1
= 7N1+k/2 EERY
i=1

N k
= ﬁ// [Z {@ (y,u1,4;0) — 1}] Hj_ilw(dul,j;()p,lp)

N k+1
1 N
+ NiTk2 // lz {@ (y,u1,4;0) — 1}] HFISD (du,j;0p, 1) -
i=1

{@ (y,u1,4;0) — 1}1

N
N
N+ {w(y,u10) - 1}] szlw(dul,ﬁopvfp)
i=1

The result follows directly. O

Corollary 5. By combining Lemma 1 with Lemma /4, we obtain

B len (1:6)] = ”(%) (20)
E [en 0] = v (:0)? + 280 (21)



37 (y;0) + p3 (1:0) | pa(y;0)

E [en (1:0)°] = = ey (22)
i {sN (959)4} 3y (g 0)" 1 (y:0) + 10[;(%9) p3 (y; 0) . 05](\?[;2; o) (23)

Similarly, we have E[ey (Y1:0)] =~ (0)* /VN, E {EN (Yy; 9)2} =7 (0)> + p3 (0) /N, ete.

We can now give the proof of Part 2 of Theorem 1. For o« = 1, it is possible to combine Part 1 of Theorem
1 to a uniform integrability argument to establish this result but this argument does not appear to extend
tol/3<a<l.

Proof of Part 2 of Theorem 1. The proof of this CLT is very similar to the proof of Part 1 of Theorem
1 so we skip some details. We again first perform a fourth order Taylor expansion of each term appearing
in (1), i.e., see (7) and (8). We also need to ensure that these Taylor expansions are valid for t € 1: T

so we control the probability of the event B (YT, 6) = {Itn<a7>§ ’N‘l/zeN (Yy; 9)| > e}. We have for any
e>0 B -
_ E (en (11:6)°)
T
FAB(Y" o)} < —sgipmat
AsE (w (Yl, Uf:l; 9)9) < o0 holds by assumption, Lemma 4 ensures that E (5N (Y; 0)8) < 00 80

lim P ((B (YT,e))c) =1 (24)

T— o0
C
for @ > 1/4. On the event (B (Y7 ¢€)) , the Taylor expansion (7) holds for all t € 1 : T so we can

similarly decompose T~(1=%)/2 {log p(Y1.7|0) —logp (Yi.7|0)} as the sum of the terms (10), (11), (12),
(13), (14) and an additional og (1) term.

For a > 1/4, the remainder vanishes

1

Ta—a)/2 —3 0 (25)

T
> Ry (V;0)
t=1

as the WLLN for triangular arrays holds so

T

1 ~

72 len (V0) B (Jen (V30)F) 55 0.
t=1

Using (20), we can rewrite the first term (10) as follows

W;EN (Yi;0) = ﬂ1/2T1/2Z{€N V;;0) —E (en (Yt;e)\yT)} (26)
- T ’7(6>2
61/2T1/2 ;{ en (Y3 0)| V") — \/N} (27)
T1/2 0 2
+ B1/2 ’Y\}N) (28)

The r.h.s. of (26) satisfies a conditional CLT, see Lemma 19. Indeed the conditional Lindeberg condition

holds using arguments similar to (16) as T-'E (5‘}\, (Y 0)) — 0. By Lemma 4 and the SLLN, the limiting
variance is given by

ps (Yi;0) v (Y3;0)

i SR (007 }57) B 0137 = i 5~ v 255020

=B71v(0)°

]



almost surely as (20)-(21) hold and E [’y (Y; 0)4] < 00. The term (27) satisfies

T 2 T
1 o v (9) 1 2 2
—7 > A E(en (Vi;0)[Y7) - }— > v (Y07 = (0)*F =50 (29)
T1/2 t—1{ /N T2 /N t—1{ }
by the SLLN, the assumption E [’y (Yr; 9)4] < 0o and Chebyshev’s inequality. Finally we have for (28)

T1/2 7(9)2 B T(-a)/2 )
5 N 5 ~v(0)" — 0. (30)

For the second term (11), using (21), we obtain using Lemma 3

T
1 2 - 2 amip(i-
W ZSN (}/t, 9) — 1—1(1 a)/Q’y (0) — ﬁ 1T(1 304)/2p3 (0) —>ﬁ 0, (31)
t=1
where the third term on the Lh.s. vanishes for o > 1/3. For the third term (12), we obtain using (22)

and Lemma 3
T

1 s 3 (0) +ps(0) pa (0)
T(1+2a)/2 ;51" (¥3:0)" — B1/2T(Ba—1)/2 - 33/2T(5a~1)/2

—p 0. (32)

Hence, (12) vanishes for o > 1/3. Finally for the fourth term (13), we obtain using (23) and Lemma 3

T 4
1 a3 (9) pa (0) +10p2 (0) p3 (0) ps (0)
T(14+3a)/2 ;EN (Ye:0)" — TBa—1)/2 BT (Ga—1)/2 "~ pra=1)/2 —g0 (33)

where T=G=1/2 L5, (0) + 10p2 (0) p3 (0)} — 0 and T~ T*=1/2p5 (9) — 0 for any o > 1/5.

The term T-1=2)/2 {log 5 (Vi.7|0) — logp (Yi.7|0)} is asymptotically equivalent in distribution to the
sum of the terms (10), (11), (12), (13) and (14). By combining (24) to the fact that (26) satisfies a
conditional CLT, (29), (30), (31), (32), (33), (25) and Lemma 21, the result follows. O

A.4 Proof of Theorem 2

To simplify presentation, we only give the proof when 6 is a scalar parameter, the multivariate exten-
sion is direct. We have Zr () = logp(Y1.7 | 6,U) —logp(Yi.r | 0,U) with U ~ 7(:|60). We define

Wi (9 + g/ﬁ) = log p(Yir | 0+ €/VT,U") —log p(Yiur | 0,U") with U’ ~ m.
The result will follow by the arguments used in the proof of Theorem 1, replacing
1
en(Ye, U 0) = —= » [@w(Ys,Upi50) — 1],
D

with
(v (Yis0) = en(Yi, UL 0+ E/VT) — en(Ye, Ugs 0).

We make here the dependence of ey on U; or U; explicit. We need to check that the moment conditions
used for ey carry over to (. We have by the C,, inequality and Lemma 4 that there exists ¢ < oo

E (Cn(Y130)%) < C{E (eN (Yl,U{;9+§/ﬁ)8> +E (eN (Yl,Ul;H)S)}
< C{E (eN (Y17U1;9+£/\/T)8>
+E (€N (Yl,U1;9)8> + Tlﬁ ‘E (EN (YlaU1§9)9)‘}'

As Y — w(Yy,U;1;9) and ¥ — E(w(Y, Uy.1;9)?) are continuous by assumption, it is straightforward to
check that lower order moments are also continuous. Also for 7" large enough

E (v (¥1:0)°) < C{2E (en (1, U1:0)°) + ﬁE (e (Yl,Ul;e)g)},



and similar results hold for lower order moments.

We use a Taylor expansion similar to the one used to establish Part 1 and Part 2 of Theorem 1,

Wr (0+5/VT) 7.0 1 &
§<1a>/2 ) N T(lT—EnZz = BT/ z; [EN (Yt Ui +5/ﬁ) —en (1, Ut;e)}
t=

T
1 2
_251“(1“*)/22{51\[ (YtaUt/§9+§/\/T) _5N(Yt,Ut;9)2]

) 3
353/2T(1+2a)/22|: (Yt7Utl§9+€/\/T> —€eN (Y—t7Ut§9)3:|

t=1

) 4
WT T O |EN K,U[;0+§/\/T) —&:N(Yg,Ut;9)4]
t=1
T

(- a)/QZRéN Y;0,€) +og (1),

t=1

where P denotes the probability over U ~ 7 (-| ), U’ ~ m and Y; X 1 and E the associated expectation.
By inspecting the proofs of Parts 1 and 2 of Theorem 1, we can rewrite this as

Wr <9+§/\/T) Zr (0)

Tz T-o)2 (34)
1 T
:WZ [5N (thUt/ﬂJFg/\FT) —E&N (YtaUtQQ)} (35)
t=1
1 J / 2 2
~ S O | (Yo UL:6+ ¢/VT) —en (Y, Ui 0| +05(1). (36)
t=1

Next notice that

T
— 2
'Y E ( N (Yt’Ut/?a +§/ﬁ) N <Yt>Ut?9)} L e (V230) —en (V2 U030) > /T }

( )
({EN (Yt,U{;QwLﬁ/ﬁ) — &N (Yt,Ut;e)}z
(

E

T
a7 Hlen 0rs0)—en (vi0030) 2T} | Y

IN

EN Yt,ULf,g-i-f/\/T) —EN (K,Ut;g)}‘l)

IA
o
&
/N
™
=
=
S

.0) )+IE(5N (Yt,Ut,o+§/f) >} (C, inequality)

which implies that

T _ 2
7121}3 ({5N (K7Ut/§9+f/\/f) — &N (YtaUﬁa)} H{IEN(Yt;O)—aN(Yt,Ut;B) >VT
t=1

T) —>@ 0.

Therefore the conditional Lindeberg condition is verified and the term (35) satisfies a conditional CLT
for triangular arrays (Lemma 19), with limiting variance given by

T

. 1
gim om

B ({ox (VU0 + VT) - ex (Vo)) |57)

~E (en (Vi U0+ ¢/VT) —en m,Ut;o)]yTﬂ



1 ,
= i D (o 00 U0 |37) 4 B (e (Y50 + V) |97 B (e 05,0300 7'
T | d 2, P (Y 0) . 2y (Yu0)!
= fim g 3o 00" By (Va0 4 ¢/ VT) = AR

as | {51\/ (Yt Ul + g/\/T) ‘ yT} — 0. Now we have

T . Y
lim 5 Z (Y: 0) 3(]}\?79)_7(3;15\;9) 25—17(0)2

by the SLLN as E [ (Y;;0)"| < co. We also have by the WLLN for triangular arrays that

;l

T
lim = Z (Yi; 6) —7(5@;94—5/\/?)2—@0, (37)

T—oo T

and since by assumption v(-) is continuously differentiable we have for any &

2 (9-‘1-i ,19 2
TO=92 1y (94 ¢/VT) =7 (0)%| = T2 / o) gy (38)
0 o
2
< T(lfa)mi sup 378(:99) — 0.
VT velon(o+355).0v(0+55)]
We have already seen in the proof of Theorem 1, equation (17), that

1 T

WZEN (Y;:,Uﬁef — T2y (9)2 -3 0, (39)
t=1

and using a similar argument as the one used in the proof of (22) in Theorem 1, equation (31), we have

Ha) 7 ZeN (Y;, U160 + €/VT)? — T2 (6)* 550 (40)

as o > 1/3 and (38) holds.

Hence (35) minus its mean satisfies a conditional CLT of limiting variance 2817 (0)* because of (37)-
(38). Using (29), its mean plus S~ 2T(1=2)/2+ (9)* converges to zero in probability and (36) vanishes in
probability so the final result follows from Lemma 21.

A.5 Proof of Theorem 3
A.5.1 Notation and continuous-time embedding
For 6r = 77[1%, we have pr = exp (—d07) and we can write fort € 1 : T andi€1: N

Ut/,z' = 6_6TUt,i + 1-— 67267"6@1'7 Eta ™~ N(Op, Ip) . (41)

It will prove convenient for our proof to embed this discrete-time process within the following Ornstein-
Uhlenbeck process
AUy (8) = Uy (s) ds + V2d By (s) (42)

where B, ; are independent p—dimensional standard Brownian motions for t € 1:T and ¢ € 1: N. It is
easy to check that we can set equivalently Uy ; = Uy ; (0r) as the value of the Ornstein-Uhlenbeck process
at time s = dr which has been initialized at time s = 0 using Uy ; (0) = Uy;.

10



Whenever it is clear, we will drop the T index to keep the notation reasonable. We define

ﬁ()/t|07 Ut

N
—~ —~ 1
WT(0) = WI(Y. | 0:U.) = ) _ 72 VU, .-
t (6) t ( t | 97 Ut) p(Y;t | 9) N i:1w( t7Ut7119)7

where the full notation shall be retained when evaluating at the proposal ¢, U] and

7= WL | 95U) = W (0)
t W7 (6)

(43)

Let FT' C G be the sigma-algebra spanned by {UT,))T} where YT = o{U; 5t € 1:T,i € 1: N} and
VT = o{Y;;t€l:T}. Let E [-|YT] denotes the expectation w.r.t {Uy; (0);t € 1:T,i € 1: N} ~
7 (-|#) and the Brownian motions {(By;(s);s > 0);t € 1 : T,i € 1 : N} where 7({uf;;t € 1: T,i €

1: N}6) is given by (20) whereas E [-| YT denotes the expectation w.r.t Uy ; iLd- N (0,,1,) and the

Brownian motions {(B;(s);s > 0);¢ € 1:T,i € 1 : N}. Finally, we define the Stein operator S for a
real-valued function g(y,;0)

S{g(y,u;0)} := (Vu, Vug(y, u;0)) — (u, Vug(y, us; 0)) . (44)

A.5.2 Assumptions

Assumption 1. There exists € > 0 such that

limsup E {(Wf (0))_3_6] < o0.

Assumption 2. There exists x : Y x RP — RT such that ¥ — Vyw (y,u;9) is continuous at 9 = 0,
V0w (5, 5: 0)]| < x (3,1) for all y,u € Y x RP, and

E [x (Yl,UM)“} < .

Assumption 3. We have
E[[(Vu, Vuw (Y1, Ui 1; 0))]] < oc.

Assumption 4. We have
2
E [(3{||vuw(yl,ul,1;9)2}) } < .

Assumption 5. There exists s > 0 such that

E[IVum(¥i, U1,1;0)[] < oo.
Assumption 6. We have

E[(S{w (V1,010 < .
A.5.3 Details of the proof
To simplify the presentation we only consider the case where 6 is a scalar parameter, the dimension of

Ui is p=1 and ¥ = 1, the multivariate extension is straightforward although much more tedious. Let
0" =0 + ¢//T. Notice that from the definitions of W[ (Y; | 0/;U}), and W} := W/ (#) we have

T = T
wWry,|¢;U!
Zlog <t(/t\|t)> = Zlog(l +nf)

t=1 WtT t=1
T 1 T T
= w5 2 P+ hmH) P, (45)
t=1 t=1 t=1



since log(1 + x) =  — 2%/2 + h(x)x? with h(x) = o(x) as z — 0.

The proof proceeds through several auxiliary Lemmas in three main steps. First, we prove that Zthl nt
converges to a zero-mean Gaussian random variable conditionally upon FT. Second, we show that

Zle (ntT )2 converges in probability towards a constant. Third, we show that high-order terms vanish
in probability. The result then follows from Lemma 21.

Using It6’s formula, we decompose 1] as follows

o= Ji LM (46)
where
I = NWT Z{w (Yo Ui (61) 10+ E/VT) — w(Y, Usi (61) :0)}, (47)
i=1
o
LtTZ/ NWTZ{ ~0uw (Y2, Ur,i (5)10) Uri (s) + 05w (Ye, Uri (5)50) } ds, (48)
0
or \[
M = Zauw (Y2, Ui (5)560) dBs (s) (49)

0 NWT

The following preliminary Lemmas establish various properties of the terms JI', LT, M and n}.

Lemma 6. The sequence {JtT;t > 1} defined in (47) satisfies
~ ~ T ~
E(JF) =0, V(ZJE) =TV (J{) =0
t=1

and Y0 JE =50, S0 (JF)? =5 0.
Lemma 7. The sequence {L{;t > 1} defined in (48) satisfies

E(LT) =0, (ZLT> TV (LT) = 0,

and Zthl LT —50.
Lemma 8. The sequence {MtT;t > 1} defined in (}9) satisfies

T
E(M])] =0(/T), Y M]|F"

Lemma 9. The sequence {n};t > 1} defined in (46) satisfies

T
D ) =5 K5 (0).

t=1

Using the above results, we can now prove Theorem 3. Combining Lemmas 6, 7, 8 and 9 with Lemma 21
from Section A.9, we obtain that

T 2
Znﬁ%(n{)ﬂﬂ é/\/(”f) ,5(9)2)

It remains to control the remainder from the Taylor expansion (45). We bound it using Lemma 9 as

T

S h(f) (af)

t=1

T
< g [ (D] ont = 1)) 0,0

12



Without loss of generality we can assume that |h(x)] < g(|z|) where g is increasing on [0,00) and
lim,_,o+ g () = 0 so that

max |h(77tT)| §g(max |77t |>,

1<t<T 1<t<T

and

~ T ~ T
P (s bt =) = ILL, (1 (1> 9} = (=R ()" 101> ) 6o
By using the decomposition of n{, we have using the C,, inequality
TE ()" 1(]nf | > €)) < e T (VUT) + VLD +E [ (M) 1 (jn]] > )] )
=o(1),

where we have used Lemmas 6 and 7 for the terms involving J{ and L. The term involving M] vanishes
by uniform integrability of the family {T(MlT )T > 1}, the proof of which can be found in the proof
of Lemma 8 where the Lindeberg condition is verified. Therefore overall we have

<|771 F1(|nf| > 5)) = o(1/T),

and thus (50) converges towards 1 as T — oo. Hence we have g (max; ’nf ’) = op(1) and the result
follows.

A.5.4 Proofs of Auxiliary Results

Proof of Lemma 6. We obtain E (JtT ) = 0 directly from Assumption 2 and we can rewrite J; as

NWT Z/ By (Y, Up,i(67);9)dY,

where 6 = 6 + £/+/T. Thus we obtain

T T
(z p ) ST = SR ()

=1 t=1

T 1 N o ?

t =1
T 1 . N ! ?
_ ZWE Wt (Z/a %w(Yt,Ut,z‘@T);ﬁ)dﬁ)
i=1

1/2

T o112 N !
< ZW]E {(Wt )~ } E Z/@ 3@W(K,Ut,i(5T)§19)d19]

t=1
T .~ 1/2 N N
ZW]E[(W{)Q} E lz/ aﬁw(n,Ut,i(éT);ﬁ)M]
; 6
1/2

4
o~ 1/2
< o B[ (W) | o= U1,1<6T>;ﬂ>dﬂ] !
0

after interchanging the order of differentiation and integration by Assumption 2, using the fact that the
integrals over 1 have zero mean and that the terms are i.i.d. over the index ¢ under P. We also used the
fact that for i.i.d. zero-mean random variables {Z;}M .

M 4
(Z Zi> < cM’E (Z}),
i=1

13



for some positive constant c¢. Hence, we have using Assumptions 1 and 2 that |Oyw(Y1,U1,1(d7);

9)| <

2x(Y1,U1,1(07)) for 9 € [9A0',0V ¢ and T large enough. When 6 is multidimensional, this can be
established using the fundamental theorem of calculus for line integrals. It follows that

@(ET:JK) < C—E / By (Yr, Up1(67); z9)d19} )1/2
t=1 7

This concludes the proof of the lemma.

4\ 1/2

< Cigﬂﬂ([/:, X(Y1,U1,1(5T))d19} )

- o)

E(X(Y1, U1,1)4) i

Proof of Lemma 7. We can rewrite LI given by (48) as

LT =
t NTUT
o NW;

where S is the Stein operator defined in (44).

(ZS{w (Y3, Upi (s );9)}> ds,

By Assumption 3, we can apply Fubini’s theorem to

interchange the order of integration, and Stein’s lemma (Stein, 1981, Lemma 1) shows that

(LT|yT

ZE ( S{w (Y;, Ui (s);0)}ds| Y

-

so in particular E (LT) = 0. Hence, we have

V(Lf)=E

(NWT

- 1 ot o
E ﬁ/ / lzs{w (Ye, Ui (s
. ) o Jo |

1 ot or
N2 /0 /0

St 2
/ NWTZS{w (Ve Uri (5): 9>}ds] )

N

N

> (e (¥, Ui (5) ;e>}] [Z S {= (V.U

The term (51) can be rewritten as

or  por N
I [ (ZS{wYt,U“(), })(]bZS{w(m7Ut,j<r>;e)})

11/2
E

o ot
b
0 0
or ot
b
0 0
o St
b
0 0

drds

- 57 1/2

1 N 2 L
<N;S{W(K’Ut»i(5)39)}> (N;S{W(YLUM'(T);@)})

[ [

drds

4 1/4

4
@ (Ye, Ui ( )ﬂ)}) drds

2 \

Z {w (Y2, Upj (r); 9)}>

- N 4 1/2
<N Z S{w (Y1, Uy (s); 9)}) drds

14



by Assumption 6, E (S {w (Y}, Uy, (s);0)}) = 0, and the fact that U, ; (s) are stationary and independent
over ¢ under P. Therefore we have

N N
Z T TV (LT) = O T) =0
( K > L ) (7 2 ) a (1 ) .
This concludes the proof of the lemma. O

Proof of Lemma 8. We check here that the conditions of the conditional CLT given in Lemma 19 of
Section A.9 are satisfied. Consider the term M7 given by (49) which can be decomposed as

T
T:ZMTfZZ it (52)

t=1 i=1

where Y s
2 T
T _ (g) - ,
M, = NWtT ; Ouw (Y, Uy, (s);0)dBy; (). (53)
It is straightforward to see that
E (M| FF) = (N Z/ Ouw (Yi,Up i (8);0)dBy; (s) ]-"T> =0,
and
B T
5=V (MT|FT) =3 V(M| FT). (54)
t=1

Next we will show that s3. — & (§)>. The term V (MtT‘ FT) satisfies

2

V(MI|FT) => v (ME| FT)

e A SRR R T

Letting

9(y,u;0) = {0 (y, u; )},

and using [t6’s formula, we obtain

or _ ,
/0 E ({Guw(Yt, Ui (5);0)} ‘ ]-‘T> ds

ST or
= w\It, tz S ty Ut ; T\ drds
—0{8u (Y, U, }d+// (S{g(Ys, Ui (s);0)} F")drd
=07 {Oyw (Y, Up; (0 } +/ / S{g (Y, Ui (s); 6)}|]—'T) drds,
where
/st*(S{g(nUt,m HFT) dr—// 9(¥i e Ui + V1= 27530) | (530, 1) dedr.
0
Therefore
T N o _
= W\ I, Uti\S) 3 2|FT) ds
;;m( /O E ({05 (e, Ui (5):0)) [F7) d
T N
= ZZ N2 {8uw(}/taUt179)} (55)

t=

—

(i)

15



T N o s

2 T ~
+y ﬁ/ /]E(S{g(Yt,Um(s);&)}|]—'T)drds. (56)
t=1i=1 N2 (W[ 0 0

To show that the term (56) vanishes in probability, we show that it vanishes in absolute mean

" E (S {g(Ye, Uss (r):0)}| F7) drds

o
drds

IA
5| -
M=
Mz
B

OS E (S {g(Yi, Uy (r) :0)}| F7)

ZLT . s o U, | drds
DI () //\ (S{g(¥i, Usi (r)0)} FT) | drd

t=1 i=1
B lgéé/:T /OSIE E ({T)zw{g(yt,[]t,i (r);N} | FT| | drds
- iéé/oh /OSE (/M;tT IS {g(Ys, Ui (r) ,9)}|> drds

= 2.2 /jT | S [(/WF)Q] g (5 {a¥i.Uns ():0)}7] " aras
_ 5%%]E {(WE) _1 1/2E [(3 (ot Ul,l;ﬁ)})z]lm

L —271/2 1/2
=5T1E[(W,T) } E{(S{Q(Yl,UM;H)})Q} = 0(57),

by Assumption 4 and the fact that U, ,; (r) are stationary and i.i.d. over ¢,7 under P. Going back to our
calculation of s2., we now consider the term (55)

>y

T
2
— - 2 {au’W(Yi,Ut Zae)} = T E gr (EyUt)a
t=1 i=1 N2( ) t=1

where
1 N e -2 2
r (Vi Uh) =+ 2_; (W) {0uw (3, Ui 0))°
In order to apply the WLLN we have to check that

> % (s g (32,001 = e1}) = (for (.07 | 1 {Jor (1,07 2 €7}) 50

or equivalently that

{gT (YlyUl }T>1 {N Z (Wl ) - {8uw(Y17U3:179)}27T > 1},

is uniformly integrable. We use de la Vallée-Poussin theorem; i.e., {X,;n > 1} is uniformly integrable if
and only if there exists a non-negative increasing convex function g such that g(z)/x — oo as x — oo
and sup,,>; E[g (| Xn|)] < oo

As g is convex, we obtain by Jensen’s inequality

($E ) o)

i=1

E

<E l;] ég ((f/IZT)_Q {0,w(Y7, U1T,i§9)}2>]

16



8 |o (W) om0

where the last equality follows from the fact that the variables {U 1T ;3% € 1: N} are exchangeable under
7 (-] 0). Therefore it will suffice to assume that for some non-negative, increasing convex function g such
that g(z)/x — oo

lim sup E |:g ((WF)Q {auw(yl,Ul,l;@f)] <

or equivalently that the family
N\ 2
{(WlT) (0, (Y1, Uy 1 0))%:5T > 1},

is uniformly integrable under P. However, this is satisfied as there exists € > 0 such that

" e _9 1+
limsup E [((W{F) {auw(yl,Uu;e)f) ] < 0,
T

which can be verified by using Cauchy-Schwarz inequality and Assumptions 1 and 5. By applying now
the WLLN, we have

T
73 (9r (5.0~ Elor (% 00)]) =50
where
E [gr (Y1, UlT)} =E l;f Z (WlT) - {(%W(Yl,UEi;G)}Q]

i=1

=& |(77) " @0, 00| =8 | (W7) @i, Ui

By Cauchy-Schwarz, Assumptions 1 and 5, we have

o —1—¢
limsup E { (W1T> {(Buw (Y, Uy s; 9)}2”5} < .
T

N1
Therefore the family {(WlT) {Oyw (Y1, U171;0)}2 ;T > 1} is also uniformly integrable under P and,

since W' —p 1, we have

o -1 k(0)?
E <(W1T) {auw(Yl,Ul,l;a)}Q) —E ({0,211, 01,1;0))") = (2) .
Hence, it follows that s7. —3 & (0) and condition (106) of Lemma 19 is satisfied.
We now need to check the Lindeberg condition (107), i.e., that for any e > 0
s 2
SOE([MIPr{| M| 2 e} FT) =5 0. (57)
t=1

Since the Lh.s. of (57) is non-negative, it is enough to show that its unconditional expectation vanishes
or equivalently that T’ |M1T |2 is uniformly integrable. We have

SCE(|MIPI{MT| 2 e}) = TE (|Mf P 1{|M]| 2 })

t=1

N vz XL e :
—TE {NWF;/O 8uw(Y1,U17ji(S);9)dBl,i(S)} I{|M]|>e}

17



NG

by Cauchy-Schwartz and

~ 1 N or . 4
E|l—— Oww (Y1,U;; (5);60)dB1; (s
@ {2 i (1,01 ():0) <>}

N St 4
=K ({Z; 0 uw (Yl’UlT,i (5)§9) dBi; (S)} )
)

N op *
=E (IE ({2/0 Ouw (Y1,U{; (s);60) dBy; (3)}

4
< (N’ [( " e (V1. U1 (5):0) dBr (s)> ]
0

< eN? {3/5T E [0, (V1,011 (5):0))'] 2 ds}2
0

= N?6}E {(mw (Y1, U35 9))4} < 00,

where the penultimate inequality follows from (Zakai, 1967, Theorem 1) and the last one by Assumption 5.
Therefore, we have

1/2
K. 2 o [ T{|MT] >
Y E (IMtTIzH{}M?\ > a}) < ﬁ%NéTE [(auw (Y1,U1,1;9))4} E w
(1)
1/2
/2~ | T{|Mmf
= 2\/07E [(auw (Yl, U171; 9))4:| e E w (58)
(77)
Using Holder’s inequality, Assumption 1 and Chebyshev’s inequality, we have
- T [y =33/ (FO)
B | HRELEE ) e (@) "] Bz g7
(W)
< B (M| 7"
~ e/(14€)
E|(MT)*]
< —a . (59)

To proceed, we need to control the second moment of M{

E{(MlT)ﬂ _B [( \{\i XN:/OJT8uw(YlaUljji(S);e)dBl’i(S)> ]

NWT

2

1 N o 2
m(ZAammﬂmwwwm@]

18



47 1/2

0

— 1/2 [/ N s
< %]E [(WlT)—2] / E (Z/ duw (Y1,U{; (s);60) dBy; (s)>
1/2

B 4
_ 1/2 N pér
= 13 [(WlT)‘Q] E |E (Z/ 3uw(Y1,U17:i(s);9)dBLi(s)> yr
i=170

1/2

oz 4
<coE [(W{)*]UZE E V 8uw(Yl,Ufi(s);G)dBl’i(s)] yr
0

47 1/2

L [y -2]2 "
<eE|W)7 TE 0 (1,011 (9):0) 4By (9)

< L@ s {oe v} = o), (00

by Cauchy-Schwartz, (Zakai, 1967, Theorem 1) and Assumptions 1 and 5

By combining (58), (59) and (60), it follows that (57) holds. Therefore by the Lindeberg central limit
theorem of Lemma 19 applied conditionally on F* and using s% =5 K (9)2, we obtain

T 2
0
S Mo FT N(o,“g) )
t=1
O
Proof of Lemma 9. Notice that
T T (757 = T T
1 1 Wy, 9’V - wr 1 2 1 2 2
St S IO TEN L5 iy = LS 2
t=1 t=1 t=1 t=1

We know from Lemma 6 that Zt L(JE)? =5 0. The (H{ )2 terms are given by

Z;(Hf)zz

(LT + M)’

Mﬂ

t

1

(L1 21T M7 + (M),

M=

t

1

The first term vanishes in probability since by Lemma 7

E (Zthl (L?)2> Y (LT) — 0.

For the product term, notice that by two applications of the Cauchy-Schwartz inequality
B (run)) <2 ({25 @) " {zh 0} )
<E(x7, <LT>2)”2E (L, y)
~ (= ven) " (L) S

by Lemmas 7 and 8. Finally, Lemma 8 shows that
YILE((M)Y) =ow.
For the term involving the product JI HY', we have by two applications of the Cauchy-Schwartz inequality

B (|t rar)) <& |(sLoon?) " (= @)
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~ T o\ 1/2 ~ T o\ 1/2
<B(xL, (0" TE(SL @n’)
By Lemmas 6, 7 and 8, the first factor vanishes, while we have just shown that the second factor is O (1).

Finally, conditionally on F7T, the terms (MtT )2 are independent. We want to apply the conditional
WLLN to show that , - )
S (M) =B (M) F7) =50,

By Lemma 8 holds, we only need to check that for any € > 0
T = 2
SR (D) 1{| M| 2 e} | FT) =50,

This has already been established in the proof of Lemma 8. O

A.6 Sufficient conditions to ensure Assumption 3
We will provide here sufficient conditions to ensure convergence happens almost surely, hence in proba-
bility. In the notation of Section A.5, let u”" denote the conditional law of

T T

RT'_XT:IO /W\F(YIE‘0/7U£) —XT:IO (1+ T)_ZT: T_}Z[ T]2_|_Zh( T)[ T]2
= g —/WtT = S g Ne ) = un B yr Ne )Me |

t=1 t=1 t=1 t=1

given FT where 6, ¢ are fixed, 0/ =0 +&/VT , & ~v(-), U ~ T (-]0), U ~ K, (U,-) with pp given by
(25) and Np — o0 as T' — oo with Np = o(T"). We want to control the term

sup [dBL(uT, 2 ( —Ii(g) : n2(9)> ‘ yT}

0EN(0)

=9§ﬁzyér{”7(dud9)“(da

/Kp (ug, duy) f {log (ﬁ(yl:T | B9 +§/\/T,u1)/p(Y1:T | 0+§/\/T)>}

" il < POVir | 0u0)/ /p(YVier | 6)
—i/wmw—ﬁgm,ﬁw»fwou.

We state sufficient conditions under which this result holds in the setting where d =1, p=1 and ¢ = 1.
The extension to the multivariate scenario is straightforward albeit tedious. As in Theorem 3, we define

K (0)% = 2E ({8uw(Y1, Upi; e)}Q) .

We will also write
/i(y79)2 = 2E ({&ﬂﬂ(Yh U171; 9)}2‘ Yl = y) .

Assumption 7. Let B:Y — R* be a measurable function such that E(B(Y1)1°) < oo, and let ez — 0
as T — oo. Assume that [ £%0(d€) < oo, that £2(-,0) is measurable for all 0 and K2(y,-) is continuous
in 6 for all y, that k() is locally Lispschitz around 0 and that the following inequalities hold:

w(y,0) < B(y), (61)
—~ —6
waKMﬂ‘n=4SBm, (62)
0N (D)
— 2
waWHOW) nzﬂsB@, (63)
0eN(0)
sup EV2 [ {200 (y, U1:0)*)|| < B(w), (64)
0N ()
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2

1 1
sup E | |==-1| |Yi=y|, sup E||——= —1] |Yi=y| <erB(y), (65)
9EN () wlr 0EN (D) (WtT)
M 2
sup E ‘WtT—l) ’YZZZ/} < erB(y), (66)
0eN(@) L
.
sup E| |y, = y} < B(y), (67)
gen@ L1+m
sup E [&W(Yt, Ui1;0)'°|Y; = y] < B(y), (68)
0EN(0)
mnﬁ<@wm¢me%n=4s3@x (69)
0EN(0)
sup E [ (03, (Vi Ui (0):0)] ' i = 4| < Bw). (70)
oeN@) -
sup E [S{m (i, Ui 0)}' + S {0, (¥i, Ui 0)} | Vi = y| < B(y). (71)
0EN (D)

Under Assumption 7, the following theorem shows that Assumption 3 is satisfied.
Theorem 10. Under Assumption 7, we have as T — oo

sup E |:dBL(,UT7<P ( —”2(0),18(9)) ' yT} —S0PY —as

0EN(9) 2

The proof of this result will require establish a few preliminary lemmas. Let us first recall the decompo-
sition

nt = I+ L] + Mf, (72)
where JI', LI and M are defined in (47)-(49). We rearrange the above expression as

1
RTzMT—§Z(nf)2+R1T, (73)

where MT .= ST MT =S, Zivzl M{; where M} is defined in (53).

We can further decompose M as

ZMT_Z TNWTZauw (Y, Upi (s);0)dBy; (s)

=170

o1 N
:Z/ v 2 Z@uw (Yi,Upi (0):0) dBy.i (s)
DI AE--33{ K3
}/1&7Ut7,( ) Utz dT+/ wuu }/:tyUtz ) G)d’l“ dBtJ' (S)
NWTz -
T

i Z/ NWT Z\[/ thUtl( );0) dBm-(r)dBm. (s)

—Z

NWTZauw (Y2, Ut (0)36) Br,i (9r) + RS,

where

T N St s
— —— S{0ww (Y, Uy (r);6)}drdBy; (s
g;w?;A A {8y (Y, U (r):0)} drd By, (s)
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T S \/i N s
+ / — ﬁ/ 02, (Yi, Uy (1) ;0)dBy i (r)d By (s) .
;()NWtT; ; (Ye, Ui (r);0) dByi(r)d By (s)

From the above we can conclude that the law of M7 — R’ conditionally on F7 is equal to N (0, 57(6)?)

where
(0 =" ———— [0, (Y3, Uy, (0)50)]°.
o NT (W)

Finally let

T

1~ 2
RY = 1| S ) - w0 fT].
t=1

Lemma 11. We have

yT} < \/EIE [137(80) — K(0)[| V]

+E[[RT|| YT+ E[RT|[YT] + E[|RF V7] (74)

E |:dBL (uT,w <';—K22(9),n2(0)>>
Proof. We first notice that if f € BL(1) we hav

R 127 - [ o (- 59 '0)a

Bls (-3 S )| 5] - [ e (-5

oo )] (ot

B Ew)ir] Jroe

<[els (s -3 6)| 7] - [0 (-5 0)

f

ince |f(x) — f(y)| < |x — y|. Notice that for all 8 the function fy(z) :=
BL(1). Continuing with our estimate we therefore hav

Bl (a2 o)) - ( 2 )dz\
N R B e

2
<[5 [n (v - 5 X 00+ )| #] Bl ) 7

)%
d

+[E[RT|FT],

)
o)

)
\

(2 (9)/2) also belongs to

+’I~E[f9(MT)|]-“T] /f ,O,/-@z(@))dz’
siﬁlé(n?)zn%@) Fr '~[ fo (MT)[¥7] f/f i n%@))dz‘
< [& (R 57|+ [E [RE] 77| + | [ fotere /fe e (:0.82(0) .

since MT — R | FT' ~ N (0,57(0)?). Collecting terms and optimising over BL(1) we obtain

dsr (uT#(';—HZ(G),nQ(O))) = S E[f(RT)| FT] /f ( ; 2(9) (0 )) dz‘

< sw /fe /fe ‘

+IE[RT|fT] +|IE[72T|FT]I+I]E RT|FT]|
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< \/z|§T(e) — k(0| + [E[R]|FT]|+ |E[RE|FT]| + |E [RE| FT]]

since {fs : f € BL(1)} = BL(1). The result follows by taking the conditional expectation w.r.t. Y7 and
elementary manipulations. O

We now need to control the four terms appearing on the r.h.s. of (74). This is done in the following four
subsections.

A.6.1 Control of |57(0) — (0)]

Lemma 12. As T — oo we have that

sup E[|37(0) — w(0)]| YT] — 0 PY —
0EN(0)

Proof. This result is established as follows. For any real numbers «, 3, we have

thus
B [152(0) - x)197) < B | /150) - w2@)]| 7] <B [J530) - 20)]]57]
We will control the last term in the above expression. Let us write g(y, u, 8) := [0, (y; u,0)]* and define

KQ(yv 0) = QEg(y7 Ul,la 9)

Therefore k2(6) = Ex%(Y1,6). We next compute

2 T N T 1 Ym ,
§7.(0 => Z 29 (Y1, Upi,0) — 52(Y2,0)] + > —n(e)

SR 57|y

H\H

First we notice that

N

——— > [20 (Vi Ui 0) — 52(V,0)] || V"
N (WtT) i=1

~ 1
E

( >§j 29 (i, Ut i, 0) — £2(Yz, 0)] yT]
i=1

<EV? [(WE) 2‘yT] E'/2 (1 > [29 (Y2, Us i, 0 _,{2(5/;,9)]) v
i=1

1 N2
= 5B {(WE) ’Yt] VY2 [2g(V;, Uy, 0)| Vil
since the terms are mean zero and independent over i. Therefore by conditions (61) and (69)

N

T
E %Z%Z[29(ant,i79)—K2(n,0)] yT
tle(WtT) i=1

N

<7 YE ( >Z2th,Um — R2(Y;,0)]|| V7
=1

IA
5~
Nl =
Mﬂ
&
—
=
23
|

Y} VY2 [29(Y,, Usr, 6)| Vi)




< \/fTZB 1/3+1.

Continuing we have to control the remainder term

= 1 « “2(th9) 2 T
" T; (Wg) O
S5 |ES gl LU AR (3 3 [0 0]
v o) 2

s;;ﬁ(me{T—Wf Yi| + Z}W(m)—ﬁ(@ﬂ‘

T _ — T
sz;Tﬁ(yt,e){E — 1|y EHWﬁ-1HK}}+ ZlT[FoZ(Yt,H)—ﬁQ(H)]‘

T

T
2
<D 5 (M 0)Ver BY) +

Z 2(Y4,6) 2(9)]‘,

~
Il
-

by conditions (65) and (66). Finally, by assumption x2(y, ), defined for § € N (), is continuous in 6 for
all y and a measurable function of y for each §. Assumption (61) ensures that x2(y,0) < B(y) for all
y €Y and 6 € N(0) and EB(Y1) < oo by assumption. Thus, by (Theorem 2, Jennrich, 1969) it follows

that as T" — oo .

sup

9eN(9) Z T

t=1

1 [,ﬁ(y}a 0) — /{2(9)]‘ -0 PY —as. (75)

In addition we have that as T" — oo

2 2,/€
;T }/t; eTB()/t TZBB/2}/:‘, 0 ]PJY_

A.6.2 Control of RT

Lemma 13. As T — oo we have that
sup E[|RT||YT] —0PY -

0N (0)

Proof. Tt follows from (73) that
T T T
=S TP LT+ hmhHn 1
t=1 t=1 t=1
with h(z) = o(x). Recall that h was defined through the Taylor expansion

2
log(1 + ) =2 — % + h(x)z?

22 T g2
=r— — + dy.
2 /0 [1 + y] Y
Therefore we can write

ZE [h6i?) (17| Y] = > F [/0 T Lfy} dy

Y

Mq

24



ol 1/2 o q
/ y*dy / L
0 o (1+y)

== 52 (nf)'"?
<O E| W7 (f)? )
Z CT )t

T N2
§ CZ]EI/Q |:(WtT) (n'tT)5
t=1
T N .
S OZ]EI/Q |:(WtT) (n'tT)
t=1
by (67). Letting 77 := /V[ZTntT we have
N2
w7 oo
.\ 25
— w2 | (W) )’

< EU/A [(/thp) —6

silﬁl

1/2
Yt]

nt
(1+n])

Yy

Yt] E!/2 Y;

Yt] B(Y)? (76)

/

Yt} BV )| ] (77)

Yt} } 7 (79)

-, —~ ~ —~ — — ~ 2
where JI .= WIJF LT .= WI'LT and M := WM. We now control the terms E T: JI|Y;
i ¢ Jio L ¢ Lt i ¢ Mg t=1t

and

E[[#1"|v] <C{E “fﬂw

v|+e|[E]"

] +x [ (3]

~ 2
and E rorr Y:| and the terms on the r.h.s. of (78).
t=1 1t

Terms J{. Since E [JT|V;] =0, and the terms are independent over ¢ we have

E[EZ:JT Y, <E[<§§JT> Y, :téﬁ[(m?]m]
- x| ] (7))

Eo [ Pl
<3 By RS ()" |w).

by Holder’s inequality. We thus have to control

N 10
10 1
E“JF] Yt} <E [N > A@ (Y, Ui (0r) 0+ &/VT) = @ (Y3, Ui (0r):0)} ||V
i=1
- LN 10
=E [N Z{W(YnUm;e"i'f/ﬁ)—W(Yt,Ut,i;G)} Y;
i=1
Since the terms are i.i.d. over ¢ and have zero mean we will use the following fact: let X;,..., Xy be

i.i.d. and zero mean, then



where
A(k) ={(a1,...,ap) : a1 4+ + o =10 — 2k}

Using Holder’s inequality, notice that since the factors are i.i.d. for any o € A(k) we have

1= (] < [Te[xe] " -elx)

j=1

Therefore overall we have

E[&X” 2 (§)ew sempe 3 (§) sovm ),

since C(k) := $A(k) are combinatorial factors not depending on N. Thus for any £ # 0

N 10
%Z{ (Y2, Uris 0+ §/VT) = @ (Y, Uri:6)} Yt,gl

E“@T}w‘n,g] <E

i=1

C 10
— WN ]E ( (Y;faUt 179"’_5/\/7) (Y;,Ut’l;a)) ’)/;575:|

C g/ﬁ 10
=y V'E / 0o (Ys, Uy 150 + s)ds | |V, €

0
10

o et (T T
a ﬁ (\/T E [(/(; aaw(}/taUt,he"‘S)é_/\/T E,g

&/NT
/ Opw(Yy,Upp; 0 + 5)10ds
0

C ¢\’

=N (ﬁ) E Vi€
C 9 rg/NT

- NG (2) /0 E [0pw (Y2, Up1; 0+ s)™°| V] ds
C f 10

by (68).

Since E[¢19] < oo, we conclude that

~p710 ~r\ 10
E“Jt} Yt} =E[E[(Jt) Ytgﬂyt} s B, (79)
Therefore we have
T 2 T 10
2 Y| < D By E {(JE“ ) Y} (80)
zeq—ZB Y,)Y2B(Y;)Y/5. (81)

Terms EtT Since E [LtT| Yt] =0, and the terms are independent over ¢ we have

T 2 T 2
=1 =1

> L
_ ZE (] ()’

Yt] =§E[(LZ’)2\YJ

/
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M=

s (7)) 1)

g

t=1

10

M=

By eee | (E2)

)l

o~
Il
s

To proceed we estimate

N 5 10
~ 10 1 T
E [ [Lﬂ Yt] =E (N Z/o {—0uw@ (Yi,Uy,i (5);0) Uy (s) + 8ﬁyuw (Y, Ui (s);0)} ds) Y;
=1
10
c or
< +5E ( {=0uw (Y1, Ui (5);0) Up1 (s) + 02w (Y4, Upa (s);6) } ds> Y;

0

N5
< CWB(YO, (82)

by (71). Therefore we conclude that

T
D L
t=1

“|l

2 7
Y, < ZB(Y't)l/2E1/5 [(zzﬂ)l)
t=1

C
d

N5 1/5 T / / N1 T /
1/2 15 4V 1 7/10
(7)o mow B0 < T35 By (53)

10
X/t]

IN

Terms Z\ZT. Finally we have, using (Zakai, 1967, Corollary 1,), that

N

| [377]"|v| -® [ ( / T > 00 (V0 Ui (4):0) OB (s)) )

5
o2y

N5 Y

. 10
( Ouw (Y, Up1 (s);0)dBy 1 (S)>
0

C 4 or 10
oot [ E[um (4 Ui (9)56))
0

C C
= FOHE | (0w (Y1, Ui1;0)"°| Vi] < = B(VY), (84)

IN

Yt} ds

by (69).
Overall control. Bringing all terms together we thus have using (76), (77), (78) and (84), (79) and (82)

that
d

T ~ T 42
SOE () [ [ vi) < € Y- By | (W] )
t=1 t=1
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Q
N

B(Y;)/?E}/4 “Wtﬂ —6‘ Y;&:| EL/4 [[ﬁfr] 10’ }/t}

o~
Il
N

IA
Q
M=

B(Yt)3/2E1/4 “ﬁﬂlo’ Yt]

t=1
sogan (<[]} [l o] = 1 o])
- 1 N° 1 e
<C> BV <W+W+T5> (85)

t=1

IN
el

C 1<
T1/4 ZB(Yt)
t=1

for T large enough as Ny/T — 0. Hence by combining the bounds (85), (81) and (83), Lemma 13
follows. O

A.6.3 Control of RT

Lemma 14. As T — oo we have that

sup E HRQTHJ)T] S 0PY —as.
0N (0)

Proof. We have

. T \/§ N St s
R = — —_— / /S@uw Yi,Up i (r);0)}drdBy; (s
5 ;NWF;o ; {Ouw (Yi, Usi (1) 60)} ti (5)

e S [ A [ O 00U )50 BB 0
o N o o 0

= RIL +RL,.
We control these two terms separately. We have

2

E[|RG[1V7] SE”Q[ V

T \/§ N ot s
Z NWT Z/o /0 S{0yw (Y, Uy, (r);0)} drds
=1 =)

Since conditionally on YT the vectors {U,; : i} are independent across ¢ and

]

yT] =0,

- \/5 N o1 s .
E[NAF; /O /0 S {0uw (Y, Uss (1) :6)} drds

N St s
) l\]/\?;/o /o S{0uw (Y:,Us;i (r);0)} drds

it follows that

2

E YT

— NW! <

T N (5’1“ S
y V2 / / S {0 (Yi, Uss (r): 6)} drds
t=1 i=170 0

_ N o1 s 2
=YE 2(2/0 /OS{auw(yt,Ut,i(r);9)}drds> N

] N2 [WtT} 2
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yT]
Ll PGS0 frneonones)
(NZ/M/ S 0,5 (Yo U () 0>}drds>4 yT]
( [ [ s, <r>;9>}drds>4 yT] ) )
< CgB(”fv?W [(/5 /OSS{auwm,Ut,l <r>;0>}§;‘j§>4 T
gci v)) iﬁ U(ST/ § (0, (V. Us (1):0))'[ 7] ?;j;]m

T . . 1/2
< C; JbQ(i/; [/5 / S{0,w Yt,Utl( 9)}4’yT} drds]

N St s ?
ZE {/V;T (;Z/O /o S{0yw (Y, Uy (7")§9)}de5>

t=1

IN

yT

T
<2y B(v) B
t=1

. C
<2) B(Y) x (NQIE

t=1

T
_ 1 o7 1/2 4
=CY By TE [ {0uw (v, U1 (0):0)}| V3]
T T T
_ o104 ,1N* N3C ,
_ct:lB(Yt) NI_C;B(E) ~ T = 73 T;B(Yt) ,

by (71). Thus

E[|RG || Y] < cotp ZBY;

On the other hand using (Corollary 1, Zakai, 1967) twice in combination with Jensen’s inequality we

have
YT
NWtT =1 ]

E[[R%]| ")
~ N or 2
E [ (NWT / / wuu ™ th’ Ut i ( ) 9) dBt,i(T)dBt,i (5)> yT]

<E[|R | ]yT}
o 4
(N Z/ / i@ (Y, Ui (1) ;0) dByi(r)d By i (s))

5t 2

/ 03 (Yi,Ups ()5 0) dBri(r)dBus (s)

I
Mﬂ —2

t

I
-

yT

M=

1 ELl/2 [ (WtT) 2’ yT} EL/2

t

a N St ps 4
< ; B(Y;)/2E!/? <\]/\? ;/0 /0 03w (Yi,Up1 (r);0) dBy 1 (1)d By 1 (S)> YT

L o1 4 1/2
SZB(YtﬁM{ (/ / V203, @ w (Y3, Up1 (r);6)dBy1(r)dBy 1 (5)) Y, }

; 4 4 1/2
S;B(Yt)l/z {CN?(ST/ [/ @ (Yo, U (1) 5 6) dBt,l(T):| Y, ds}
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by (70). Since all bounds obtained are independent of § we have the desired result.

A.6.4 Control of RY

63

1/2
3. (Y, Up (7) ‘Yt] drds}

- 5T S 1/2
@ (Y, Us1 (0);6)] | V2 5T/ S/ drdS}
- 0 0

. 6T
@ (Y, U1 (0);:60)]*| 2 JT/ 52ds}
0

o~
L

il 1/2
= (Y, Uss (0):0))"|v; 6%}

uuu

Lemma 15. As T — oo we have that

9EN(6)

Proof. This result is established as follows. Let us write K/ = JI + LI, then we have

T

S (f)’ - w20 Y| <E

t=1
<E
<E
+E

@ (i, Usa (0):0)] '] 2] }1/2

sup E[|RY|| V7] —0PY -

[M]=

~
I
=

E

t

[M]=

~
Il

[M]=

t

1

1

1

(n)* — K2(0) yTl

> KiM!

t=1

(KT)?| + VT

(KDY V7

t=1

(MF)* = K2(0)|| V7

Now from (81) and (83) it easily follows that

d

In addition, from (84) and (62)

t=1

T
D (KT

g

t=1

sy -5 [ (77) " ()]

< E? {(Wg) —2’ )}T} E1/2 {(MT

S B(}/t)l/QEl/E) |:(]/\\4;T) 10‘ yT:|

<

B(Yt)1/2B(Yt)1/5,

Nl
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and thus we find that

= EI/Z [(KT)2 yT:| EI/Q I:(MT)2‘ yT:| < = N 1 1/2 B(Y)7/1O
; ¢ ’ ¢ = ; NT G Yoo
Finally we have that

V3
T _
M; NWTZauw (Y2, Ui (O \/g ti

V2o / " / S {04 (Yi, Uns (r)16)} drd By (s)

NWtT =1
Y;s, Uy , ( ) )dBt 1( )dBt,z' (8)
0
1/2
V2 1|1 al 2 T
= W\ifﬁ N ; (Ouw (Y, Ui (0)50)) §t+Ray
Therefore
d T\2 d 2 1 & 2 .2 T
Z(Mt )" = Z — TN Z (Ouw (Y2, Ui (0):0))" & + Ry
t=1 t=1 [WtT} i=1
From Section A.6.3 it follows that
sup E Zth VI - 0PY —as.
06B(9 6) t=1

Thus we can focus on the remaining term. We have

T N
~ (|1
FB | |5 D81 D200 (Y, Ui (0)56)° — £2(0)|| V7
t=1 =1
2
2 1 1 ’
<SZY BV ——-1| |%|EV NZ(auw(Y},UM(O);Q))Q Y,
t=1 [WtT} i=1
1 X 21 N 2 2 T
FB | |5 D81 D200 (VUi (0)36)° = w2(0)|| Y
t=1 =1
= J1+ Js

since &; is independent of the remaining terms and E¢? = 1. We control the first term using the Cauchy-
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Schwarz inequality, (63), (65) and the triangle inequality
2

2

T [ N ?
ne g Y ERWE || -1 |4 B | |53 0 (.U 0)56)°) | Y
t=1 [WtT} i i=1
2 ~
< 23 VEBOOEY (@ (v, Ui (0); )| Y]
t=1
2 1/4 8 1/2 =) ?
< 23 vaBms o 000 00 F ] 2 [ ()]
t=1
9 T
<5 VB
t=1
Next we control
_ T 1 N
Jy=E Z —Z Ouw (Y2, Uri (0);0))* = 5%(0)|| "
t=1 =1
1 & 1 & <1 ¢
—E| |z ¢ lNZng,Ut@;e)—ﬁ(n,@) HyT +E Z “(Y,60) — w7(6) yT]
t=1 =1 t=1
1 1 -
~ 9 . 9 T = 2 T

N
- 2
S;ZWNuijﬂw”l D000 Ui 6) ~ w205,0)| ||
t=1 =1
1 T
™ 2 2 2 T
+E T; (Y, 0) — 5(O)|| Y ]
1 T T
< = > BV [|g(Yi, Ui 0)]| Vi) + E Zafl (Y2, 0)|| Yo
t=1 =1
1 T
+ |7 D w(Ye,0) = £(6)
t=1
1 1« 1 & ’ 1
S—NTZB(Y)—HEUQ Z[ﬁt—l] (Y, 0)| | V2 +TZK(Yt79)—“2(9)
t=1 t:l t=1
1 1 T T T
< =z B+ 75 ) w0V Z (Y, 0) — £2(6)] -
th:l T2 t=1 t=1

Except from the very last term, everything else is independent of 8. Therefore from (75) and the strong
law of large numbers we have the following result. O

A.6.5 Proof of Theorem 10

The result follows now directly from Lemmas 11, 12, 13, 14 and 15.

A.7 Proof of Theorem 4

Let {07;n > 0} be the first component of the stationary Markov chain {(9Z,UZ);n > 0} with invariant
distribution 77 and transition kernel Qr, given in (28) and (31) respectively. We write {d,,;n > 0} for
the stationary Markov chain with invariant distribution @(dg;O,i) and transition kernel P defined in
(32). The proof of Theorem 4 relies on a few preliminary results which we now state and prove. In the
rest of this section, all expectations have to be understood as conditional expectations w.r.t. V7.
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Proposition 16. Under the assumptions of Theorem 4, for any subsequence {Ty; k > 0} we can extract
a further subsequence {T};k > 0} such that almost surely along this subsequence we have

E (|Qrs(@F. U) - PIE)|) 0 (86)

forall f € B (Rd).

Remark. We emphasize that the set on which this almost sure convergence occurs is independent of the
test function f.

Proof of Proposition 16. We define
N w830, o 7.:0.5)3(0,.0
o (90’91) _ 7TT(91)Q(€1,€0) ~(9 7 ) _ #(601;0,%)q(01,00)

- =~ B r 0,V1 ~ — _ ~ ~
77 (00)q(0o, 01) ©(00;0,%)q(0o, 01)

and write N
p(Yl:T ‘ ouuL)

p(Yir | 0;)
where 6; = §T + 51 / VT for i > 0. As Assumption 2 holds, we have

p(Y1.7r | 0ius) =

Qr (B, u0) = // 460, d61) f(01)K . (ug, dur) min <1fT (60.61) W> 0
and
Pr@) = [ o.a)r@) (dw;—“;ﬁ) min (1,7 (60, 1) exp () ) (88)

+ £(60) {1 - //§(§O,d§1)<p (dw; J‘;,a) min (1,7 (%o, 61 ) exp m))} .
It follows that
SE (|Qrs @2, 08) - PrD)|)
< %///%T(déo,duo)a('a“mdél) ‘f(él)‘ ’/KPT (ug, dur) min (m} ('0“0,'9“1) m>
— /<p (dw; —%2, Ii2> min (1,?(50,51) exp (w))’
+%///%T(d§0,duo)§(§o,d§1) ‘f (50)] ‘/KPT (10, du1 ) min (1,% (50,51) m>
—/go <dw; —K;,nz> min (1,F<§O,§1> exp (w))‘
< /// Fr (B0, duo) (8o, A6,) / K, (ug, duy) min (1,@ ((50,51)
— /ga (dw; H;,ﬁ) min (1,F(§O,§1> exp (w))‘ .

Hence, we have

(Y17 | 917’&1))
p(Yi.r | 6o, u0)

L& (|ors . U8) - P1H)))

- /// # 1 (duo| 90)7(Bo, 1)
_ 7~TT(§0)/<,0 (dw; —";, ,@-2) min (1.7 (.01 ) exp (w))
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(= s~ = @(01,00) P(Yir | 61,u)
K, (ug,du;) min 0o), 0 e
/ or (tto, duy) mi <7TT( o), T 1)(7(90,91)])(Y1:T | 6o, uo)

dé,




(89)

< ///%T(duo|§o)/KpT (uo, dur)
 win (00 0, B0, (01:0. )61 )

T /// %1 (duo| B0)7(Bo, df)

= (80) [ o (w5 ) min (1,7 (30, 80) e ()

For the first term given in (89), using the inequality |min (z,y) — min (w,2)| < |z —w| + |y — 2|, we
obtain the bound

///TFT du0|90 /KPT uo,dul)

min (%T@o)a(o%, 0.),72(8,)i(6, o)
(Y17 | 01,u1)
p(Y1.7r | 60, u0)

~ _ . ~ (5 = ﬁ(YI:T | 917“‘1))
00;0,% /KT ,d <1; 00,01 ) — 58 ) %0
90( 0 ) P (U() ul)mln T( 0 1) p(}/l:T | 907“’0) ( )

p(Y1.7 | 917U1)>
p(Y1.7 | 6o, uo)

) ’ dfpd,

min (WT(ao) §(0o,0:), 77(01)g (91790)(Y1zr|91,u1)>

(}/1:T | 005 UO)

| 5V |0 u)\| o~ x
) mm( (00:0.)a(0o. 02), £(61;0.2)7 (glaao)fg(YLT | HO,UO))‘dgodgl
< /// 7 (duo| 50)5(50,d§1)KpT (ug, duy) ‘%T(go) _ @(50;072)’ A, o

p(Y1ir | 01,u1)

—dé . 92
p(Yi.r | 6o, u0) ! (92)

+///%T(du0|§o)KpT (o, duy) ‘%T(él) - cp(gl;(),i)‘ G601, dfo)
The term (91) satisfies
///%T(du0|§0)q~(§o,d§1)KpT (uo, dur) ]%T(éo) — 0(00:0,%)| ddy
/‘WT (Bo) — ¢(Bo; 0, 2)‘01[9}) v 0,

by Assumption 1. Therefore, for any subsequence {T};k > 0} we can extract a further subsequence
{T}};k > 0} such that along this subsequence

/‘TFT 90 90,0 Z) dgo — 0,

almost surely. Since _
7r(duol o) = me (duo) p(Yi.7 | 6o, uo),
then the term (92) satisfies along {T}}; k > 0}

/// 7or (duo §O)a(§1ad§0)KpT (uo,dur) ‘%T(gl) — 0(61;0,%) md§1
:/// mr (duo) 101, dBo)K . (o, dur) [F (@) — 9(2:0, 5)|B(¥iur | 01, 01)0y
= // G0y, dfo)mr (duy) ’%T(t%) — @(51;0,§)’f)(Y1:T | 61,u1)d6; (K, m-invariant)
= [ 4610 (|80 [Fr B2) ~ o(6r:0.5)

/’ﬁT (1) — (6130, 2)’d§1 =0,

almost surely.

Going back to the term given by (90), we note that
JJ] et duol BB, 08) | (8030.8) [ Ky (o, s min (1,?(50,51)

_ %T(go)/ga <dw; “;,&) min (1,?(50,51) exp (w)) ‘ 6o

< ///%T(duol%)a(ﬁo,d@l) @(%;QE/KW (uo, duy) min (1,77(50,51)

p(Yr.7 | 91,161))
p(Yi.r | 6o, u0)

(Y17 | 91,U1)>
p(Y1.7 | B0, u0)
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- (50; O,i) /gp (dw; 7%2, /12) min (1,17(50, 51) exp (w)) ‘ df,
/// "NT (6o) — 90,0 E)‘ (go,dgl)go (dw; 7%2, /<c2> min (1,?(§o,§1> exp (w)) dd,, (94)

where (94) satisfies

///‘m (o) — (00:0, 2)‘~<§0,d§1)@ (dw;f’v; 2) mm( (00,01) o (0 )) i
///'w o) — #(00:0,%)| @00, b ) (dw;—ﬁ;,,ﬁ?) 4,

/’wT (Bo) — ¢(f; 0, z))déo =0,

almost surely along {Tk k> O}. We can rewrite (93) as

///so (deo;éT,i) 71 (duo| 60) g (60, doh) /KPT (o, duy) min (1 wiggé _Zg g
el ol 3 )

= ///90 (d90§§T7 ?) 77 (dug| 0o) v (d€) |/KPT (uo, duy ) min <1, p(VT (6 +€/\/?— 0r);0,%)

,2) p(Yir | 61, u1)
D

) P(Yar | 0o, uo)

(VT (60 — 07);0,%)
p(Yirr | 00+ &/VT ) _ w: _’12 +2 ) min o(VT (8 + £/VT — 07);0,3) ot (10
p(Yir | Oo, o) ) /@(d 27 ) (1 ST —dr0s) )>‘

As @\T —pv 6, we can extract a further subsequence {T,?;k > 0} of {T,i;k > O} such that along this
subsequence 7 — 8 almost surely. Letting A7 () = {Yy.r : |67 — || < £/2}, since PY (AT (£))°) = o (1)

it follows that I(AT(¢)) — 1 almost surely along this subsequence and therefore (93) is equal almost
surely to

r o (| eWT (O +&/VT — 07):0.%)
I(A (6))///<p<d90,0T,T) WT(du0|90)v(d£)|/KpT (g, duy) (1, T e
P(Yir | b0 +&/VT, u1) 1279 12) min (VT (00 + &/VT — 07);0,%) oxh (1
P(Vior | G0, ) )‘/ Pl 25) (1 BN TR )>|
+o(1).

Along {TkZ; k> 0}, we can rewrite the integral in the above expression as

I(AT (e /// (deo,aT, ) (HQT—QOH<€/2>7TT(du0|90) (d¢)

|/K (ug, dup ) min <1 (VT (00 + &/VT — 07);0, %) p(Yier | 6o + €/VT, u1)>

(\F(eo — é\T) 7) 7(Y1<T | Go,uo)
1279 12) min (VT (0o + /YT = 01);0,%) o (a )
_/w(dw, /2,K7) (1 (VT —50:0.5) P ( )) +o(l1).

Notice that the functions

: (VT (0y + £/VT — 07);0,5)
T — min (1 <p(\/T(90 — HT) 0. E) exp (CL’)>

are bounded above by 1 and Lipschitz, with Lipschitz constants bounded by 1 uniformly in all parameters.
Therefore (93) is bounded almost surely along {Tkz, k> O} by

1(AT (e /// (deo,eT, ) (|[or = 00| < e/2) 7r (quo| 60) v ()
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X
E HfHBLSQ

+o(1),

[ o wosdun) 5 {10g (”Yfm’ﬁ i f)“)> } — [ eldws 2,001 )

(95)
where || f|| 5, is defined in (105).
We further decompose (95) as

I(A (¢ /// (deo,eT, ) (HHT—GOH<5/2)7TT(du0|90) (d¢)

% sup /KpT uo,dul)f{lo (p(leT | 0o +f/\/T7U1)> } - /@(dw;iﬂ2(0o)/2,ﬁ2(00)) f(w)

fi ||f\|BL<2 (Y7 | 00, u0)

+1(a7@) fIf { (deo,eT, ) (/o = 0| < =/2) 71 (ducl 60) v (a) (96)

< dizs, (N (=12(60)/2, k2(60)) LN (=22, 52)) } +o(1).

The second term can be easily bounded above by

o) fff ¢ (‘”’“’HT’ > (o~ ta]| <<r2) E [K2(00) — K2(0)]| + |w(600) — w(0)| \/ﬂ
1(479) [ o (a1 ([ - ] < <12) o @] 5 0 ) 42
<cr1 (AT (€)) ///90 (dﬁo;aT, Z) I (H@T - QOH < 5/2) (’H(Qo) B H@T)‘ n ‘m(é) B “(gT)D

<C'1 (AT (5))/ (deo,aT, ) (HeT - 90H < s/z) [Hoo —eTH + HeT —QH]

<C'1(47 (2)) {T*”/s@(dc;o,m |®"2 ||+ [ —HH] ,

where we have used the fact that « is locally Lipschitz around . As we are in a subsequence along which
9T — 6 almost surely, then this quantity converges to zero almost surely along this subsequence. Finally
the first term of (96) can be controlled for ¢ small enough by

I(A" () /50 (dao;é\Tv E) I (HaT - 90” < 5/2)

sup /{WT dUO|90) (d€)

eoeN(e
x / K,y (o, dur) f { og (”YLT [0 +&/VT, “”) } - / o(dw; —2(00) /2, K2(00)) f (w)

r: \|f||BL<2 (Y1 | 0o, uo)
—~ ) ~
=I (AT (5))/@ (d90;9T7>H(H9T—90H <€/2)
sup //{ﬂ'T dug| b)) v (dE),
GUEN(Q)

[ Hor wosdun) 1 {1og (le(x;*jo/ oL “”) } — [ elawi =200 /26200 ()

}

X sup
Fllfllpr <2

2

which vanishes in probability by Assumption 3. Hence we can extract a further subsequence along which
this convergence happens almost surely. The result follows. O

Lemma 17. If along a subsequence {Ty; k > 0} we have almost surely
E (|Qrf (05, U) - PAIE)|) 0
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for all f € B(R?), then along {Ty; k > 0} we have almost surely
E (|@4r (8. uf) - PErE)|) = 0
forall fe B (Rd) and all k > 1.

Remark. We emphasize again that the set on which this almost sure convergence occurs is independent
of f and k.

Proof of Lemma 17. We prove the result by induction. For k = 1, this follows from the assumption.
Now we have

Q4T f(Bo, uo) — P £(00)
= Q5 (00, uo) — Qr(P* ) (B0, uo) + Qr(P* £) (0o, uo) — P**1 (8.

and therefore
E (|4 @8, ug) - PEHrE)|)
<E (\Q?ﬂf I8V = Qr(PE N5, UD)|) +E (|@r(PE 1) @5, UF) — P+ £(3F)])
< E (@55, U7) - PE1 @8, UE)|) +E (|Qr(PE1)@F, UF) - PP 1)@D)))

since Qr is Tpr-invariant. We can now apply the induction hypothesis to the functions f and P*f as
P*f e B(RY). O

Proposition 18. Under the assumptions of Theorem 4, for any subsequence {Ty; k > 0} we can extract
a further subsequence {T};k > 0} such that along this subsequence we have almost surely

Ll:[of ( kq') il;IOf ( kl)
for any n >0, any0§k0<k1<k2<~-~<k‘n€Nandfo,...,fneB(]Rd).

Proof of Proposition 18. In Proposition 16, we have extracted a subsequence {T};k > 0} of {T};k > 0}
such that along this subsequence

/’TFT 90 90,0 E)’d§0—>0
almost surely. Hence, along this subsequence, the result holds for n = 0. For n = 1, we have
‘E [fo %) (9T, )} —E |:f0(’l§ko)fl(5k1):|‘

= ’/fo(ao)%T(gmuo)Q’%lkofl(ao,uo)daoduo - /f0(50)¢(50;O,E)Pkﬁk"fl(go)dao

< ’/fo(go)%T(gmuo){Q?plk°f1(§o,uo) — PRk £, (6) }dfodug

T ‘ [ 5000 Ger o) = B 0,5} P 1 o)

<E[|Qt A @) - PR G| + [ [Fr@o) - ol0:0.5)] do.
Hence from Lemma 17, the result also follows for n = 1. Now for any n > 1, we have
E([T}20 £i0E)] = E [T OE )@ ™ fua (OF, UL
= E |T1}_of5(TF, ) Po = fga (0F, )] (97)

+E ([0 fi DL HQE ™ fua OF UL ) = Poor = gy LY. (98)
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By the induction hypothesis, the first term (97) converges to

E [H?:ofj (1%)Pk,,L+1—k,Lfn+1(§kn)} -E {HnJrlf] @, )]

So it remains to show that the remainder (98) vanishes. We have

B [T 5T HQE ™ fara G, UL ) = Por o £ ()} |
<E[|Qk ™ fua (L, UZ) — Posrbe ).
So using Lemma 17, this term vanishes and the result follows. O

Proof of Theorem /. We have shown that for any subsequence {T};k > 0} there exists a further subse-
quence {T};k > 0} such that we have almost surely

E (o (0F)) = E (TTj—fs D)) (99)

foranyn > 0,any 0 < kg < k1 < ko < --- < k, € Nand any bounded functions fq, ..., f,. Therefore, we
have by (Ethier and Kurtz, 2005, Proposition 3.4.6) that on this subsequence the probability measures
n (Rd)oo given by the laws of {©7;T > 1} converge weakly towards the probability measure induced

by the law of {57“ n > O} almost surely. From this, the result follows from a standard argument; see,
g., (Durrett, 2010, Theorem 2.3.2). O

A.8 Proofs for the bounding chain 4

Proof of Proposition 5. It is straightforward to check that Q* is m—reversible since it follows from (34)
that

7 (d0) Q* (0,d0") = gu (k) 7 () Quyu (0,d0") + {1 — oy (k) } 7 (dO) g (dO)
= ou (k) 7 (d0') Quu (0,d0) + {1 — ou (r)} 7 (d0") 0gr (dO)
— 7 (d0) Q" (', d0)
and we know that Q,,; is m—reversible. We can also write Q* as

Q* (0,d0") = ou (k) anu(0,0)q (0,d0") + {1 — ou (k) omu (0)} 0 (d0'), (100)

and thus the acceptance probability is given by ou (k) uu(0,0") < ag(0,60') for any (0,60') as
min (1,a) min (1,b) < min (1,ab) for a,b > 0. This proves inequality (37). Moreover, from (Tierney,
1998, Theorem 4) it follows that IF (h, Q*) < IF(h, Q).

To establish the expression of IF (h, Q*), we first note that there exists a probability measure e(h, Qux)
n [—1,1] such that

1 1 1 A
ulhsQu) = [ A Quu)(dN). TP, Qui) = | TSl Qui)(a).

This follows from the spectral representation of reversible Markov chains; see, e.g., (Geyer, 1992) and
(Kipnis and Varadhan, 1986). From the expression (34) of Q*, we obtain

@7 =30 (h ) e ) (1 o (" Qe

k=0

Therefore, if we let X ~Bin(n; pou (k)) be the number of acceptances from 0 to n, we have

Zk O/Ak Pr(X = k)e(h, Quu)(dN) /{ (1—o0u (k)4 ou (k) A} e(h, Quu)(dN),. (101)
It follows that
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:/1+(1—QU(/€))+QU(H))\

1
ou (k) — ou (k) A e(h, Quu)(dA) = ( (IF(h, Quu) +1) — 1.

ou (k)

Assuming Quy is geometrically ergodic we can write ¢, (h, Quu) = E;;

€ < 1 is the spectral gap. From (101), a simple change of variables yields

Ae(h, Quu)(dA), where 0 <

1—e¢ 1—cou(k) ~ ~
(1, Q") = / (1 0u (%)) + 0u (R) " e(h, Q) (dA) = / N2 (h, Q) ().

—1+e —20u (k)+eou (k)

Thus Q* is also geometrically ergodic. O

Proof of Proposition 6. Parts 1 and 2 are immediate. To simplify notation, we write here ARCT =
ARCT (h,Q*), IF = IF(h, Qun), ou(k) = o(k), ¢ (x) = ¢ (z;0,1). To prove Part 3, we first note that

log (ARCT) = %log {IF+1—9o(r)} —log (k) —log (0 (k) — %log {IF},

so we obtain

dlog (ARCT) 1 1 1 <0
OIF o IF+1-0(k) IF ’
which shows that ARCT decreases with IF. We also have
Jdlog (ARCT) 1 /k 1 B 1 2
Ok _290(2)G(/€) K’ G(ﬁ)_2—g(n)+g(ﬁ)

The minimizing argument & satisfies

dlog (ARCT)

Ok =0

I

J (#,IF) =

By implicit differentiation
d&  0J (k,IF) 0J (k,IF)

dIF ~  OIF / ok

8J (R,IF) 1 (R 1
( ) (IF +1-0(R)’

(102)

where

2

o~ 3% <0 (103)
and

aJnIF ;w(g {8G/<;IF ZG(EIF)}+/@12
1{ (E)@GKIF) 1}+A1
2 2 2 R2
1

{q)@) 2A - 1A ];}+;2>0. (104)

>

\o}

e(®)?*  (2-0(®)

We have used J (&, IF) = 0 to simplify the expression of this derivative. It follows from (102), (103) and
(104) that the minimizing argument of ARCT increases with IF. O

A.9 Conditional weak convergence

Let Cy the space of bounded continuous functions and BL (1) the space of bounded Lipschitz functions
f with || f|| g, <1 where
fly) —f (@)
y—z |
For sake of completeness, we present a version of the conditional CLT for triangular arrays which allows
us to conclude that the expectations of any function f € Cj converge in probability. We have not been
able to find this precise statement in the literature so we present a proof mimicking the steps of the proof
of (Billingsley, 1968, Theorem 7.2) without any claim of originality.

(105)

[flpr =11/l + sup
T,y TH£Y
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Lemma 19. Let {X, ;}1<i<k, be a triangular array of real-valued random variables on a common
probability space (Q, F,P) and {F,}n>0 a sequence of sub-c-algebras of F such that {X, ;}1<i<k, are
conditionally independent given F,, E(X, ;| F,) =0 and 072171- =K (ng | ]-'n) < 00. Suppose also that

as n — oo
k’!l

s2 = Z,_l o2, —p o’ (106)

for some o® > 0 and that for all € > 0

kn
> E (X2 {IXuil = ¢}

]—'n) —p 0. (107)

Then we have .
Z,ljl Xn,z|]:n = W,

where p (dx) = ¢(dz;0,0?%) in the sense that for all f € C),

E [f (Zf:l Xn,i) ‘]:n:| —p p(f).

In particular, the random measures p, defined by a regular version of the conditional probability distri-
butions

kn
fin(A) =P (Z, Xni € A’ ]-"n> for A € B(R) (108)
1=
converge weakly to p in probability in the sense that
dBL (pn; 1) 7= sup |pn (f) = p(f)l =p 0. (109)
feBL(1)

Remark 20. A random probability measure p on a metric space X equipped with its Borel o-algebra B (X))
is usually defined as a map p from some probability space (€2, F, P) to the space P (X) of probability
measures on (X, B (X)) such that for all w € Q, p(w,:) € P(X) and for all A € B(X), the map
w > i (w, A) is measurable. As explained in (Crauel, 2003, Remark 3.20), such a random measure is a
measurable map from  to P (X) w.r.t. the Borel o-algebra on P (X) induced by the topology of weak
convergence. Indeed, from the above definition of random measures, it follows that for any function
g € Cy (X), the map w — p(w) (g) is measurable. Since the map w — p (w) (g) can be written as a
composition of

W i (w, ) = (W) (9)

measurability of this map implies that for any B €B (R) we have (Z,ou) ! (B) € F or equivalently that
p~H(Z;' (B)) € F. Since the collection of sets {Z, ! (B);B € B(R),g € Cy (X)} generates B (P (X)),
the mapping w — p(w,-) is measurable w.r.t. P (X). In particular if X is Polish, the topology of
weak convergence is metrized by the bounded Lipschitz metric which is then continuous and therefore
measurable. One can easily check that the random probability measures specified in Lemma 19 falls

within this context. Therefore the quantity on the L.h.s. of (109) is measurable.

Proof of Lemma 19. We first prove the result for f bounded and infinitely differentiable, with bounded
derivatives of all orders. Without loss of generality, we can assume that the probability space also
supports a triangular array of independent standard normal random variables {&, ; }1<i<k,, independent
of {Xn,i}tn,: and of F, for all n. For all n and 1 < i <k, define 1, ; := 0y i&n.

The standard Lindeberg approach, employed in the proof of (Billingsley, 1968, Theorem 7.2), relies on
the following telescoping identity

1

(S0 %) =1 (20 %) =1 (20 s )
+f (Zf;_l Xnit 77’“’“”) —f (ijl_Q Xni + Mk, -1 + nn,kn)

+ f <Xn,1 + Zj;z 7771,]') - f <ijl nn,i>
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kn
w1 (X0 )
Writing Z for a standard normal, independent of all other variables and F,, and {X,, ;};, notice first that

B |1 (X0, mi) [7] =B [16.2)]7] - Elf02)],
Therefore

B |1 (X0, X0 ) |72] =or) + Elf02)] + T BlE 1

=1

where

E[Epi|F] Ef(z an+zj ol >‘}'} [ <Z XJ+Z )‘J-’}
=E |:f <Z;1 Xn,j + Zjli+1 Tn,j +Xn,1) ‘]:n:|
-E |:f (Z;_ll Xn,j + Zj:i—i—l Tin,j + nn,i) ‘]:n:| .

Letting
1
g(h) :=swp|f(z + h) = f(z) = f(@)h = 5 f" (x) b,
we have by the mean value theorem, and the fact that f has bounded derivative of order two that
x+h x+h
fatn) =@ = [ fes=r@ns [ /f” fyatds
x+h
= f'(x)h + f” ) h? + / / £(t) (z)dtds,

and the last term can be bounded above by

x+h

x+h
// // dtdS / / // _ f”(ﬂ?>|dtd8 S thfNHoo;

at+h s
_/ /t_ Lf(t) — f"(x)| dtds < Ch3||f///Hoo

Therefore there exists K such that

and by

g(h) < K min{h?, [h*}.

Let us look at one of these remainder terms. Write
i—1 kn i—1 kn
g"’i = f (Zj:l Xn’j + Zj:i-i—l 77n,j + Xn’i> - f (Zj=1 Xn’j + Zj:z‘-‘rl nn,j + nn’i)
i—1 kn
-7 (z X X ) i
" Xn —n? i Rn 75
+ f (Z »J + Zg ,L+1 ) 7771,1) + ’

where

Taking conditional expectations we observe that
, i—1 kn
E f Zj:1 Xn’j + Zj:i+1 In.j (Xn’i N nn,i) ]:n
—E | Ty Fon , ‘ { o
=E {f (Zj_l Xt Dy g ) |[Fo| X B | (Xi = 1)
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by independence, conditional independence and the fact that X, ; are conditionally centred. Similarly
|: l/ (Z X ,] + Z nn,]) - nTzl,Z) fﬂ:|

_ / il 4 n ‘ ‘ [ 2 2
=K {f (Zj_l Xn,j + Zj:i+1 771%]) Fn| XE (Xn,i nn,i)

]-"n} —0,

since
E[UTQL,J}-n] = 0-72171‘E[§121,i|]:n] = ‘7721,1‘-

It remains to control the expression

ko

i=1

For the first term, letting € > 0 we have
S Bl )| = 3 E [0(Xa 011X < |7
gKZkr B {10 [21{1X0.0] < e}] 7 }+Kz E (1%, il > €}
< KeX" EB[IX0P1{IX] < ] F] + KX EB[1XP1{IX0d 2 0

< Ke Zi:l Un,z’ + Kzizl E {an,i|21{‘Xn,i| 2 6}‘]:4 —p0,

2]+ Z E [g(Xn0) 1] Xnil = €}|F

d

7
g

because € > 0 is arbitrary, and the second term vanishes in probability by hypothesis.

For the second term, we obtain similarly
k k k
n n 9 " 9
> Elgnma)lFal < Ke Yo B [nnalP{mil < €} Fa] + K30 E [Innil?1{Inail >
<KCeY " o2+ K E[od 2P o2l > |7

where the second term on the r.h.s. of this inequality satisfies

ky _ K kn, K kn
KY . @B [0 2P Houi 2l 2 |7 < = 30" B[z |F] = =Y o EllZF)

=1

Since
U?z,i = E[X’?L 1|]:TL]
—E [X? 1{| Xl <et|A

] +E [X? 1{[ Xl > €}

]

=2+ E [X57Z-1 {|Xn,i| > €} ’fn} ,

we have that
maxo?; < e +Z [ X2 1 {[ X, > €} | F

i<k

Since € > 0 is arbitrary, max;<y, o2, —p 0, and therefore
k k
no g 9 n g
o> . <maxo: . E o, ., —=p0.
Zi:l s L j=1 Mt P

To complete the proof, let f € Cy, and Z, := > X, ;. Let K > 0 be arbitrary and notice that

E[f(Zn)| Fu] = E[fx(Zn)| Ful + By,
|Er| = B[ fr(Zn)| Ful = E[f(Zn)] Fnl|
SE[|fx(Zn) = f(Zn)l| Ful
< @l lloe + VP ([2n] = K[ Fn) .-
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Since fx is continuous and compactly supported, for any ¢ > 0 we can find gx,. € Cp°, the space of
continuous functions with continuous bounded derivatives of all orders, such that sup,, |9k (z)— fx (x)] <
€. Therefore we also have

E[fx(Zn)| Fnl = E|gK,e(Zn)| Fn] + Ea,
where

|Ea| = [E[fx(Zn)| Fnl — Elgr.e(Zn)| Full <e.
Since g, € Cp° we know by the first result that
E[gx.e(Zn)l Fn] = Elgr.(02)] + Es(n),
where Es(n) —p 0.
Moreover, we also have that
E[f(c2)] =Elgk.(02)] + D1 + Do,
|D1| <P (loZ] = K),
|D2| S €.
Thus, overall we get that, for any K > 0 and € > 0
[E[f(Zn)| Ful = E[f(02)]]
< 2e+ By(n) + (2] flloe + VB (|Z0] > K| Fo) + P (j02] > K).

We know that for any K,e > 0, E5(n) —p 0. It is clear that as K — oo the last term vanishes, while we
also have that

E (22| F,
P(|Zn|ZK|fn)§%
Zfﬁlai,i o’
- K2 PR

as n — oo by assumption. Letting K — oo we obtain the result.
Result (108) follows from Corollary 2.4 in (Berti et al., 2006) while (109) follows from the discussion
after Eq. (3) in this paper since u,, and u are measures on R. O

Lemma 21. Suppose that Z, := Zf;l Xn.i and Fp, are as in Lemma 19. If T,, —p c, then
Zp + Tn|Fn = N(c,0?).

Proof of Lemma 21. Let f € Cp. Let K > 0 be arbitrary, and let fx be continuous so that fx(x) = f(z)
for |z] < K, fx(x) =0 for |[z| > K+ 1 and ||fk|lcoc < ||f]lcc- Then fx is continuous, and compactly

supported, so also bounded and uniformly continuous. Then
E [f(Zn + Tn)' ]:n] =E [fK(Zn + Tn)' ]:n] + El(n)v
[Ev(n)] < 2| flloo + VP (120 + Tl = K[ Fy) -
Then

E[f&(Zn + To)| Fu] = E[fx(0Z + ]|
SE[fx(Zn + To)| Ful = E[fx(Zn + )| Full + [E[fx (Zn + )| Fo] = E[fx(0Z + )]

For the first term notice that since fx is uniformly continuous, for any € > 0, we can find ¢ > 0, so that
|z —y| < € implies that |fx(z) — fx(y)| < €. Therefore
E[f&(Zn + Tn)| Fnl —E[fx(Zyn + )| Fo
20 fllocP (1T — el = €[ Fo) + E[|fx(Zn + Tn) = fxc(Zn + ) 1{|T, — c| < €'} F]
<20 fllooP (T — e = €] Fp) +e.
We know that
E[P(|T, —c| >€|F.)] —0,
and thus
P(|T, —c| > €| F,) —p 0.

This proves that the first term vanishes in probability. For the second term notice that z — fx (- + ¢) is
continuous and bounded, and therefore the second term also vanishes in probability. O
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A.10 Proof of Proposition 7

We want to study IF (U, Qr) where ¥ (u) = Vy log W(é\, u) is only a function of the auxiliary variables.
To be precise, we should write &7 (uT) = Vylog VVT@T7 uT), however for presentation brevity, we drop
the index T whenever there is no possible confusion. The kernel @1 has been designed as a pseudo-
marginal-like algorithm targeting 7 (df) while U are auxiliary variables. However, we can also think of
Q7 as a pseudo-marginal algorithm targeting

7 (du) :/ﬁ(dé),du) m(du)/mw(dﬂ),

while 0 is an auxiliary variable. In particular, the acceptance probability of the CPM kernel (7) can be

rewritten as
70| u)q (0',0) }

ag {(0,u),(0',u')} = min {1,7“ (u,u') F0[w)q(6,0)

with

7(u )m (u)

T(u)m (w')

r(u,u') =
Let us consider the following MH algorithm
Q{6 1), (', du)} = K (u,du’) 7(d6'| ' Yagg (u, ) + {1 . g@(u)} S,y (A0, dut')

where
ag (u,u') = min {1, 7 (u,u’)}

and 1 — g@(u) is the corresponding rejection probability. This kernel admits the same invariant distri-
bution as () and we have

/@ Q{(6,u), (A0, du')} = Q(u, du’)

where

Q (u,du’) = K (u,du’) ag (u,u') + {1 - g@(u)} 8y (du')

is the ‘ideal’ marginal MH algorithm. The following lemma is an adaptation from (Andrieu and Vihola,
2015, Proposition 2).

Lemma 22. Let g : U? — Rt be a measurable function. Define
// dﬂdu/Kudu 7(d0'| u')ag (u,u’) g (u,u'),
g) = //ﬁ (d6, du) / K (u,du’) q(0,d0") ag {(0,u), (0',u')} g (u,u).

Then we have Ag (9) > Aq (9) -
Proof of Lemma 22. We can write for a bounded function g
Az (9) // (du) K (u,du’) g (u,u’) // (d0|u)q (0,d0") [O@ (u,u’) — ag {(6,u), (9',u’)}} .
Now we have by Jensen’s inequality

// (d0]w) g (6,d0") aqy {(6,u) , (0, )} = // (d0]w) (0,0 )min{l,r(u,u’)m}

<m1n{1ruu // (do|w) GdQ)W}

—O‘Q( u').

Hence Az (9) > Ag (g) for bounded g. Monotone convergence and a truncation argument shows this is
true for general g. O
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The following Proposition follows now directly from Lemma 22 and by checking that the arguments of
the proof of Theorem 7 in (Andrieu and Vihola, 2015, Proposition 2) are still valid in our scenario.

Proposition 23. Let h: U — R satisfying 7 (h?) < oo then IF(h, Q) > IF(h, Q).

Armed with Proposition 23, we will show that almost surely IF(¥,Q) > CVz(¥) which implies that
IF(V,Q) > CV#(V). Let e (\I/,Q) (d\) denote the spectral measure of ¥ w.r.t @Q; see, e.g., (Geyer,
1992), (Kipnis and Varadhan, 1986). This measure e (\IJ,@) is supported on [—1,1] as @ is reversible

and [1 ¢ (¥,Q) (d)\) = Vx (¥). We will show that

/(1 ~Ne (1) () < C, (110)

almost surely where the Lh.s. of (110) is the Expected Square Jump Distance (ESJD) of ¥ . By applying
Jensen’s inequality w.r.t. the probability measure e (\IJ7 Q) (dX) /V#(T), the above inequality will imply
that

IF(v, Q) = 2/ 1 i . e (\Ig/’ﬂQ()\I,()d)\) 1
2

e(¥,Q)(dN)
JCRPVEL LS V?(?I/)

—1=20V#(¥) -1

almost surely. We now show that (110) holds, at least under severe regularity conditions listed in the
proof which however make the calculations tractable. We postulate that this result holds under much
weaker assumptions.

Proposition 24. Under Assumptions 1 and 8-14, stated below, the inequality (110) holds almost surely.

The lengthy proof of this proposition is deferred to the next section.

A.11 Proof of Proposition 24

For presentation brevity, we will only prove the result for d = 1 and p = 1. Using the notation of Section
A.5 and a similar continuous-time embedding approach, we have for U7 (1) ~ K,, (U (0),")

Vieg W (0r,U (67)) — ViegWT (61, U (0))
T

= Vg W/ (Y; | 67;U (7)) — Viog W (Y; | 73 U, (0))
t=1
T

T
A
Vieg (1+77) =Y — 1
-2 R v,

where . N
r_ WYl 0r;U (0r)

"W, | 0r; UL (0)

To simplify notation, we have written V to denote the derivative w.r.t. ¥ evaluated at §T.

We will make here the following assumptions. Here B (5) denotes a neighbourhood of 6.

Assumption 8. There exists ¢ > 0 such that for T large enough we have nf > —1 + ¢ for all t in
probability.

Assumption 9. The function u — 7 (u) /7 ul §T) is bounded w.r.t w for T large enough in proba-
bility.

Assumption 10. We have

—~ —14
limsup sup E {(WlT (9))
T 9eB(0)

Yl} < B(Y1).
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Assumption 11. We have

—~ 16
limsup sup E {(VWIT (9))
T gen(s)

Yl} <B(Y).

Assumption 12. We have

limsup sup {E[k’)uw (Y3, U1, (0):0)[° + |05 (Y1, Ur,1 (0):0) Ura (0)° |13
T gen()

+ [ 100, (Y1, U1 (0);0)[° ’Yl]} <B(Y1).
Assumption 13. We have

limsup sup E[muw (Y1, Up1 (0):60)]" + |89 (Y1, U1 (0);0) Uy 1 (0)°
T 9eB(d)

B 1,V 000 |13 < 3 0.

Assumption 14. We have
Ey, - [B (Y1)4] < .

To establish the result of the proposition, it is enough to show that the ESJD is O (1) almost surely.
All the expectations in this section have to be understood conditional expectations w.r.t. YT. Under
Assumption 8, we have

T
Vieg W7 (0,U (67)) — Vieg W' (8,U (0)) = >_ V! + V! .f(n}),

t=1

with|f(x)| < 2. In the sequel, the generic notation ¢ is used to denote a constant that is independent
of T'. To alleviate notations, we do not use distinct indices each time such a constant appears, and keep
using the notation ¢ even though the corresponding constant may vary from one statement to the other.
However, to avoid confusion, we sometimes make a distinction between such constants by using ¢, ¢/, ¢”
inside an argument. We also further drop the dependence of W7, 67 and 67 on T when no confusion is
possible.

Using Assumption 9, the ESJD satisfies

Eyo)m (VW (.00) Y ( U((S))> - min {1, <;(U(5))>

W (67, U(O)) w (6,0 (5))

| rwey (WEr©) vw(EvE)) T(U©) , (7 WU(©0)
- ﬁ(U(O)|§) W(@,U(O)) W(G,U(é)) mm{l’ (m(U(5))>/(m(U(0)>}
= i ooy (YW (6U©) W (0.0 ®) ’

N _ﬁ(U(0)|§) W(@U(O) W(H,U((S))

< B (ivn?+vn?.f(nf)>2]

+E

(z wf.fmz“)) ] )

where E is to be understood in the rest of this section as having U (0) ~ 7 (| 5)
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A.11.1 Decomposition of 1}

We have
= LtT + MtT7

where

Lf:/ohl()i—v:{ 0uw (Vi Usi (5)50) UF, () + 02 o (Y2, Ui ():0) } ds,
or \[ n i
MtT:/O NWTZ(H)Zauw (Yi Usi ():0) dBy ..
Here we write VLT thTl'f'thQ’ VMtT:VMgl—kVMEQ,
where

VLT, :/jT NWT( 7 EN:{ 0w (Yoo Usi (9):8) UF, (5) + Do (Yo, Ui (5):6) b ds,

i=1

I /6T S {0um (Y Ui (5)50) UE, () + 02, (Y Uri ()50) } W log W (9) .
0

NWT (5)
M} = /05T NVV\TfQ(H)ZaW?w (Yt,Utz( )79) dB; .,

N

. VEVITE ;
var, = [ NZAVV:(;;)) (Z 0. (Y. U, <s>;0)> 4B,

2
A.11.2 Control of the term (Zz;l an)

T 2 T 2
(ZVL&) ] +E (ZVL{;) ] +E
t=1 t=1

We now need to control the three terms appearing on the r.h.s. of (111).

Term VLZl. We have

By the C, inequality, we have

T 2
(ZVL21+VL§2+VME> ] <c {]E

t=1

@W(”f)?”'

111)

T 2 T T
(Z VL%) } SE[(VLL)]+ > E[VLILVLL]. (112)
t=1 t=1 t,s:it#s

We have for s # ¢
E[vL], vLT,] =E[vL], VLT ] =E[VL],] E[VL],] =0.
Now we have

E {(VL;‘PJ)Q]
s (/05T % Z {7&“9@ (Yi, Uy (5) ,g) ng' (8) + Ouuw@ (Y}, Ui (8); 5) } ds)

NWT (9) ~
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: lﬂlm ) (6)”

i=1
N 4171/2
S SUP [( Z uﬂw Y;&aUti( ) Q)UtTJ( )+3uuﬂw(maUtz }d5> ]

OEB

971/2
;?HW’Y

=l

X

A

(0r)? 1/14+1/4 N
~ CTB (}/t) S Clﬁ

where we have used Assumptions 10 and 13, the Cauchy-Schwarz inequality and the fact that for any f

5 4 P ds
E < [ (U (s)) d5> = 5%1[*3 ( f (U (s)) S >
0 0 T

< a%E[ £ (U (5) ?]
0 T

=67E [f* (U (0))] (by stationarity).

B (Yt)l/14+1/47

Further on, we will not emphasize that the constant appearing in our upper bounds are a power of B (Y;),
which is assumed to have a finite expectation under the distribution p of the observations under Assump-
tion 14. Overall (112) thus contributes O (N/T') almost surely by the SLLN. To shorten presentation,
we keep the details to a minimum from now on.

Term VL%:2 .We have

2 T T
(ZVL ) :ZE[(VLZQ)Q} + > E[VL{,.VLL,]. (113)
t=1 t,s:t#s

We have for s # ¢ _ _ _
E([VL{,.VLL,| =E[VL],|E[VLL,]

and
‘]E [VLT,] ’ ~Vlog WT / Z By (Yt T (s );@) Ul (s) + 02, (Yt Ul (s) ;5)}@1
S%ﬁfﬁmWWTm

1/2

o7 N ?
X sup E[(/ Z{ —0uw (Y2, UL (5);0) UL (s) + 0 o (Yi, UL (s) )}ds) ]

96B

1/2

:% sup E 7(V/V[ZT (9)):
0eB(9) (ﬁ/\tT (9))

96B

b gyl gl ]

0eB(0) 0eB(0)

97 1/2
ot N
X sup E{(/ Z{ —0uw (Y, Ui (5):0) Uy (s) + 02w (Y2, U (9) )}d5> ]
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1/2

2
x VN sup. E|:</ {0, ( Yt,Utl() 9)U£(5)+5‘3u (Y, U (s )}ds)]

HGB

<
~ fo§T CT

We have
E[(VLT,)’]

— 2

o o ([ B 90 i)
= _ s . o N (/WtT>2

r _— NN 2

. (v 1<>EWtTA<9)) . (_ /:T Jbi {~0um (Y, UF, (5)50) UF, (5) + 02w (i, UF, (5):0) } ds)2

ds

4 1/2
X sup E[( /6T . Z{ p— “<>;0)U£<s>+az,uw(m,vﬁ<s>;9>}ds>]
BGB@)
1/4

<o,y 2 (7 0) 7] g w5 o)

1/4

<

T2
Thus the term (113) is O (1) almost surely.
Term VMtT,l. We have

T 2 T T
(ZVMZ}) ] =Y E[(vML)’]+ > E[va,.vMl). (114)

t=1 t,s:t#s

We have for s £t ~
E[vME.VMI]| =E [VME]E[VMI] = 0.

Now we have

IE[(VM;Q)Q} —E W(@U(O)) ( i " NWF;&LW (Yt Ut (s );5) dBi,s>

— 2
||/ Y S g (v 6):0) a;,
Ny W (9) =

N St a2
:%Z/O E [W;@ {au,ﬁw (Yt,UtE(s);e)} ] ds
(

Wi (9))_1 v N

< Z/M E [{0u.0% (¥;, UF, (5) 9)}4}1/201
<ec sup 9@ (Ye, Up ;i (8) s
N? i=170 0eB(0) ’ b
C/
< —.
=T
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Hence the term (114) is overall O (1) almost surely.

Term VMtT,Q. We have

T 2 T T
E (ZVM,fQ) ] :ZE[(VMEQ)Q} + > E[VM], VM) (115)
t=1

t=1 t,s:it#s

We have for s £t B B B
E[VM/[, VM],] =E[VM/},] E[VM],] =0,

~ ~ T f t 9 .
e )
[ o V2V (9) o o
L Sy (et -
We have

E[(vME)’] = i AR A

o )
_E Z\/W/O 0, (m,Ug;(s);@) dB;,s)

E A))/M {auw (YhUtTi (s);é) }2ds]
E M {auw (nU; @);5)}2] ds

0€B(0)

—~ 2\ 2
< (W) s & ({0, (.07, 0:0) ]

Hence the term (115) is overall O (1) almost surely.

A.11.3 Control of ZtT:1 vl . f(nh)

T 2
E (ZW?f(nf)) } <E

We have




E [(Z <W)2> ] =§2E[<w€)4] + 2; E[(va)* (vnl)’]
:iﬁ[(vnf) |+ if@[(vﬁ)z}ﬁ[(vn )|

We have
E|(Vnf)*| =B [(VLTy + VLT, + VMT, + VM)

<c (B{(vIn) | +E[(V28)"] +E[(vM)"] +E[(vM)])

First we estimate
E[(vil)']

:]E[W (§,U( )) (VLT)) 4]

T T ] Al 2\ 77T T n !
:E[(Wt (7)) (/ 7 2 {0 (VU (>;e)Ut,i<s>+au,u,w(n,Ut,As);e)}ds)]

< sup E[(WE(&)) ]1/2

1/2
o
x supﬂ«z{(/o JIVZ{ ~0u,0 (Yo, U/ (5)30) Ui (5) + Qo (Y2, UL ( )}ds>]

- ’ 4
R or YN -8, (Yi, UL, (5);0) UL, (s) + 82,0 (Y2, UL (5):0) L VW (8
—E W(G,U(O)).(/O { ( >N(W,§F(0))2 ( )} <>ds> }
_E _thT (5) (WtT @))—3‘ (/5T PO {—8uw (Yt,UtT,i (8)55) Ul (s) + 03 @ (Yt Ui (s) ﬁ)}ds) 4]
0

N

1/2
< oo | (7 0) (77 0) ]
1 Y, (-0 (UL (930) UL () + B (U )00} ']
e ([ v o)
1/4 _1071/4
o, 2T O)] [ 0) ]

N

1/2
s E </ N A0, (Y, U, ();9)Ugi(s)—ké)z’uw(}Q,Ugi(s);g)}ds>8]
0
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E[(varh)'] =E [W (§,U(0))_< ) XN:(%W (v UL (5):6) dBZ,S) ]

0 N/WtT i=1
1/2
. _e11/2 5 N por \°
< sup E [(WtT (9)) ] sup E £ Z/ Ou,ww (Yr, Ugi (s);0) dB;
0eB(0) 0eB(0) N =
- _e71/2 or ) s71/2
<c sup E [(WtT (6)) } ~z sup E </ Oy 9w (Y,g7 Ugl (8); 9) dBZ’S>
0€B(0) 0€B(0) 0
2
- —611/2 4 o gy 1/4
<c suwp E {(WtT (9)) } N2 / sup E ((&Mgw (Y2, Ugl (0);9)) ) ds
0eB(0) 0 9eB(9)
C//
=7

and

E[(vME)!] =E

W(é,U(O)). ( VAW . (}N:auw (Yt,UtT,i (s);§)> de,s)

o N (WtT) i=1

1/2
. _1471/2 v T (0) K. or . s
< s B|(W70) | sw (*f O [ (0 (1. UF 5):0)) ai,
0eB(9) 0eB(0) i=1"0
/\ 14 1/2 g 16 1/4
<c sup E {(WtT (9)) ] sup E [(VWtT (9)) }
0€B(0) 0€B(P)
x sup E <]172/ (8uw(Yt,Ugi (s);@))dB%,)
0eB(0) i=1"0
5 167 1/4
< suw E / Ou v (Y1, UL, (s):0) dBL
N= pen(a) 0
C/
< s

2
Control of (Zthl (n?)2) . We have
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Now we have

Eleh]=ew(@.u0)Eh]

4
—& |\w (3.00) (/OJT N%T i {~0um (Yo UL, (5):0) UF, (5) + 02 (Y U, (S);§>}ds>
7

4

g11/2

x sup E ( Z/(ST{ Oy (i, “<);9)UZ;(s)+83,uw(m,U£<s);9)}ds>

and

E[)'] = [w (6.00) ()]
—E|W (0.U0(0)) ( OéT N\vaT Zauw (vi. U7, ():9) de',s>

4
—FE (WtT <§)>—3 (;/\? é/jT e (Yt7 Ugi (s) ,5) dBti75>

r 611/2

< sup E (/V[ZT(H))i sup E ( Z/6T Oy@ YtaUtz<) 0) dBé,s)

0eB(d) L - 0€B(0)

g11/2

) 1172 g7 1/2

- —6 or ,
< sw E| (W] () 5 s E ( / duw (Yi, U, (s):6) de,s>
0eB(0) L J 0€B(0) 0

< sup E —(/V[?tT (9))*6' 1/2 % /06T 9:;%) . [(%w (% U, ) ;0)8)} 1z

Combining all the terms, we have shown that the ESJD is O (1) almost surely.
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